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> Foreword 

1 ' The corresponder^ce "betv^eu graphs in the xy -"plane and Relations between * 
, v X and' y was one of the profound discoveries of ^Mathematics . In particular, ^'S^ 
.if,.no Vertical line^ can meet a graph in more than »on\ point, then the grelph 
that of" a function f : x -> y; that is, for each, f ir'sVt coordinate x of* a \ 
J pioint on the graph* £here is a -unique number such Ithat (x,y) lies on 'the 
graph. A central -purpose of. this- text is. to stud^^he relationship "between * 
graphs of functions and*the expression^ which define $fiese functions. We 'shall- % 
concentrate our attention on functions' defined "by polynomial, ^trigonometric, 
exponential and logarithmic expressions,' or. "by combinations' ^f such express itfrJfe^ 
These functions are- usually referred to as eleHtentary, functions . 



We •shotild expect that, ite&peirties of the grap'h of -axfunction are related : *' 
,to the expression -Wjhich: defines the functions. For example, ^hy analyzing the . 
functional expression we should be^jble to determine the lqcation q£ high an<?' .■ 
l^w points on' the graph, and in addition answer questions about . the shape . of ' 
• the' graph (sueh as, intervals of rise or fall and how the graph bends") Fuvxher- 
V.'-mpre, if the function is related to some physical' problem involving motion it 
; 'v seems. rea'sonabl^b^iat ari analysis of its expression should enable us^ to" deter- * 

'^mine' : such aspects of the' motion as velocity and acceleration. Likewise, r we. 
^ "might expect'. to. "be ^able to^ determine from' the functional expression ^such pcS^ ^ 

»perties as ,the av^era^e .value of the. function and tlie area of a region "bounded 
- "by the * function.* v - J • *. . .. •' ; "• 

.. *. Our. aim i4 to develop some of the concept! and techniques which will 
enable us obtain 4/dportant information about graphs of elementary functions. . 
•The primary concept, which we cTevel^p inrVolume^l is that of th e iagfcent line 
at a point on -the graph of^ a function. This tangent li$ie is (^SCrib^i *as the 
■ straight l^ine which, best fits* the gr^jph near that point 1 ". Irf particular, 8 ; • 
formulas -will be developed for finding the slope ,pf the tangent line to^the- 
graphs of various elementary function^. For *a given function^- such a " .V 

formula defines a new function call eel the derivative of f ' This derivative " 
'. function is often easy to obtain and its values* give a measure Of the rate of ' 
change of the^graph. In particular, such aspects of "^notion as velocity and * 
. • acceleration are described b^' the derivative . .Furthermore, higk and \ov points 
.'. of tlje* graph of .f ' can be given by zetos^of .the derivative^* while rise or 
" fall can be-' determined by the si^n of the deriva^(/Q. f ' 



' ; Our fi&t ta~s* is to analyze the simplest kinds of elementary 'functions, 
.namely polynomials, the sine and cosine functions,- and' simple' power, exponen- 
tial and logarithmic^functions. These are discussed in Volume One, while .the 
more difficult t4hnigues associated with various algebraic combinations 
(sums, products, quotients, composition) of ' these basic functions are left 
to Chapter 8 (in Volume'Two). In addition, the concept of antiderivative is 
introduced- in -Volume Two, the. antiS^riyative of f being a function whose 
derivative .is f. We "shall show hck antiderivatives can joe used to calculate 
areas and to 'solve such*problems as determining velocity given, acceleration. 
Furthermore,' this .relationship between antiderivatives and area provides us 
with; a powerful geometric tool for -analyzing and approximating functions. 

. bhaptets 1 and 2 discuss polynomial functions, with Chapter 1 concentrat- 
ing on definitions W simple algebraic^ and .geometric properties. The concept 
of tangent line at a point on the graph of-polynomial function is introduced 
in "Chapter 2 and formulas for the derivatiW of a- polynomial function, are- . ■ 
-obtained. Applications of the .derivative to graphing (such as finding high 
and low*- points and intervals of rise or. fall) , its interpretation as velocity, 
or acceleration, and its use in approximation -are also discussed in Chapter 2.. 
This sake pattern is followed in the remaining four chapters of this volume. * 
' Definitions and' simple properties pf- the sine and' cosine- functions and the 
'-power exponential and logarithm functions appear in Chapters 3 and 5, respec- 
tively, while -Chapters I* and 6 discuss derivative formula^ for these respec- 
\ ive classes, as well as applications to "graphing and approximations. 

■ \ . -' . . • 
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2-9 of Elementary Functions . - 4 , 
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Chapter 1 • — ^ 

" POLYNOMIAL FUNCTIONS 

Tljis is £he first of two chapters on polynomial functioris. Here we con- 
centrate on the definition and. simple algebraic and geometric properties of 
polynomial functions, "leaving* to the next chapter a'discussion of tangents to. 
polynomial graphs. 

par concern is with e the relationship "between the graph of a- polynomial 
function and the expression wh^ch defines the function. .This relationship is. 
easy to descri"^ for 'constant and linear functions for these correspond to 
nonvertical lines (Section 1-2). For "quadratic functions the graph is a 
parabola whose location and general slope can "be easily determined "by using 
the quadratic formula. In fact any quadratic graph is just a translation or 
scale change ■' of the graph of the squaring function (Section 1-3)- 

After discussing these familiar cases'we turn to polynomial functions 
of degree' three or larger .„ - Here the situation "becomes more complicated. 
Synthetic division Serves initially as a tool for plotting points (Section 
1-"V) . La-ter interpretations are more profound. The general relation "between 
zeros and factors of ' the polynomial -is discussed in Section 1-5- In Sections 
1-6 and 1-7 we discuss methods for locating and approximating zeros of poly- 
nomial functions. The final section of this chapter indicates some of- the 
kinds of information about the graph of a polynomial function which can be 
quickly 'obtained from its expression, including the important result that the 
degree is a bound for the number of times^its graph crosses the x-axis. 
Further algebraic results are discussed in Appendix 2. 



1-1. Introduction and Notation 

In this chapter we shall be concerned with f unCt^ens) that are defined by 
expressions of the form 

O 3 

* - - ? * . 2 ■ n 

where n is a nor^-negative .integer and'-the coefficients "a^i = 0, 1, 2, 3, 
. .., n) are real numbers'. Such expressions are called polynomials , aflft the 
functions they- define, are. called polynomial functions . 
J ° We commonly' denote function* by a single letter f, using the symbol 

f(x) to denote the value of. f at the point x. Thus a polynomial function 

* . . . .* 

f is a function whose rule is given by . 

This notation' is particularly useful when' we wish to calculate various values 
of For example, suppose f is given by . . 

'(1) f(x) = 2 + x - x 2 . • , 

The values f(0), f(-l) and ;-f(|) ; are then given by . . < 

f(0) = .2 + 0 - 0 2 = 2 

f(-l) 2 + (-1) - (-1) 2 =0 

^e can substitute other, letters or expressions for x; for example > ' . 

\^ ' f(t) = 2 4- t t 2 ,. ■ 

; f ( 2 . y) - 2 + (2 r y) .- (2 - y) 2 \^ ' . 

. . • ' 2 f 

■ = 3y - y > ■ , , , • - 

* ' 2' ' ' • 

f (a +. b) = 2 + (a + b) - (a + b) ' 

2 ■ ' 2 
= 2+ a+ b- a - 2ab - b . , » .. 

✓ » - ■ • 

We may also denote the function defined in (l) uy 

. " ■ A ' ' - ■ . * 

(2) ' f:x->2+x-x, 

thus' stressing that f is an operation or association: We frequently intro- 
duce another variable to' stand for f (x) . (This is especially convenient for 
graphing.) For example we may rewrite (2) as f : x -> y, where 



o 

2 



ERIC 



(3) 



y = 2 + x - x : 





: 1 + 2x y = 1 + x 

, * • Figure 1-la «' 

■ ' ' The graph of ■ a function f is the set of pairs (x,f(x)) as we picturV 
/. them on a plane, say the xy-plane.. (in Figure. 1-la we sketch, the graphs of 
three polynomial functions;) Much of our effort in this and the next chapter 
will be directed toward quickly obtaining such pictures . The graph (a mode*} 
can help us to examine the behavior of a function (which may itself be an * 

•idealized mathematical model of some physical situation^. Polynomial func- 
tions often arise in applications. : We. give lfiere two examples. ' 

Example 1-la: If we. say ."the volume of a sphere is- a function of; its 
J. radius" we mean that if f is the volume function and r is the* measure of 
the radius then . ' f • : r V/ wliere V is the measure of the volume.. In 
particular we know that 



(h) 



The expression ixr^ ' is, of ' course, defined for". any real number. <. The 

volume function r ->V.* is, however, defined only when r > 0. . 

. * * 

If the radius is doubled we,, can write ♦ ' 



>(») = |«(2r) 3 = f «r 3 = 8(|«r 3 ), • 



which tells us 'that .doubling the radius multiplies the- volume by^eight. 



'" • Example 1-lb . A ball is'thrown straight .up with an initial velocity of 
-6U. feet "per second so that its, height s feet above the ground after' t\ , 
seconds' is given by the functipn ^ ■ f 

( 5 ) - • ' • • • " t.-» s = 6Ut - 16t. . 

(We shall later derive functions such as tills as a consequence of various, 
physical assumptions about' velocity .acceleration and gravity.)- This function ^ 
can only 7 , serve as art idealized mo.defibf the physica^ situation over a particular, 
interval of values. for - t. Since s = 0 when t = JO or t = k, ..the function;.' 
.s^r*ves ,as a -mathematical model over the . interval 0 < t <k; ' the -ball is in / ^ 
the air for h - seconds. To find -how-many seconds' it takes for the ball to 
reach its maximum height we can (by completing the square) write the function ^ 
in the form 

i -;V-l6(t - 2) 2 + 6k. . 

The quantify -l6(t.- 2) 2< is negative unlesS ( t = 2. -Thus s" cannot exceed 
' 6k and equals 6k only when . t = 2 1 Therefore, we conclude that the ball 

reaches a ( maximum height of 6k feet after 2 seconds. 

• s ' 



-61* •■ 







61; ft . ' 










| 


■ s feet 


height of ' j 






ball after * 






t seconds 


1 


ground 



(i) 




Figure 1-lb 



While we picture ( Figure .1-lb) the motion function (5) as a parabola (ii) , 
we think of the physical motion of the ball itself as vertical (i). 
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te. Exercises 1-1 

■ " ■" *■ ** : ■ ' " 

In Example 1-la we' expressed the volume of a sphere as "a function of its # 

radius." Express the volume of a sphere as "a function of its diameter. 

Suppose that ^pellet is projected straight up and after a while cpmes 

straight 1 clown via the same vertical* path -to the place on the ground from 

which it was launched. . ■ After t seconds the distance s feet of the * 

pellet above the ground is described by the equation . . 

• •; , ■ ' . • • ■ ' 

s = LWb'- l6t 2 , ^ ! . ' v 

• N 

which defines the function. V , . 

^ • ~o - 2 

V'^ f : t -» l60t - l6t . 

(a) What is tfre value of s when t = h? — 

(b) Evaluate f(6). . '* ' 

(c) How high afiove the ground is the pellet after seconds? 
*(d) What is -the height of .the pellet after 6 . seconds? * • 

(e) » Compare your answers for parts ( c) and (cT). Explain on physical ' 

grounds . 

(f) How many seconds^s the pellet in the air? ■ . . 

(g) . How- long does it .take the pellet to reach its highest point? 

• (h) How high, does the pellet go? • . ' 

Tom is standing on the top of . a railroad car which is moving at a speed 4 
of 32 ft/sec. as it passes a station. 'As he passes Dick on the station 

• platform Tom throws a ball, straight upward with an initial speed of 

6k ft/sec. After t . seconds the ball is a horizontal distance of x 
feet, and a vertical distance of y feet from a point • opposite t)ick. 
The distances, x ; ft. and y ft. are given by the equations 

x = 32t 



and 



y = 6ht - 16t?. 



(a) Does Tom have to move to catch the ball? 

(b) What is the path of the ball as Dick sees it from the platform?. 

(c) Wri-te y - in terms of x. 4 



(d) Name ,th?*curve that is the graph of your equation in part (c) 

■ ^S. "■ : " x 2 .1 

%le\ Sb&tch the graph of y - 2x - gjp" • . • 

(f)"\por tftiat values .of t x does y = 0? 

Cg) What is t vhen ' x = 128? 

(h) After hoa? many seconds does Tom catch the ball?. .' . 

(i) * How far down the platform from Dick does Tom catch the ball? 
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1-2. A Constant and Linear Functions ' ' '3 . ■ 

■ The simplest polynomial functions are constant functions. If c is "any 
real number, then the' function f which associates with' every real number x 
the value' c , * 
• ' f : x -> C 

is called a cbnstant function. The graph of such a function is a line .parallel 



to and 



graphed in Figure l-2a. 



units from the x-axis . Some examples .of constant functions Are 



¥ ----- 



.4. 



. 2 



- Figure l-2a 

f Constant f^nctio"ns are\uite simple, yet they occur frequently in mathe- 

maVics and science.. A physical example of such a function is 

( . . f : t -> 32. ■ 

Here the. constant is the acceleration due to gravity, that is, the constant 
amount by which the velocity of tall^increasejs each second. When distance is^ 
measured \n feet and time in seconds, this, constant is very^ nearly 3.2. In 
other words*, the velocity of a falling body in<;reas.es 32 feet p-er second 
every second. 

A simple principle will later be useful. wliSn we encounter constant func- 
tions: . . - 

(i) 

For example, if we know that f / is a constant function and that 
t(0) =10, then we know that* f(3) .is also 10*. Clearly, (l),is just a 
restatement of the fact tftat if f is, a constant function then all values 
of f are the same .. 



if f is a constant function and the value f(a) is known, 
then f(x) = f(a)'* for ^a•ll x. 



v 



Y 



. / . " y o * - - v 

' A linear function- f is. a function defined b^an^ScSSpssion of the form, 

nrf+'tft thatTs, f is -lfhear If .there^are\nunjbers m ana. ,b s\^h that fo#*. 



all x : 



«■-. f(x-) * ope + . • . „ . r ■ r • , 

•* -•IfJm = O^then f is a/cbns£ant functionT^ Therefore, we shall* suppose -tli^t \ • 
m £ 0. The graph of (2) %s a line vi^tch croas|'s the y-raxis at the point (0,b\, _ 

b is called the y-intercept of f. /The number m is called the, slop<$ of f, 
and .gibes' a measure of . t£ie steepness of the graph. Four lifceai* functions are 
sketched in Figure l-2b . 

^y 
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1-^ 



\ x 
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\ 



x y = 2x + 1 x -* y = ' p x - 1 . "x -> y = -x ^ 2 

Figure l-2b ' . ; . 

V — If f is linear and x ± { x 2 , then the slope m is^iven by 

f(x 2 ) - f(x x ) ' ;. , 



(3) 



"» x - x 

V 2 1 



that is, m is the tangent (trigonometric ratio) of the angle of inclination 
of • f. (See Figure l-2c) . * L ' ■ 



.) 



i 7 . r 



v. y , 



s*3 




x 2 " X l 



a = angle of inclination*' 



Figure ^ l-2c 



r 



.^he ratio (3) is, of course, a simple consequence of -(2) 'since 



f (x 2 ) -.' f (x x ) . (mx g +• b) -1 (mx 1 + J?) m(x g - x 



).+ b 



x 2 



' x 2 " X l 



X 2 " X l- 




y I^will often be convenient to use a. slightly Afferent 'form-df the- 
ixpression (2) . This is cq-fttained in the ' following : ; ■ 

The equation ' q£ the line through . (h,k) \ith slope m is.; 
y = k + mfx - h) . 



■ - Example \-2a Find the' 'equation of tbe-line through '(1,2) and 

C- 2 .§>- A ' < 

.The slope of tnis^l^ne is 
so," 1 using t' 



H 8 

i-(-|)/ 9 



nt ll,2), the' form gives the@5equat.i0n 1 



y = 2 <J(x - 1) 



Lon 



■t 



-7 



Using the point (- § , §) gives -the equatic 

Slpple alsebr. shb.s that theae_ t„o equations are Just different forma of the 
(fixation ^ 



is 




y = - 



The graph of this v line^f , k shown ,in Figure l-2fl. 

t s 

■ : v 




f * Figure l-2d, 

A number^of very c geneaei concepts'^tiWe: simple a^d-usef uS* f ormulat^ons for , 



constant 
inverse, 



t and linear functions" Of these we shall QO^discuss slope velocity, , 
'linear functions, translation ;a'nd*scale ctta^e^rnd proportionality. 



Slope as Velocity • ^ « r . " ' ■ * , \ 

... The slope of a linear .function has various physical interpretations. For 
•example, suppose a. man walks ^orth along a long straight^ ro*ad at the uniform 

rate^of 2 miles per' h®ur. At/ some pa rticular -tlme^ say time yt - 0^: -^his 
x man passed the milepost located one jnile north of Baseline Road. An hour 

before this, which we shall call time t = -1, he passed 'the milepost located 

one mjjrle south of^Baj?eUne Road. An .hour after time t = 0,- at time t = 1," 



he passed the milepost located three miles north of Baseline. Road . (See 



• Figure^ 3y2e.) 



•position at t = 0 



position ' 
at t ^ 1.' 




BASELINE ROAD 



- position^at t = -1- 



• Figure l-2e 




v- 



'1 ' 5 



•4. 



In ^/"hour's, the man trails 2t/'.miles. Sinc>^e ft ^milepost - 1 ^at 



jt^l 't = 0, . -tie' must b/at mi^post .2t + 1 at time tf Usin'g f^O ...to . ^ 
% represent/the directed distance (in miles) from Bas£l$ae. Road at time" - 1 



* " ' - ■ * f :.-K-^(t) = „2t "+ 1 



hours, : f we jj«e that .*" 

v Xv ••• 

3escri tfes^j>6e man^a motion 
<tfie ' man" 1 s pote i t io'n y v e r su s ti«ie'. 
distance 



.on. .The graph . o 




graph, of f shown in Figure l-2f thus plt^s \^ 



4 



X 



velocity . 
(in mi/hr) 



t f»2- 



time (in hours)' 



1 time (in hours) . 



Figure l-2g* 



Figure l-2f 

In Figure l-2g- we plot the man f s Velocity versus time.. For .all values . 

of " t during the time hh is walking his velocity is 1 2 miles per hour. 

■ ' t ' 

Hence if g(t) is his spead' at time t then 



'• that is, g- ^5.s a constant function --' In thi^s case, the slope of the position ^ 
function "^^an be interpreted as velocity . We shall ene&unter this rela*- 
tionship again. ■ ' # * ' 



Inverse LineaV- Functions 



i 



We recall. that the rule for converting from Centigrade to Fahrenheit is"" 
• given by- the formula ' 



(5) 



P = | C +" 32 
5 



and the rule for converting' from Fahrenheit to Centigrade is given by the 
formula- ; 1 



>\ ii- 



so 



2. 



(6) 



32) i 



In that each of these formulja's* is useful, it is important to be^able to get, 



say (2) fromfl). Ih (5) to A get* from C .to F we first mult ip^ by | and 
then add ,32. Starting with F we must, therefpre, first subtract 32 sand 



then divide by j 



That i,s, to ge*t C 
* » * \ 



• ve N first find - F 



or" |(F - 32); whence C =^ £(f 



32). 




• Example l-2b'. . Consider the functions f , 



x -> f x + 32 and" 
5 



g 



32) ' and' their graphs, sketched on one set of axes in Figure 



I*2h.-vWe observe immediately that the slope\of f is - and the' slope of 
'g^ is the .reciprocal of the slope of f . 




Let- us. make some further observations to see how the functions f and g 
and their graphs are related. CoReider the equation y = f(x) = | x + 32. 
To find the valulT 7 of y for a given v&lue of x we first multiply x by 



% and then add 
5 



32; i.e., on the graph ^Figure l-2i) we first "go up" ^ x 
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to\the dotted line and then "go; up" 
32 more. . Finally we "go across" ■ 

Q • ■ ■ ' . 

to get. y = I x-. + . 32 . To go f *omJp> 
y back to . x we just reverse 't-he 
arrows of Figure l-2i. We first 

; ■£ 



9. 
5' 

divide by fr . to get x; i.e. , 



subtract 32 to get N jrx and then 



x=^ = |(y-32), 
5 , "\ y - 

Let' x and y. exchange -roles and 
compare this form of the Equation 
• for f ' with the function g. 




Figure l-2i 



The two functions f and 'g are obviously closely related. In general 
if m / 0/ we say that theALinear function , 

l b 
g : x -> — x - 

is the inverse of the linear function 

f :, x -> mx + b . 

The slopes of g and f are reciprocals of ea^h^other; that is, the 
product of the slope is 1.- V 

' The graph of g- can be. easily obtained from the graph of f. Suppose 
that (c,d) . lies^on the graph of f, so that 

■ d = f (c) = mc + b. ■ 

V • '<•'•-■ • • 

SolVing for c, we have ^ . S " 

= I d - ! = g(d) - 

mm 



Thus (d,c) lies on the graph of g. The converse of this -statement can "be 
similarly established. We summarize in (.7')'. 



> 



If g is the inverse of f, then (c,d) lies 
•on the graph of f . if and only if (d,c) lies 
on the graph of g . 



Thus the graphs of f and its inverse g are symmetric .with, respect to 
ihe line given by y*= x. This has a simple geometric interpretation, for it 
says that the graph of the inverse g can -be obtained from the graph of f 
merely by interchanging the coordinates" of each point 7* This suggests the 
following (messy) way to obtain the graph of the inverse g from that of f. 
Merely trace the graph of y = f(x) in slow drying ink and then fold carefully 
along the line given by y = x. The wet ink will then trace the graph of the 
f inverse of f, /(Consider this mechanical procedure for the graphs of y = f(x) 
and' y = g(x) in Figure l-2h.^, . * / 

Translation and Scale Change ..... 

The graph of - 

• y = mx -J- b • ' * 

can- be obtained from the graph of y ~ x by translation and scale change. 
For example, the graph of 

, y = x + y 2 

can be obtained by shifting the line given by Jfy- = x two units to the left 
or two units upward . 




Ill- 
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The graph of y .= *0 



n be obtained from the graph of y = x by a 
simple scale change. If we use a horizontal unit which is three times Jtfre .. 
vertical. unit, the line whose equation is y = x in Figure 1-2 j is given by 
y = 3x in Figure l-2k. 





Figure l-2j 



Figure l-2k 



Proportionality 

> .• 

The concept of proportionality is very useful in physics as well as other 

parts of. science. We shall use the idea frequently in this text. To say that 

y .is proportional to x means that there is, a number* m such that 

y = mx * 

for all numbers x. "The' number m is called the constant,|bf proportionality . 

Note that if y is proportional to x, then ; y doubles when x is 
' doubled. The same relationship holds for tripling, halving, etc. In science 
the experimental observation that y doubles, triples, halves, etc"., when x 
does £he same usually leads to the hypothesis that y is proportional to x. 
Further observation is then used to test such an hypothesis and if no contra- 
dictory evidence is found this proportionality is usually stated as a law and 
thereafter systematically used. For example, if air resistance is neglected' 
it is usually safe to use the assumption that the velocity of a freely falling 
body is proportional to the time it falls. 

We shall also make use of proportionality as a memory. device for recon- 
structing formulas of interest. . For example, in Chapter k we shall observe 
' ,that the area of a sector of a 'circle doubles, triples, halves, etc., as the 
arc doubles, triples, halves,, etc, ; then assert that the area A of a sector 
is proportional to its arc x; i.e., 
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A = mx , 



The following principle (8) enables ^us. (in Example l-2c) to determine, m, the 
constant of proportionality. • 



is proportional "to x and if y = a when 
a 



(8) 



If y 

That is, the. constant of 
proportionality can be determined once the value of 
y is' known for one nonzero value of x. ' 



Example l-2c . Assuming that the' area A of a circular sector is' propor- 
tional to the arc length x; find a formula for A; in terms of x. 

We know that A = mx and we want 



to find m. If 



that A = jtr 



= 2itr then' we. know 
Thus we must have 



jtr = (2jtr)m, 



so that 



■2 
2*r 



r 

2* ; 



whence we conclude that 




A = - x . 



Figure l-2£. A circular sector. 



. ' Example l-2d . Assume that the velocity of a free "falling body" is directly 
proportional to the time it falls. Suppose that a ball is dropped from the 'top 
of " a building and attains a velocity of 61+ ft/sec fjftet 2 . seconds. How . 
fast will it be falling, after 5 seconds (assuming that.it hasn't hit the 
ground by then) ? -* tJ * . " ■ 

Since the. velocity v ft/sec is directly proportional to the time t 
sec, we have v = mt, where m is 'the constant of proportionality. If 
v = 6*4 when t = 2, we get m' = 32. We obtain the linear, function 
t -* v = 32t. .When t = 5, v = l60; therefore, after 5 seconds the 
velocity is 160 ft/sec. v - . 
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" Exercises 1-2 "* 

Refer to Figure l-2f-. k ' . \ 

(a) What is the slope of the linear' function t -> 2t"+. 1? . - - 

C J ■ " v •, ■ . -.. . ^ 

(b) What are "the units of "rise over run" in .the graph of -t ->'2t +>1? 

\ : . ■ t . - m . . • . A 

. (c} Compare -the, number and units of parts (a) and (b) with. tte'o constant 

■function and vertical units of Figure l-2g. V .' . 

(a) On* separate sets of axes sketch graphs of the^ functions 

g : *t -> 32t ' and g T : t -** 32 . Indicate- vertical and horizontal 
*w units 'appropriate to Example l-2d.* \e ' 

(b) What is the slope function of the linear function Q : t -> 32t? 
' • » • ■•. ■ * 

-(c)* What are the units of the slope of your graph jaf g : t -> 32t? 

' (d) Compare the vertical units for your graph of g* : t -> 32 with 
your answer to part'(c). * - ^ 

(e) What word from physics is cornmbral^a-ssociated with the ratio of 
units you found in response to part (c)? ■ * „ ^ ' 

Assume (as in Example l-2d) that the velocity of a free falling' body in 
directly proportional to the time it falls. Suppose that a penny is 
• dropped from the top of. a tower and attains a velocity of k8 feet per 
sec&nd after 1~ seconds. Determine the impact velocity -if the penny * 

hits the- ground after ' 1*^* seconds. , i 4 

- For the function f : x -» 2x + 1. find " . / 

. • " / »* ' 

(a) f(0) '. 3 . : . 

(b) f(l) ' '• 

(c) ;'f(-i)* 

* (d) , for hJ c 0| f(x t f f(x) 



(e) for *x ^ a, 



f(x) - f(a) 



Find the slope of . the, function f if, for all real numbers r. , 

(a) f(x) - 3x.i 7 ' - 

'(b) f(x) =6,2x i 

(c) 2f(x) = 3 - x - ; 



(d) 3f(x> - Ux - 2 
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Find' a linear function ''f .whose slope is -2 and such that 

(a) f(D - i 

(b) • f (o) =-r'7 ' : • 

(c) f(3) = 1 

Cd). f(8) = -3 ■ ;* 

Find the slope of the lineal function f if f(l.) = "3 and 

(a) f(o) = k ■ ..; 'r\ i e 

"(b). f.(2) = 3 ' ; .'" 

(c) f.(5) '=5 . •* i y .' ' 

•(d)... f(6) =.--13- '. . * 

Find a function, whose graph Is. the, line joining the points 

o 

(a) P(l,l), Q(2,U) ' r / L - ^ 

(b) P(-7,M , . Q(-5,0.) . / 

(c) P(i,3), Q(l,8) _ •■ 

'♦(d) P(l,'0, Q(-2, ! 0 . ' / 

Find the linear function, g whose.. graph passes through the point with 
coordinates - (;2,l) ^ i.s parallel. to the graph .of the function 
f :' x -> 3x - 5. * \ -.- j 

Given t X '-» -3x + U,;. finXa function whose^ graph is parallel to the 
" -graph' of £ 'and passes through the pointr , 

. (a) ,P(0,5) ' ° . •'. ' ' • V ' , 

'■ ' * 

' (;'b) P(-2,3)' 

. (c) p(i,5) ' '• , _ . ';, . ' 

(d> P(.3,- ! 0 ' ; ' -, ' 

: If f is a constant function find f(3) if 

' >(a) f(l) =5 _ ' • 

(b)/-f(B) = -3 . . ' ... . ' 

(0. -f(o) = . '. ■ - 
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12. Do the points P(l,3), Q(3,-l), and S(7,-9)- all. lie on a single . line? 
Prove\your assertion. 

13. ' The graph of alinear function' f passes through the points P(l00,25) ■ 

arid .Q(101,39). Find ' 

(a) 'f (100.1) . * 

(b) f( 100.3) * 

Cc)' f( 101.7) 



(d) f(99-7) 

Ik. , The- graph of a linear function, f passes through the points P(53>2^) 
and 0,(5^,-19) • Find' , 

(a) f(53-3) . _ ' '.. ... 

• (b) f(53.8) . '• . • 
' (c) fC5U.it) 

(d) f(52.6) 

15. Find a' linear function with graph parallel to the line with equation 

x - 3y + k = 0 ' and passing' through the point of intersection of the - ■ 
liHes with equations 2x + 7y + 1 = 0 and x - 2y + 8 0. 

16. Given the points \a[1,2) , B($,3)',- C(7,P),. and D(3,-l), .show that 

is a parallelogram. ,,. 

17. Find the coordinates of the vertex C of -the parallelogram ABCD if. AC 
is a diagonal and the .other vertices are the points: 

^ (a) A(l,-l), . B(3^)> D(2,3) 
. (b) A(0,5), B(l,-7) , T)(h 9 i) . . x 

18. ' If t is a real number, sho& that the pojnt' P(t + 1, 2t + l) is on 

the graph of f : x -> 2x - 1 . • ' ■ 

19. (a) Tf you graph the set of all ordered pairs of the form.- (t - 1, 3t + 

for any real number t you will obtain *the graph of a linear func- 
tion f. Find f(0) and f (8) . ; 

(t) If you graph the set of all ordered pairs of the form 
T (t - 1, t 2 +.l) ' for real t, you will obtain the graph of a 

. function f . " Find* f(0) and f(8) . 
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26. 'At what 'temperature do Centigrade degrees equal Fahrenheit degrees? 
• 21. If the. slope, of a linear function, f is negative shov that if / . 
. x < x 2 • then f (x x ) > f (x 2 ) . 

22. Considerthe linear functions f : ' * -»mx. + b and g/: x -ux + P such 
that m^O, u ^O and p = g(q) if q = *(p) • for all- real numbers 

' p . and' q. ' What is the Relationship between m and, \x1 

23. If f : x -»mx + b, m £ 0 find g, the inverse of f. 

.2k: What is'the equation of the line .perpendicular to the line given by 
y = mx. + b, m ^ 0, at the y-axis.. - 

25. If f(2x -1) = Ux 2 -8x + 3, f^d ■f(2x) . ■ ^ 



/ 
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1-3*. Quadratic Functions . 

As we discuss the .behavior of polynomial functions 



2 < . . . „n 

a 0 " tt l A ' "2 X 



f-: x -» a^ + a n x + a 0 x + ...'•+ a x , 



we shall use some conventional terminology'.- If a n ^ 0 we say that the degree ■ 
of f is n. For example 



has .degree' 0, .while 



f : x -» 11 \ 



' 2 5 

f : x -» 2" - 3x + x - x 



has degree 5. • This convention assigns no degree to the zero function 
(!) f : x -> 0. 

The zero function should not be confused with the zero of a function. ■ 

■ We say*that" a number r is a zero of the function, f lor a root of the 
equation f(x) = 0 if f(r) = 0-. 'For example, 3 is a zero of the function 



or a root of the equation. 



■ : - ■ . 2' V * 
f : x -*2x x^<15 



2x 2 - x - 15 = 0, 

since f (3)- = 0._ . . 

If r is a .zero of f then (r,0) lies on the graph of -f ; that is, 
the graph of f crosses the x-axis at the point where x = r., j 
,i<S Polynomial functions of degree 2 are known as quadratic functions . Let 
'us review some of -the properties of quadratics.^ The zeros of. 

2 ~ 

f : x -» c + bx + ax , a ^ 0 , . 

are given by 



/ > r .- -b + v£ 2 - ^ac : . ' _ ~ b - : 

(2) • r ± = r 2 " ~ 2T 

If' b 2 ' - kac < 0 these roots are complex numbers. Real roots occur if 
b 2 - kac > 0. . . - 
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If- b 2 ''- hac = 0 then r^'= r^ and we can. factor to obtain. 

where. ^ = .r g = - If b 2 --USc > 0, then ^ r 2 "and ve' can factor, 

to obtain • 
(1+) ■'" *f : x ->a(x - r x )(x T r^) . 

In the following three examples we illustrate the' graph of f for e%ch • 
of these cases. In the final example we review a method for graphing quadratics 
by translation and change of scale. 0 . 

< ■ , 2 * 

Example l-3a . Graph f : -x -» I .+ x + x . x 

in. this case a = b = c = 1, so , . 

* • b 2 - Uac < 0 

and. f M^ra^no real zeros. We should expect 'that the graph of 'f dossn»t 
cross, the -x-a^is. In- fact,- the graph of f lies entirely above the x-axis . 
We can show this by "completing the square" to obtain 

• 1 + x .+ x 2 = ^ + + x + x 2 ) ? 

Since (| + x) 2 >.0 unless x = - | , ve see that ■ - ' . . 

' . f(x) >%i' . if. x I - | 

while 

Thus the graph of f lies above the line given by *y = \ > touching 
this' line at the point. (- \ , J) ■ Furthermore,, as x increases beyond the . ^ 
value x = - \, the quantity (| + x) 2 becomes very large as x becomes ■ 
large . Also as x decreases . (to the left of x = - the quantity (g- + x) 
increases, becoming very large as we assign numerically large negative values 
to x. Thus, without plotting points other than ( - |, | ) we can conclude 
' that the gra^h of f appears as shown in Figure l-3a. Of course,. a more \ 
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ccurate picture can be obtained by plotting son© points (x,f (x)") . 



becomes ^ai\ge 
as x move s 
far to the left 



miniraum( - ~ , ^) 




becomes large /* 
as' x moves ) 
far to the. right 



Figure l~3a • 



x — » 1 + x + x 



Example l-3b . Graph f 

> i 

In this case c = k, b 

. 4 2 



Uac = (-h) 



-» k - kx + x> . 
it, a = 1- so that 
2 



and f has the single zero x 



2. Therefore, we can write 
x -* (x - 2) 2 , 



The quantity (x - 2) > 0 if x j£.2 so that we have f(x) > 0 if x ^ 2 ' * 

and f(2) = 0. Therefore, the graph lies above the x-axis,' touching this axis 

at the point (2,0). As x increases to the right. of x = 2' or as x 

'" 2 • 

decreases to the left of x = 2, the quantity (x - 2) increases, becoming 

very large as x moves far away from x = 2. As in the previous example, 

this' gives" us enough information to quickly sketch the graph of f, shown 

in Figure 1 -3b. 



/ 



becomes large 
as x. moves 
to th* left 



becomes large 
as x moves 
to the right • 




Figure l-3b. f : x 



h - hx '.+ x 



Example l-3c . ' Graph f : x -> 1 - x - 2x . 
Since c. = 1, b = -1, .a = -2, we have. 
" • 2 



b-. - hac = (-1) 2 - ^(-2)(1) =9, * 



The zeros of f are 



■ r l = 



-1 and r = ^ - 2 , 



ye /can write f in ijie form 

* f : x -* -2(x + l)(x - ~) . n 

The graph of f crosses the x-axis at the, two points (-1,0); and (|, 0) . 
If x < -1, • each of the quantities x + 1 and x. - \ is negative. Upon 
multiplying by -Z * we 'see that - N 

; 'f(x) < 0 It x < -1. 
Similarly, we cot&ri argue that . , 

f(x) > 0 if -1 < x < | 



and* 



f(x) < 0 if x > ^ 



Further arguments show, that as x • decreases to the left of -1 or increases 
to the right of | , the values f(x) decrease, getting far below the x-axis/ 
as x moves far to .the righ^ or left. 



In the interval -1 < x < i , the graph of f lies above the x-axis. 
We can "complete the square" to obtain 



-1 



1 - x - 2x 



rs( ^ ' 1 1\ 

2 1 



This expression' has its greatest value when x = - so .that (- £ > §) i£ 
the highest point on the graph of f . . (See Figure l-3c) 





maximum 




\ (|,o) ' »•. 


(-1,0] 1 ^ 


\ ''.■>■' x 

' \ far below x-axis 
\ as x moves left 
\ or ftghf 


> / 

Figure. l-3c. f : x 


2 ■ - • 
-> 1 - x - 2x . 


. Example 1^3d. .Obtain 4 the graph of 


"~ ' 2 ' ' * 
y = 1 - x. - £x from- the graph of 


y = x by translation and scale change. 
In Example l-3c, we showed that ■ 


N 


• .1 - x - 2x 2 - = -2( 


h2 9 " 

x + + 5 • 



The graph of 
(5) .. 



y = -2(x ; \f ♦ | ' 



* 2 

can be obtained from the graph of y = x by a sequence of translations^and 
changes of scale. Tin Figure l-3d we show-that the graph of y = (x + ^) is 

• • • _ 25 34 . 



• . • / . 

- p 1 

that of y = x • shifted to the left ^ , 

unit. 'Replacing y by | "stretches" 
the y-axis by a. factor of '2, yielding 
the graph of 



y = 2(x-^ 



from that of 'y 



f 1x2 



(See 



Figure l-3e.) "Folding" the grETphof 



1 2 

y = 2(x + ^) over the x-axis we get 



the graph of 




( 



y = -2(x.+ \f, 



Figure l-3d. Horizontal translation 
to obtain the graph of 



shown in Figure l-3f 




Figure l-3e. ".Stretching" to.. 1 . Figure l-3f • 'Reflecting ("folding") 
obtain the graph of t in x-axis- gives. to • 

obtain the graph of 



v ODxam 

y =»2(x + J) 2 . 



1n2 



' ;' y = -2(x + 

Replacing y by y - § , we ! shift the graph of y = -2(x + \ upward § 



units to; obtain the graph of 



1\2 



y -g = -2(x + f) 



shown' in Figure. l-3c. 
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e^In general, the graph of any quadratic function can be obtained from 
the graph of y -x by such a sequence of translations and scale change. 



A. 



/ 
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Exercises 1-3 



1. Consider $bhe function 




2. Aristotle claimed that the speed of a free falling object depends on the 
weight of the object as veil as the length of time it falls. 'Galileo 
discovered that the speed, of a free falling object depends only on how 
long it falls, and,.in particular, that speefl V "ft/sec is directly pro- 
portional to tina^-t ' .seconds. . „ 
(a.) J ball is dropped from the top of a building and attains a speed of 
6k ft/sec after 2 /seconds, £pw fast will it be failing after 
\ 5 seconds? 

(b) A life raft is dropbed from a helicopter ^and h^ts "the water after 

10 seconds-. If theVaft is falling at a speed of. 6U' ft/sec after" 

| J . " \ . a 

2 seconds, determine " how' fast it is going as it hits the" water. : 
3. Galileo discovered that tbfe distance traveled by a falling body of any - 
weight depends only on .thi length of time in which.it has been falling. 
^Specifically it was discove>e^ that the number of feet fallen is directly 
proportional , to the square of the number of seconds elapsed, 
(a) Suppose we timed the ' fall of a ball from the top of a building *+00 * 
.''feet high and discovered that the ball hit the ground after 5 
. . seconds. Find, how long it would take for the balLrtoJiit the ground 

' .if it were dropped from a building Ihh feet high: 

'Suppose that a <ball is dropped from a television towSr and hits the 
ground after 10 seconds. Previously we d is cover edTbhat the ball 
hit the ground after 5 seconds when it was droppeti from a building. 
1+00 feet high. ' How high is. the television tower? 



(b) 
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For *pach of the (following pairs of functions, (u,v) . is on- the graph' of 
f ; ahd (u,w) "is on "the graph of g. Determine Which is correct: 
v >'w, v = w, y\< w, 

(a) f : x -»J 
g : x -2x 

(b) f : x ->|x 2 
g : x -> 2x 

(c) r s x i 



•'6 




2 

5. On the same set. of axes sketch the graphs, of the functions x -> 5x , 

2 , 1- 2 ' . * " 

■ x ' and To x ' t , 

6. Describe the iocation^of the points (p,q) and (-p,q) on ■ the graph of 
y. = ax , relative to each other and the coordinate axes. 

7 . A ball is dropped from a l+7th story window of the Time-Life Building in 
New York" City. Its distance s feet above the Avenue of the Americas 
after t seconds is described by the equation 

s = 576 - l6t 2 , 
which serves to define the function .■ 

f : r t r* 576- - l6t . 

(a) Determine how many feet above the pavement the ball is after falling 
the first 2 seconds. _ . 
, (b) How' high above the ground is the ball after zero seconds of falling? 

(c) How high above, the Avenue of the Americas is the V7th story window 
of the Time -Life Building from which .we dropped the ball? 

. - (d) .If t ^ 576 - l6t , evaluate t(k) . .. 

•(e) Four seconds after it is dropped from the l+7th story window, how . 

far is the ball from the pavement? . . 

' 2 
(f) Find the value of t for yhlch l6t = 576 and t > 0. 

. (g) ' Determine how long it would- take- for a ball dropped from a *+7th 

story, window of the Time-Life Building to hit the pavement below. 



29 38 



A ball is- dropped 'from the top of the Fidelity Union Tower in Dallas, 
Texas. After t seconds the height s ft. of the ball above the 
. ground is r given by 



s = i+oo -. i6t 2 . 



■ (a) What is the height of\Fidelity Union Tower? 

(b) How long does-it take for the ball to reach the ground^ 
9/ The Woolworth Building in New York City. is about 78^ feet high. A ball 
is dropped from the top of the .'Woolworth Building so that its distance s 
' feet above the ground after t seconds is described by the equation 



2 ' " • 

s = at + c . • 

Relating your experience with other prbblems v *of this type to this 
. problem, try to determine appropriate values- for ,a and ■ c. - 
■(b) .How long does it take for the ball to reach the ground? 

2 



LO. The vertex of the parabola given by y. = ax + c is the point 



If a > 0 the graph of the rt function x -> ax + c opens • , 

■ ' ( upward, downward) 

and the vertex of the parabola whose equation 'is : y\=ax, .+/c is" the 

point . 

(highest,lowest) .- 

'The graph of the equation y = a* 2 + c, where a . is a non-negative real 

number and c > 0 ' is always a . ^ich is symmetric to the ■ 

' congruent to the graph of 'X -> ax and c units _ __ 

■ — 9 B ■ (above, below) 

2 • 

" the parabola given by. y = ax 
li!' A flowerpot falls from a 75th story"! windowsill of the Chrysler Building 
. in New York City. : We know that after t seconds the- height - s ■ feet of 
the flowerpot above the ground is given by the equation - 

s = 1021* - l6t 2 , 

(a) How long does it take for .the flowerpot' to hit the sidewalk at the 
corner of Lexington. Avenue and Forty Second Street directly beneath 
the window? 

(b) The distance. from 'the 75th story windowsill to. the roof of the 

, Chrysler Building is 22 'feet. How tall is the Chrysler Building? 
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12. Suppose that a ball is thrown straight up from the ground with an initial 
speed of 6h ft/sec and is not acted upon. by the force of gravity. What 
is^,ts height ' above the ground after 10 seconds? . - * 



A ball is thrown from ground level straight up with an i*i3fte£al ' speed of 
ok ft/sec' Its distance s fe^et above thejground after t seconds is 
y described by the equation 

s = 6Ut - l6u 2 , m 7 

which specifies the function ' f such* that s = f (t) . ' 

(a) What is the value of s when t. = 1?; 

(b) % . Evaluate f(2) . ' ' . , ■ 

(c) What is the height of the ball above the ground after * "3 "seconds?; -. 
a-fter 0 ■ seconds? ••' ^ 

t • • 

2 * ■ ' 

(d) "Sketch the graph of s = ,6kt - l6t 

^ (e) What is the path of the ball? : * ' 

• ■ 2 

'(f) What is the name of -the graph of. the function f : t -> -l6t +. 6Ut? 

13- .Suppose' that a pellet is projected straight up and after a- while comes 

straight down via the same vertical path -to the place on' the ground from 
f< which it was launched. After' t seconds the distance s -ft-, of the, 



pellet above the ground? is' described by the equation . / 



s = l60t - l6t 2 , . 
which defines the function ° 

• f :' t -» l60t l6t 2 . ■ * . - , 

(a) How high above the ground is the pellet after k seconds? 

(b) What is the' height of the pellet after 6 seconds? * ■ 

•(c) Compare your answers for parts (*a) and(b).. Explain on 'physical ■ ; 
grounds . _ v . 

(d) ; How many" seconds is the pellet in the air? 

(e) How long d^s it take for the pellet to reach its maximum height? 

(f) : How high does the pellet go? 
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Ik: The product of two 'consecutive integers is' zero. -'What could the integers 

■ be? . '.*'•' y " 

15. . Suppose that you are standing close' to the edge on-the top of a building- 
'80- feet tall. You throw a ball upward with an initial speed of 6h ft/ 
.sec in a nearly vertical path. After t seconds the height s feet of . 
' the ball above the ground is given by the function" , _ -^i4~~~" 

t •-* s = 80 + 6kt - l6t . ... 
(a) How. long does it - take for the ball to reach the ground? , - 
'.' (b) How' high above the building; is the ball 'after one second? after ^ . '.. 
three seconds? • • 

(c) The ball passes the edge of the top of the building from which it 
was thrown as it falls to the ground . After how many seconds does 

4 

■ this occur? '•<■ «\ - 

• (d) After how many seconds noes the ball reach its maximum height? 
(e) How high above the building does the ball go? . 
*16. For'each'of the following pairs of equations, 'given that (U,v) is on 
the graph of the first equation and that ~(u,w) is: on the graph of the 
'..second determine the values of" u for which v < w, v = v, V > w. 



(a) ' y = 3(« -'"»): 

f 

. '* y = -3(x - h)' 



(b/y = 3(x - h) 2 . 
■ y = 3U + *) 2 



17. Compare' the, graph of x -|<x - if* 2 with that of _x - 
listed cWiicteristics by completing the following ;chart.. 



on 'the 



Function ■ v ' . » 


12 


W£(x -3)^ + 2. 


(a) i Name of graph , 






(b) Opens (upward or downward) 






(c) Equation of axis . . . 






(d) Coordinates of extremum' point (vertex) 


• V .>.;>■' ^ 




(e) Type of extremum (minimum or maximum) 




4 



1 2 and x-4|( x -~3) 2 + 2 , on . the s * me set 



l8. Sketch the graphs of x • -> ^ x 

• of coordinate axes. Check your answers for Number 17 against your. graphs. 



19. (a) Using one set oif coordinate' axes plot the graph&bf the following- 



(ii) * y =' -x 2 + tec'+ 5 ... ■ . . . 

. N . (iii): y = -x 2 . r 2x + 3 ■ ■ . ^ 

(b) ' On one set "of coordinate axes -quickly sketch .the graphs of 

, -CO. K *x -v.-x 2 - p ■ , , .. # \ . 

■ " : (ii) f : x -> -(x - 2) 2 + . r 

(iii) g : x -> -(x + r l) ■ + h / / **■ ■ 

,20. Consider the functions f ■: x -> ax v and g : x ^ff(x - h) + k. Let . 
.(p,q) be -a point .on^ the graph of f. . 

*(a) We know that if(p) = q. Another equation .relating p and q is. 



q = 



(•b) We want" to show that the point (p + h, -q. + k) ; lies on the graph 
of g. ".Show that g(p + h) = -q + k. 
'■ (c) To every point (p,q) on the graph of f . there corresponds .the 
point (p + h, 'J ) on the graph of g. 

(d)- In particular, we see that the vertex (__,_) of the parabola 

given by y = ax 2 corresponds to tKe^Vertex ( , ) of the 

parabola- give p by. y = a(x - h) \k. ( . 
21. -Determine the coordinates of the vertex andHhe equation of' the axis -of 
■ the. parabola given by' each of the following equations,- 



(a) 


y=. 


2(x - 3) 2 +-U ■ 


(b) 


>■ = 


-2(x - 3) 2 * b 


(c) 


y = 


(x + 3) 2 


(a) 


y = 


- |(x - l) 2 - 1 


(e) 


y = 


3(x + l) 2 + 2 


(f)' 


7 = 


5<x - 2) 2 - 3.. 



22. Determine, the extremum point of each graph in" Number ( 21 and tell 
•whether! it is a maximum or minimum.' 
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f •■ ■- . ' ... • 

23*' For each of the following pairs of equations, given that (u,v) is 

on the graph of the first equation and (u,v) is on the graph "of the 
second, determine the values of u for which' v < w, y^= w, v > v. 



(a) 


y 


= 2(x - 


3) 2 . + 


6 




y- 


= 2(x - 


3) 2 - 


6 


(b) 


y 


= 2(X r 


3) 2 + 


6 




y 


= >2(x . 




- 6 


(c) 


y. 


= 2(x - 


3) 2 + 


6 




y 


= 2(x.+ 


if ♦ 


6 



2U". o Write each of the fallowing equations, in the f orra ' y = a(x - h) + k. 



4 


; (a) 


»y. 


2 

= x -■ 6x ■ + 9 




(b) 


y 


= 2(x 2 - 6x + 9) 






y 


=. 2x 2 - 12x + 18 ' 




(df 


y 


= 2(x 2 - 6x + 9) .+ h 


j % m 


■(e) 


y 


= 2x^- 12x + 22 




(f) 


■ y 


= w 2{x 2 - 6x "+. 9) 




(g)' 


y 


= -2(x 2 - 6x + 9) + 'h 




(h^ 




= -2x 2 + !2x - Ih 




(i) 


y 


p 

= x + 6x + 9. 






y 


Ac 2 - 2x + < 1 




. (k) 


y 


1 2 " .1 
= " 2 x + X " 2 . 






y 


12^ -i . • ■ 

= " 2 X + X " 2 ' 




; - ' ( m) 


y 


2 

= x + 2x + 1 




(n). 


y 


2 i 
= 3x + 6x + 9 




(o). 


y 


= 3x 2 + 6x +. 11 




(P) 


y 


« x - '+ h . 




(q) 


y 


= |(x 2 - hx + U) 




(r) 


y 


r'x 2 U ' ll'.' 

? 5 r 5 5 
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25. For the function f : 'x -> ax + bx + c, a ^ 0, prove .that if 
f( Xi ) = f(x 2 W-0, then 



x-, or 



-b*'± Jb 2 - itac 



1 Ui ^2 " 2a - 

26. Use the fact that pq = tf-^ 1 ) 2 - ( £ -^- a ) 2 - for all real numbers p, and 
q to derive the quadratic formula from the general quadratic equation. 

r * • , ' 
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1-U. Polynomial Functions of. Degree Higher Than One < . 

Most of our. initial work -with polynomial functions will be concerned' with 
two related problems.: 

Problem 1. Given "a function f and any number x in its domain, ^ 
find f(x). ' 
Problem 2. Given. a function f and any number y in its range, find 
, al}.. numbers x > such that f(x) = y; in particular, find those values 
• ^ • of x for which y = 0, <i.e., the "zeros -of f. < 

Later we 'sha^ study the second, and harder, *of these two problems. • 
Soon -we shall also develop techniques for determining maximum and minimum 
points, intervals of increase and decrease and behavior for large values of x 
for polynomial functions of degree higher than two. ' As in the quadratic ex- 
amples of the previous section these techniques will enable us to sketch 
graphs of higher degree polynomial functions very quickly. For now we con- 
sider Problem 1. To" graph polynomial functions and find the^solu^ions of. 
polynomial equations, it. is important to evaluate a given. f(xj ~for different 
values .of x. For example, to graph 

* ' ^ 2 

f : x -> 3x - 2x + x - 6,. 

* 

ve may want the values , f (x) at x = 0, 1, 2, 3, etc. Of course, we may 
obtain these "values by direct substitution, doing all of the indicated multi- 
plication^ and additions. For most values this- is ted^us. Fortunately, ■ _ 
there is an easier way which we sfrall call synthetic substitution. To under- 
stand the method, we^ shall analyze • a" few easy examples. 

Example 1-Ua ... Find the value of , 
f (x) = 2x 2 - x + 3 ' at x = 

We write 

' 'f(x) = (2x - l)x + 3. 
When x ■= h, this becomes 

[2(h) - l]h '+ 3 = 31. 
Note that to evaluate our. expression, -we can 



(i) Multiply .2 (the coefficient of x ) by' h and add this 
product to' -1 (the coefficient of x); 



r (ii) Multiply the result of. (i) by h /and add this product to 
3 (the constant term). 



Example 1-Ub . r Find f(3)/ given 
We may write f (x) as 



f(x) = 2x 3 - 3x 2 + 2x + 5- 



(2x 2 - 3x + 2)x +\ 
or i)(2x - 3)x + 2]x +\ 

To f ind the value of thi^ expression when x"~^ 3/ *e may. start with the 
inside parentheses and 

(i) " Multiply 2 (the coefficient of X) by 3 and add this product 
to (the coeffici 

'(ii) Multiply the resul?S*( (i) by 3 and add this product to 2 
(the coefficient/of 

(iil) Multiply the result of (i^by-3 and add this product to 5 
(the constant term). 

The result is f(3) = 38. 

These steps can be represented \conveniently by a 'table whose first row 
consists of the coefficients of the' successive. powers of x' in descending 
order: (The number af the far right is the particular value of x being 
substituted.) 

2 -3 2 5 

r(2 v3) = 6 (3 '3) = 9 (11 - 3) = 33 



ir 



38 



A 



When this tabular -arrangement is used, we proceed from left to right; We, 
start the process by rewriting the' first' coefficient 2, in the third row. 
Each. entry in the second row is .3 times the entry in the third row of the 
preceding column. Each entry in the third row is the sum of the two entries 
above it. We note that the result 38, can be checked by direct substitu- 
tion. 
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Now let us consider the general cubic polynomial 

' f(x) = ax 3 + a 2 x 2 + a x x + a 0 , & 3 ^ 0. 



3 

When x = c, we have 



, f(c) = a 3 c 3 + a° 2 c 2 + a^c + a Q , . ' '. ^ 



which may 'be written 



f(c) = [(a^c + a 2 )c + a^]c + a Q , 



. ■ ,m ) 

Again the steps employed in the procedure can be represented in tabular form: 

a 3 • a 2 . \ a 0 Li- 

a 3 c (a 3 c +. a 2 )c '[(a^c + a 2 ')c + ^c^ 



. a a^c + a„ ( a 3 c + , a„)c + a^^ ■ . f(c) 

0 As in earlier examples, the number being substituted is written to the right 
. of the entire. array .' . 

" Example l-4c . GlW? f'(<x) = 3x 3 - 2x + x - 6, determin^f (2) . , 

3 -2 .1 ■ -6 . T fr l i 2 ; 



TV ' 6 8 18 - V 



12 



■Nov : 12 is the result sought, namely f(2). This may be check^by ^direct 



substitution: 



■Note 



f(2) = 3(2) 3 - 2(2) 2 + 2 - 6 = 2i+ -|H.'2 : 6 = 12* 

Example l4d ." Given f(xV='x - 3.x 2 + ' 
that - a =0 and that this number must be written^L^ 
as one of the" detached coefficients in the^H^-stlr^v:.: ; y ':>.•'• 

. i > . -3 ' 2 

' 3 9 . ■ 18 ' y\" 



l 3 6 20 : 55vy 

Thus, f(3) = 55,' which, as before, may be checked by-^tectr substitution.;; 

° With a 'little care and practice , the second line'r'ir^ 
often be omitted when C is a small integer. ; .yy. y'^ Vv;iS 



Example 1-Ue. Given f(x) a x^' - x 3 ,l6x 2 + hx + h8, evaluate f(x) 

■ c — . ' 

(for x = -3, -2, -1, 0, 1, 2, 3, 5- ■ 

We' detach the coefficients. In order to avoid confusion, it is sometimes 
convenient to write them down at the bottom of a sheet of scratch paper and 
- slide this down , # covering at each step the work previously done . As suggested 
v. above, we omit the second line in each evaluation and write the value of x 
we are\using adjacent to the answer. The results appeari^in Table 1-Ua. . 

The last two columns now 'become a table of f(x) and x. Note that the 
row 'that v corresponds to x f = 0 has the same entries as the coefficient row. 

Table 1-Ua 

# . - 



Coefficients of f(x) = x - y? ' - l6x + hx + hQ - 



1 


-i 


-16 ■"■ 


U 


■ h8 




1 




- h . 


-16 




t 

■ 0 


-3 




V 

' 1 


-3 - 


-10 






0 


-2 

i ■ 




1 


-2. 


. -lA ■ 


18 




30 . 


-1 




1 


-1 


'.' -16 






>U8 


0 




. 1 ■ - 


0 


-16 . • 


-12 




' 36 


1 




1 ' 


1 


-lU 


-2U 




0 


.2 




1 


• •' .2 ■ 


-10 


• -26 




-30 


3 




1 


3 


- h 


-J-2 




• 0 






r 


h 




. 




168 


• 














f (x) 


X 






















— *' ? '' '• 
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■ "■ V-The me^pd^aescr^^^ above is often called synthetic 

"' substitution. :or : ^ytrbheti^ ^^^ ; . in algebra books. The word "synthetic' 1 

',,. ;r ;.'-literally' '^^■ / "^ : ; ti0^^0 :: y°' x can see how u ^ s that ," s y nthetic 
'V/ aubfelbitution" ls"%»pi%irfet4 later we shall illustrate why the process 

^ ^is also called^^^6ttA: r J^method gives" a quick and efficient means of 
"''"evaluating ' f (x j , : ':^||^^pffiw' able to plot thfe graphs of polynomials more 
easl^'ihan woulJd:W,.tn^ase if the values of f(x) had to be computed by 0 
'.'direct substitution: - ■ " . , 
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Example 1-hf . Plot the graph of the polynomial function 

f : x ->2x 3 - 3x 2 - - 12x + 13. : 

We prepare a table bf values >tf \ and f(x) "by synthetic substitu- 
tion, and then "plot the- points whose \oordinates (x,f(x)) appear in Table 




Coefficients of f(x) .= 2x 3 



12x +13 



-12 



13 



2 


_ 9 « 


15 


-32 


-3 


a- 

2 


■ -7 


2 


9 


-2 


2 


-5 


.-7 


20 


-1 


2 


-3 ■ 


' -12 


13 


0 


■ 1 2 


-1 


-13 


0 


1 


2 


1 


-10 


-7 


2 


2 


'3 


-3 


h 


3 


. 2 


5 


8 












f(x) 


X 



Prom the table we observe that the points (x,f(x)) to be plotted are 
(-3,-32), (-2,9), (-1,20), etc. These points. are located oh a rectangular 
coordinate system as snovn in figure lAa. Note that ve have chosen di#fi3jfcnt 
scales on the axes for convenience in plotting • 



49, 

ho 



f(x) 



ho 



30 



(U,'U5) 



(-1,20) • 20 



(-2,9) '•• 



S 



(0,13) 



V 



(3,*0 



-h . -3 ■ . -2 -1 0 



1 2 3 * 
• (2,-7) 



-10 



-20 



(-3,-32) 



-30 



Some Points .on, Graph, of 



x -* 2x" 



3x 2 .- 12x + 13 
Figure l-'Ua 

Now' the problem is. how best to draw the graph.- We shall assume that the 
graph has no breaks. The question remains whether the points we- have already 
plotted are sufficient to jjive Us a fairly accurate picture of the graph, or 
whether there may be hidden, "peaks" 'and "valleys" not shown thus far. We are 
not in a position to answer this question categorically at present, but « . 
can shed further light on it, by plotting more points between those already 
located. By use of fractional values of x "a> the .method of -synthetic, 
substitution, Table 1-Ub is, extended as shown in Table l^c. 
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Table 1-Uc 



Coefficients of 


f (x) = 2t? 


2 

- 3x - 12x + 13 


■ 2 ~ 3 '. 


-12 


. : 13 . 4 ■ 



, • 2 
2 
■2 
2 

. *2 
2 
2 

When we fill in these points on the graph, it appears that if we connect the 
points by a smooth curve, we ought to have a reasonably accurate picture of 
the graph of f in the .interval from -3' to .h. This is shown in- Figure 1- 

• 1 



-8 
-6 

rk. 

-2 
0 
2 
1* 



8 

-3 
-10. 

-13' 
-12 

, -7 

2 



-7 

2 

18 . 

13' 

2. 

..r5 

9 
" 2 

20 



f(x) 



- 5 
" 2 

: 2 

2 

1 

2 



3 

2 

5 

2 

I 

■2 
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(a) 


f(x) 


X 

= X + 


x - 3; 


(b) 


'f(x) 


= X - 


.3x J + x 


(c; 


g(x; 


- 3x 


- dX + J 


(a) 


r(x) 


= 6x 3 


-■5x 2 - 1 


(e) 


s(x) 


= 6x 3 


2' ' 

- 29'x + 


(*); 


F(x) 




- 9y 3 + 


(g) 


G(x) 


10 


- 4 3 ♦ : 


If 


f(x) 


= 2x 3 - 


• kx 2 *+ 3: 


If 


f(x) 


= X 3 ♦ 


kx 2 - 3x 




Evaluate the -following' polynomials £jfr the given values of x 



K = -1, -3/0, 2, U 
1' I 2 

2' 3' ' • 

. x , 3 1 .1 I 2 



kx - 3x, for what value of k will . f(2) = 2? 



(a) Find the value of each of the f ollowin^^uTitrfc^ns-wheil x== -1. 

(i) x ->2 

(ii) " x -> 2x - 7 

(iii) x ->2x 2 - 5x - 7 ' ' ■ « -' 
(iv> x -*2x 3 - 3x 2 - 12k + 13 1 

(b) Plot the. graph of the function 

x -> 2x 3 - 9x 2 + 20. 

(c) . Compare your sketch of part (b) with the graph of 

f : x -> 2x 3 - 3x 2 - 12x + 13 in Figure l-Ub. 

(a) Find. the value of each of the" following functions when x = 1. 

(i) x -»Y 

(ii) x -»2x "■+ 1 
• (iii) x -*2x 2 - x - 13 

(iv) . 'x ■ -» 2x 3 - 3x 2 - 12x + 13 

(b) Plot the graph of the function 

.. x -> 2x J + 3x - 12x. 

(c) < Compare'your .sketch.*. of part (b) with the graph of. 

f : x ->2x 3 - .3x 2 - 12x + 13 in Figure 1-Ub. 
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6. Plot the graph of each of the following functions and compare each graph 

with the graph, of f :.x'-*2x 3 '- 3* 2 - lfix + 13 in- Figure l-4b. 
• • • . ' 

(a) x -> -2x 3 + 3x ? + 12x -13 

' ' ' ^ 2 ' 

(b) x 2x J 3x - 12x. *, 

7. Plot the graph of each of the following' functions- 

(a) x ->x D o 

* * V ■ A • s ■ 

(b) x -> x J + t 

8. Plot the graph of each of ■ the following functions. 

(a) x r x 3 - 3x 2 + * ■ ' ■ r • ' 

(b) x -> x 3 + 3x 2 

9. Sketch the graph of each of the following functions. 

(a) x.->2x 3 . - 12x + 13 ' ( 

(b) x -> 2x 3 \i2x a 

I* ^ ' 3 ^ 3 

10. Sketch the graph of x -» x over the interval - — < ^ : . 

11. Plot the graph of each of the following functions. . . ' . 

(a) x -> x^ - 2x 3 - 5x 2 + fix. 

(b) x -> -x^ + 2x 3 + 5* 2 r °*x *" * 

(c) x ->x k + 2x 3 - 5x 2 - 6x a ! 

p 'q . • 

12. For f : x -* ^ + *Joc - 13x + 18X 0 - 9* ? we give some of the functional 

values in the following table.. 



■■ . \ ■ ' , . . 

(a) From\the table estimate the value. of x for which the function has 

^ ~ • t. - * * ■ ~- '■ 

" *a maximum .value. 

■ (b) Sketch \the graph of f, with special care given to the interval 

0 < x <\1. . • 

\ 0 



... 

v x 


f 

-2 


. -1 




i, . .. 


2 


3, 




-30^ 


' 0 


kk 


kk 


0 


-30k 



■ • ■ . ' : . i" P - ■ vj 

13 • Approximate th\ej&aximum- value -of. the function -i 

■ . - "•■ V : x ,-»39 - 6^6x 2 - 128x 3 - 6tox> 



k<? 



■54. 



1-5 . - Remainder " and Factor Theorems* „ • ..." 

Momentarily we shall turn away, from graphing and take another look at the 
process we ^escribed in Section 1-h, in .order to develop some theorems that 
will "be useful in • finding the' zeros of ' polynomial functions. The s/nthetic 
• substitution .^sed to determine • f-(' 2-), given * * ' . i 

£ : x -> x 3 : - Tx 2 + 3x - \2 . - , ■ 

will be^the basis for this development, so lefc us examine it closely. . /■ 

■■■■,*•>. . . s • * 



... ... . -1-7 3. "2 |£ 

'2 -10 : -lU ., . 

■ ' * ■ •.• 1-5 -7 * i l6. ■ r : ■ 

• . " '..„•• °* 

• We. rewrite the first row_ in the synthetic substitution 'as the given poly- 
nomial (by restoring the powers of x), and th.en : attach the sia'me power of x 
'to each entry in a given column. . JKus we obtain , 

- ;/ . lx^' f 7x 2 ' +3x ■ -2- • : . v/V 

' '\ " ■ 2x 2 -lOx . -±h . ■ ■ - * 

* " ^1 "5x 2 ' -7x -16 ^' 'V , 

„■ The polynomial in the . thir.d row ik the sum of the two preceding polynomials . 9 
Since f(xj = 'x 3 - 7x 2 + 3x - 2 ' anfch^'f (2) = -16, the above addition, can be • 
written 

■ • f(x) + 2x 2 - lOx. - 1^ = x 7 - -*5x 2 ^7x + f (?) . 
\ By factoring, ve may write . / * 3 ■ - X( 

f (x) ' + 2(x 2 - 5x" - 7) = x<x 2 j£ 5x -> 7) t f (2) . 
Solving for f(x), we have 

^ ' • f(x> = x(x 2 - 5x '- 7) - 2(x 2 - 5x - 7) t f(2-); - 



or- 



f(x) = (x -'2)(x 2 ..- 5x - 7)-+ f(2) 



The. form of this expression, may 'look, familiar . It. is, in fact, -en 
^^ex^mple of the division '"algorithm* \ . 

. ■ Dividend = ( Divisor HQuotient) .+ Remainder. ■ 
■.- .In our example, if Jx r..2) is the divisor, • then/ ■ ■ . ■ ' ' 



■f . . 

■ * is^lAe-qyotlentj. and. f(2)/ is the^remafiider. VTh^' result may be % generalized, 
isf' >It is* erf' sufficient ^importance tfi> be .stated As a "theorem. ^ 

• / " -.'.A:' / J - . " *" ' • 

ggMAINIER ' THEOR EM* If *(x) iff a polynomial* of degree' n > 0 and if c is 
a' ; nunfcer,\bben^ the remainder in$he division ' t pf *f'(xj- by x. - c is 

^ , is? / * * 

■f (x): = Cx - c)<J.(x)' + d£c), ■ . \ . 

V • * ' .... • it. 
where the-.quotient , qpO ^s a polynomial Sf g$gree n - 1. 



Proof . We shall prove \ the theorem onl& in the case Of thg. general cubic 

'•a? ■ ■ . . «■ • * 

polynomial, , 



c 



f (x-V = a-yc 3 * + a 2 x + a^x + * 0 - ^ 

Following the pattern of the- previous example, to determine f(c) we write 
tne synthetic substitution . ■ . ' , * 



a^c 



\( a c + $ )c (a c -+ a 2 c ■+ ajc 



(a" ) > c + a 2 ) (a^ 2 c +' a^ • (a^c 3 + a 2 c + a^ + a Q ) 

As before,' writing in the appropriate power^of ' x T * we ge/: 

a^x 3 * + a 2 x 2 ■ ■ *" 1 ' + ajx - + a 0 . " 

+ a cxj:.- v + (e^c + a 2 )cx + (a^c 2 + a 2 'c J-.a^c 



a x 3 + (a c + a 2 )x 2 + (a c 2 + a^c' + a^X + (a^ 3 **- a^ 2 + a*c + a Q ) 



' W£ note that the polynomial in .the ^|i rd rov is the^sum of the two ^.'preceding 
polynomials, "t)iat., the polynomial in the first row is f(x) and that^ , 
(sT'c^ + a c 2 > a,c 4- a n )' is f(c),-. Hence we may write ; . 

? "2 <*■ 

... ..f(x) + cfa^x + (q" 3 c + a 2 ). x . + ( a 3 c + a 2 c + a ill" ' . ' 

/ '^x[a x 2 ■+ (a cV a 2 )x j (a c 2 +" a 2 c + ] + f (c) . 

Thus we ha.ve ' • **. • »••..•• , 

' v r ■ V 

■•' ■ • f(x) .=' (x - c)[% 3 x 2 +■ (a 3 c + a 2 )x 4> (a x c 2 + a'Jc ^ a^ ] + f(c? ■ 
• or . f(^ =Tx*^c)q(-x) + f(c)*. . / ' " 



The process' is the same for higher degree polynomials. It gives 
" f(x) = (x - c)g(x) + f(c), 

where q(x) is a polynomial of degree n - 1. 

Ql£_t he remainder ' f(c) is. zero, then the divisor x - c and the quo- 
tient^ q(x) are factors of .f (x) . Hence we have as an immediate consequence 
the Factor Theorem.. 

FACTOR THEOREM. If c is a zero of a polynomial function f ■ of degree ••■ 
n > 0, .then x - c is a factor- of ( f(x) , and conversely. 

■ Proof . We know from the Remainder Theorem that there exists a polynomial 
q(x) ' of degree^ n - 1 such that ' 

f (x) = (x - c)q(x) f f(c). - . 
If c is a zero/of f, .then . f{c). = 0 and . 

■f(xj = (x - c)q(x). 
Hence' x - c is a factor of f(x)*, by definition. 

Conversely, if x - V is a factor of f(x), then by definition there' 
is a .jDo'lynomial q(x) such that . ' 

,f(x) = (x - c)q(x) . 
For x = c, we Obtain c 

f(c) '= (c - c)q(c) = 0, 
and hence c 'is a zero of f. v . 

. Example l-5a ■ Find the. quotient and remainder if 

o p * o 

f(x) = 2x D - 6x + x - 5 

is divided £y x - 3. 



1 
0 



Hence* 



" and 



0 



q(x) = 2x 2 + 1, 



f (3) = -2, 



2xV-\6x 2 + x - 5 = (x - 3)(2x 2 + 1) 



5-7 



Example l-5b . Show that x - 6 is a factor .of , 

f(x) = x 3 - - 6x 2 + x. - 6, 
and find the associated q(x) . * 

•' •■ 1 -6^1 -6 

6 0 6 •■ 



.1 



Here,. f(6) = 0, q(x) = x . + 1, 



and 



f(x) = (x - 6K* + 1) 



In testing for the divisibility of a polynomial by ax + b, a ^ 0, we 



write v 

1 ax + b = a(x '+ ~) = x a[.x -.(- |) ] * 

and see whether' f(-;«|) = 0. By the' Factor Theorem^ ax + b is a factor of 
f(x)' if- and only if ' (Note that - ^ is the root of ax + b = 0.) 

^ In applying the Factor Theorem, it may sometimes be easier to compute 
f(c). by direct, substitution, rather than by the method of synthetic substi- 
tution. Thus,, to show that x - 1 is a -factor of 

. lv \ f(x) = 2x 73 -.x 37 - 1, ■ 

weTnote that&i**^ f (l) = 2 - 1 - 1 = 0. s .' 

Evaluating f(l) by the synthetic substitution tnethod would take considerably 
longer . 

■ At this point you may wonder what to do when confronted with a polynomial 
such as 



4 



Qx k - 28x 3 - 62x 2 ^ Tx + 15. 



which you, might like to factor. Note thattlje Factor Theorem is only a testing 
device. It does not locate zeros of polynomial functions. (Methods, other 
than blind guessing, for doing this will be developed^later . 



^9 
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^ Exercises 1- 



Find q(x) W f(c) so that f (-x) =. (x - c)q(^T+ f (c) if 

(a) f(x) = 3x 3 + hx 2 - lOx - 15 and c = 2 

(b) ' t{x) = x 3 + 3x 2 +'2x + 12. and ■ c = -3 

(c) .f(x) = -2x U + 3x 3 + 6x - 10 'and c=3 '. , 

(d) f(x) = 2x 3 - - 3* 2 + 5x - 2 and c ^= | 
Find the quotient and remainder when, 
(a)'H 3 + Ux 2 - Tx - ,3 is divided by x - 2 

•(b) 'x 3 + 3x 2 - U is divided {by x + 2 ' ^ ' 
.(c>^ 3x 3 + hx 2 - Tx + 1 is, divided by <3x - 



2 



. If- f (x) is divided by g m (x) ^ 0 so that a quotient q(x) arid 
remainder r(x) are obtained, vhat is the degree of'; q(x)?. .of r 

[.. Give a linear factor of each of the polynomials, 

(-a) r(x) = 6x 3 - 5x 2 - 17x +'.6 

(b) s (x) = 6x 3 - 29x 2 + 3Tx 12 ■ - ^ 

>. .Consider the function f : x -> x + Mx + x - 6. 

(a) Determine f(-3), f(-2), f (-l),," f (?) , f.U), f(2), ar£ f(3) 
'(b) Factor f(x) over the integers. 

6. If f(x) = 2x 3 + x 2 - 5x + 2,' determine f(x) at x = -2, -1, .0, 
and i . Factor f (x) . over th^r integers / 

7. ' If f(x) = x 3 + 3x 2 - 12x - k, Yfind k so that f(3) = 9- 

8. Find a value for k so that . " 

" / ' : x 3 ' - x 2 + kx - 12 
is exactly divisible by. x - 3- 

9. Determine' f(l) if f(-l) = .0 and 
*f :' x ax 5 + ax' 1 + 13x 3 - llx 2 ' - lOx - 2a . 
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(a) ' Divide x 5 + x^ - 5* 3 - x 2 + 8x - .k by x - 1. 

(b) Find g(l) if g : x:— » x** + 2x 3 - 3x 2 hx + h. 

(c) Determine a, p," .and r if 



(x - I) 3 

(d) Determine A, B, C, D,. E, F if, for all values- o£ x, 
(x - l)^(x + 2) = Ax P + Bx .. + Cx- 5 + Dx + Ex + FV 

3 $ 
Consider the function f : x -> x^ - 3x . We submit a t^e.to show three 

successive synthetic divisions of f(x) = x 3 - 3x and resulting quo- . 

tients by . x - 2. 



1 - 


0 


-3 


0 


2 




2 




.2 




. 1 


2 .. 


i . 


2 • 








V 1 




2 



i v i" 



-2 



2 ' 



(a) Determine ' g(x) " and f(2) if 

' f(x) = (x - 2)g(x) +.f(2). - ;.- 

(b) Determine - p(x) and g(2)- if ' v 

* g(x) = (x - 2)p(x) + g(2). : 
Xc) Determine q(x) and p(.2) if ■ 

p(x) = (x - 2)q(x) + p(2) . 

.(d) What is q(2)? 

(e) Show that, for all" x, we can write. 

f(x) : = (x-J2){(x -'2){(x - 2)q(2) +■ p(2).} + g(2)}> f(2). 



ERIC 



(f) In Chapter 2 ve shall find it useful (for' analysis arA.txinslB^i^^- 
to be able to, express a given function in terms of x ;> ;a"f.;:We- : haye;. 
already developed the equipment necessary to do this/'fpTva^^ 
polynomial function such, as f : x -> x"" 5 - 3x, * with, 
. the results of parts (a), through (e) of this problem ; df&f^n$\ V 4 + : y : 
B, C and. D if, for all x, \ •;; *' iyfy?:*: 

f(x) = x 3 - 3x = A(x - 2) 3 + B(x - 2) 2 + C(x - '^^/Clt':? i^^^ 



v.;; 



(g) Sketch the graph of the function 

' ■ ■ o 

f : x -> x J - 3x. 

(h) Sketch the graph- of the function 

- * 

F : x -» x + 6x + 9x + 2 . 



... V. « *. ; 

r'Y v H 



1-6. " Locating Zeros of Polynomial Functions > 

From the discussion in the previous section we know that a number' r is 
a zero' of a polynomial function f if f(r) = 0. Furthermore we know that, 
the zeros of first and second degree polynomial functions can be found by 
solving linear and quadratic equations, for which there are simple formulas. 

We. know how. '.to find the zeros of polynomial functions^of the first and 
second degree. ' . " < 

If f : x ->mx + b, m £ 0, then f(- -) = 0. 
• m 

If f : x ->ax 2 + b / +c * a t'°> theri f( " b " 2a " ~^ = °' 

Upon examining these solutions,; mathematicians noticed that the zeros are 
expressed in terms of the coefficients by formulas .involving only the rational 
operations (addition, subtraction, multiplication, division) and the extrac- 
tion of roots of numbers, and- believed that. it might be possible to express 
the zeros of functions of higher degree than the ■ quadratic in the same manner. 
In the first half of the sixteenth .centtfry-Vsuch! Tormal expressions for the 
zeros . of the third and fourth degree' pDiyh'cfmial functions were obtained by • 
Italian mathematicians. Unfortunately, these formulas are too complicated to 
be of practical value in mathematical analysis. Mathematicians. usually find 
it. easier ^ven' in theoretical questions to work with, the polynomial rather 
than with any explicit expression for the. zeros. 

While 'these explorations produced, some significant,- if largely peripheral, 
..\ results, they-' were later abandoned' to^be replaced -by better procedures. ''Having 
rejected the pursuit of, formulas to solve ' equations of higher degree, mathe- 
% maticians came to believe that perhaps the most "fruitful A path was to guess at 

V-Vthe solutions . " . " 

\ \\ ■ . ' • • 

^vV^ Inspection of the x-inte'rcepts of graphs we have sketched in earlier V ■ 
V^'^tions enables us to approximate zeros of polynomial .functions . But plotting 
Vy^aghs is time-consuming, and there are. better methods. Inherent in the pro-. 
%::*G$js£$tof preparing.-a table for graphing, however, is information that helps us 

B&ke intelligent guesses about the zeros. This information is contained in 

'v'^'^V ;: '\ ..... • - 

l-tf-Mffc'-'. following theorem.. •' 



\ 



THE LOCATION THEOREM . If f is a polynomial function-and-if a and b are 
' real numbers such that f (a) 'and ."f (b) have opposite signs, then there ■ 
• is at least one zero of . f between a v arid b. 

Geometrically this theorem means that the graph of. f from (a,f(a)) 1to 
(b,f(b)) intersects the x-axis in at least one point. 

" In Figure .l.^Sa ve illustrate the 
Location Theorem with the. observation. >' 
that f(a) and f(b) are of opposite ■ : ■ 

sign so that f must have at least 
' one zero between a and r «b. 




Figure l.-6a 



The Location Theorem depends upon 
the fact that the graph of a polynomial 
function has no "gaps", and hence -can- 
not have both positive and negative 
values without crossing the x-axis 
in between. A complete proof of tliis 

makes* use of a suitable' formulation of the f act that the^ v^JLixveJiasjio;^ 
"gaps" and will be discussed further in the appendicesV Sitice the Location" 
Theorem' seems intuitively -plausible we-. shall' assume that it is true and con- 
centrate on its consequences. • . 

Example l-6a . Given ^hat the polynomial function ■■ r^. ]■ 

f : , x -» 12x 3 > 8x 2 - 21x + Ik '■'vV'^-f 
. has three real zeros, locate each of . them between two consecutive integers'.; ; 

We use the Location Theorem to search for values of f(x) that are ; 
'opposite' in sign.. It is convenient to do -fails in a systematic way by syn- 
thetic substitution,, setting down the work, as in Table l-6a. - 
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; ■ Table- l~6a * 
Locating the Zeros of f : x -» 12x J - 8x - 21x + lU 



12. 


-8-. 


' -21 


IV 




• 12 


-8 


-21 ' 


lU 


- 0 .Location . of a 










zero 


12 


h ■ 


.-17 _ 


-3- 


1 












12 


16 


.11 


36 


.2 • '. ■ 


. 12 


28 


63 ' 


. 203 


■ 3 


12 


-8 


-21 " 


1U 


0 


12 


-20 


-1 


15 


-1 ' '. 












12 


-32 


h3 


. , -72 . 


-2 .. - 




f(x)f 





The intervals that contain the real zeros' of f - are indicated by the 
arrows at the right in the. table. Thus, we see 'tfcfet the real zeros of t/f^ 
are located between 0 and 1, between 1 ■ and 2, and between -2 ^fad 

-l- •• .'■ * ; ■ . <\ 

We hasten to add -that it is entirely' possible for f to have zeros- 
between a. and b . when f(a) and f(b) have the same sign. We illustrate 




- Figure l-6d , , £ ■ 

# • "■.» . 

Since the problem of locating zeros of a polynomial function is essen-' 
tially a matter of trial, we should ask the very! practical question: "How 
far should we extend the table of x and f(x) when we search for the .loca- 
tions of the zeros ofjt f? !t - In. Example l^jSij 'this question arises. 



Example l-6b7 Locate the real zeros of f : x -> 2x - x - 2x. + 6- 



We repeat a procedure -similar to Example l-6a 'and. compile Table l-6b. 

■. * 'Table l-6b : ; \. . 

32 

Locating the Zeros of f : x 42x - x - 2x + 6 



2.'. 


-1 


-2 








2 • 


■ -1 


-2 


j 1 


0,:- 




2 


1 ■ 


-1 ' 




1. 




2 


. 3 


h 


1U . 


-■v. 2 




2 


5 


« 13' 




3 




2 


-i 


-2 ■ 


6 • 


0 




2 


-3 


1 . 


5; - 


-1 




.2 


-5 


••• 8 ( 


\-10/* 


/ -2 




' 2 


- -7'. 




-51 


' "V, -3 : 






f(x> 


\ X 




The' Location oTheorem tells 'us that, there is . at least one real zero r * 
between -1 and -2-. We can . then write >> 

. f(x) = (x - r)q(x) 

where has : degree 2, say ■ ** . . 1 

■ q(x) = ax 2 + bx'+' c. * 

■ Depending upon the sign of b 2 - Utffc;- this 1 will have two distinct real zeros, " 
* one repeated real zero or two complex zeros.' Thus there are four possibilities: 
; . (l) there may be one, 'two, or three" real zeros, all contained in the . . 
interval between -1 and -2, 
(2) two zeros may be compiex, in which case there is- only one real 
" zero, 

.. (3). one or two real zeros may be in some other interval of the table ^ 
^ \ between successive integral values of x, or ' ■■: . 

{hi one or two real zeros ma^in intervals outside; the values of x 
7 shown in the table. 




While it is difficult 'to' rule out the possibility of complex zeros or 
zeros between other entries of the table. we can at least show that no roots 
can occur outside the interval -2 < x < 2. c • 

Possibility (h) appears unlikely for the simple reason that when we . 
evaluated f(2) = Ik, all the entries, in the corresponding row of Table l-6b' 
were positive. They will be still greater for greater values of x;- the . 
table shows, this for x = 3,. and you can check it yourself for ■ x = k. JThus 
it appears, that for oc >2, f(x) must be positive, so that, there cjannot be. 
a zero of f greater than 2. We shall prove this, as well as the-fact that 
there; 'cannot be a zero of the given polynomial less than -2, by application 
of the following theorem.. 

UPPER BOUND THEOREM FOR THE ZEROS . OF A . POLYNOMIAL . FUNCTION . Suppose f is a 
polynomial function with f(a) >0 for a > 0. If 

f(x) = (x - a)q(x) + f(a-)- and if all the coefficients of q(x) .are 
positive, then all the real zeros of f are less than a. We then 
call a' an upper bound for the zeros of ■ \f . ■ 

Proof . For. x = a, fjx) = f(a) >.0. For x > a, by hypothesis, 
x - a, q(x), arid f('a.) are all positive. Thus, x > a is not a zero of 
f, and all real zeros of f must be less than a. 

. Now you will see from Table l-6b that 2 is an upper bound- of the zeros 
of the giveri polynomial. We. really did not need /to' evaluate f(3)« . 

. What about a lower bound for the zeros? Since any negative root of 
f(x) = Q: J* a positive root of f(-x) = 0, if we find an upper bound for 
the positive roots of f(-x) = 0, its negative 5 will be a lower bound for 
the negative roots of f(x) = 0. Let us apply this test to our example. 

From the given polynomial •.«■.• 
' ■ f(.x) = 2x 3 - .x 2 - ;2x + 6, ■ 

we find that . . o j . 

4 f(-x) = -2x 3 - x 2 + 2x + 6. ■ 

Since we are trying to find the roots of the equation, f(-x) =0, it will 
be less confusing to multiply- each member of this equation by -1 in order 
to have a positive coefficient for the third degree term. Thus we have 

. -f(-x) = 2x 3 % + x 2 - 2x - 6- v . ■ 

... • ' 5T • 66 ' ' . 



; ■ Using ■ synthetic substitution, we. .obtain the results shown in Table l-6c 
for "positive values of x. 

I" '/ c - ; \;.J. ..' ' Table l-6c,'. '/ .;" . .. 



Evaluating 


«;f(.-x) =. 2x J X ■ 


- -2x' 6' : 


2 \ 1 


-2 ; 


■ -6 ■; - 






:• 2 ..' 1 


.-2 






0 


2 3 - 


t 


■ "5 ' 






, ■■ 2^ '5 


8-; 


: 10 ' 






2 . •' '7 / 


•19 


, 51. .; - ' 








: f(-x)- '. 





This table tells \us" twd things/ First j\,a vgo's it lye'..- root of -f( -x) = 0 . 
'occurs between 1*^ and- .'2, • which . mean's that a negative ' root of . f(x) .= 0 ' 
'occurs, between . -1 • and : '>2, ' ks • previously. :: shown in Table l-6b. .. Secondly, 
^•■-^s-;a^^ r f C-x) = 0,/ and'/hence, r2 is. a _ 

lower hound .for the roots ^qf. . f (x) ^' 0. This., is the conclusion for' which we 
have been searching'. In actual practice, however, it Is unnecessary to : 
evaluate ■■' -f(-x) to find -W lower : bound fbr '.the' zeros '.^" f .-. Notice in 
Table l-6h that the' synthetic substitution for x 1 gives alternating 
'signS for the coefficient^ of ' q(,xj and' f(-2).', * . ■ • •. ■ 

'Suppose a' negative number .' a v is' 'substituted, (synthetically) in .f (x) , 
"If the coefficients -of . q(x.) concluding 'with trie, number , f(a) alternate* in 
sign, then all of the real zeros of, f .' are- sweater than a. " We. say that a 
is a lower bound for the' zeros . ■ J ■ *' 

In Example. l-6b, we have found that . Z[ .is an ■ upper bound" and -2; is a 
lower bound for the real zeros of the given function . Hence, all the real 
zeros of :f are contained in the interval- ' : -2' < x < .2 and we have found 
that one zero lies between' -1^ and . -2.- f .. • 
" ' Methods for showing that, -in ££ct, -f has, only -one real zero (which we 
know must lie in the interval -2 < x < -i) ' are beyond, the s.cope f of this^ 
section. - • 



gxercis.es 1-6 ^. '. 
* • » 71 
Find internals between consecutive integers that contain the real zeros 

of f, given that: . v ' v 



(a)' 


f(x) 


. 3 -,2 
= x - 3x ■ + 


3- ■ v .' ' -fr-- : 


(b). 
(c) 


f(x) 
f(x) 


• 3- 2" 
= 3x° + x + 

2 

= 9 - x - x ■ 


■x' - 3 '.' '■' ■■ * . 

. X 3 • 


(dO. 


f(x) 


•= 3x, 3 - 3x + 


1 (Hint: -evaluate ff(~).)' 


(e) 


f(x) 


. -3 2 


• x + 5 • 


(f) 

• 


f (x) 


= x 3 - 3 / + 


6x- 9 ... 


(g) 


f(x) 


• ' 'V <c 3 
= x - ox . + 


x + 12x .- 6 



• • . • ■■ . ■ " *• v '* ■ 

.-' . ■■ 3 "' « , op. 

.Determine the values of k for *ic.h ,^(x) = xr „2x + B.x - k ; has at 

r,- ' . ■ ; w t, ■ • ^ - • 

least one real zero between * > 

■ ■■ " . ' . , ^ ' v ■* *'V. ° 

(a) 0 and- ' i . ■ • 'i . - >. . * * ■■ ! •■' 

(b) 1 and 2; ~ : ■ . \ ■ • ' . 

■ ■■ • * ■ ■ ■■ . .■■■*' ■ ' ■ 

In -Example l-6b we located at- least one- zero of ; 

>' .r f : x ^2x 3 -'x 2 .-.*2x. + .6\ ^ .' ■ . 

between /■ -2 . and . -1 (Table l-6b)'. %s While' that example served primarily 
■ as a vehicle for the development of : larger considerations' we afford you 
the satisfaction of completing it here-** ' ; 6 

(a) -Evaluate, f ( - p ■ 



<b) -Divide 2x^. -.x - 2x +' 6 by x + | . 



3 _ ^ ■•_ i. 1 £ x J. 2. 

(c) -For what values tfx* x does 2x ,~ kx ■■+> k* = 0? '■ .' * . 

> ■'' »-.*.- ' "5 ? * 

(d) -How ma'ny times do.esr the graph of '., f ': x. ~* 2x " x - 2x + 6. . 

Cross the x-axis? , ' .' * 

(e) ■ How many real ' zeros has the function ' f x -> 2x . -, x - 2x + 6? 

(f.) ^What are the zeros of f : 4 x-.-*_2x . - x m r 2x + 6? .\ 



k. (a) ' Locate real zeros of each- of iKe^ollowing* functions . ,. , 




*i'-c 



(bj Fa<fEor x^T^to 

■ ■ (cY c What are the zeros of .each." of the following? (Consult Exercises ■;■* 
. . " ■ 1 % v" 

1-1*, No/ll,) f* .|# . ..; " '■ . . . . • • 

' • , '.CO f : x -»x 3> - 3x ■ . '. 

o ' 2 ■ ■ ■ * . 
4 (ii) F : x -> x J +.6x- + 9x + 2 * * -.'.■' . 

: ' ' ■ l : .. V ' • ; .' ■ . ■ "% 

■5 " Use the Factor Theorem "to find a cubic equatiorif whose -roots are -2,. 1., * , 

and'' 3* rl ■ t > 

; • '■ ' .. ' , 

' You are familiar with" the.. fact that^f or th| general quadratic equation^ 

ax 2 +■ bx. + .c = 0, the sum of the -roots is . . - | and the product of the. roots " . 

*■•■"'■ , ' . ■ ■ ■ ' „• '54 

is .' Similar relationships exist between the .roots and the .. coefficients^- 
^.polynomials of . higher ' degree The following problems (Nos. 6, 7," and 8> # ■ 
are intended to illustrate, these- relationships for third-degree polynomial^: 

6 Use the roots of the equation given in Number 5 foi*each of the following. - 
.parts.: " :-y$. : ;■■ * *" 

/ '(a) Find the .sum "of the roots. Compare this result with the coefficient;. 
;of x obtained in Number 5.. ' ^ 
(i))...Firid the surf of all possible two-factor products of -the roots..- . 

.'That! is, find (-25(1) + (-2)13) +^(1) (3) / Compart, this result^ fl "\ 
; with tSe coefficient of r x ^obtained In Number 5 . . . , v \ - 

/ ^ (c)i Find" .the product of . the roots .. ' Compare this result wit^the :con- , % . 
; stant term obtained in Number .5.*. 



7. If trie roots of 'a 3rd -degree' polynomials equation are *-2, ana ^, 

find ■ ' » . • . . ' 

a : ■" (a), t>he sum Of; the. roots, > ; ' • ' 7* 



*(d5 the. sum oF all possible -two-fector products o%t^e roots, ^. 
(o) t'he product of the roots., '\ '.* ' ^ v ^ " ' ^ . *" 

(d) Using the results of (a) , (,b) , . and, (c> : , write a polynor^al 
fc . equation of 3rd" degree* having the. given roots . ; ^ .: ' • * ' - ■ 
(<e) Check, your results by using the. Factor «fheorem^ tU. Sbtaim the- equation. 



8.- (a) :'Using theS^toivJ^rem^ write in expanded f#m a 3rd-degree poly=- 
■\£ ^j^? * nomifci equation having' the : -Tg>ts ' . r i* . r 2> £ nd r 3'^"' ; 
±1 - (b) From the result obtained to V a J* 



Sd from'the f act '.#hat- any 



polynomial of 3*d. degree can l^e vriti^ in the form ft, 



/ 3 !g 2 «. a i , 




ft 



^ . . . v 

"find expression* for the Coefficients — , — , $and — in terms 



V ; of the roots, r, , r_, and r' _. e *■ 1 

Findv.the polynomial function- f • o# degree three that. has zeros -1, 1, 



nd. .'k and satisfies th^^ndU'io^i^ff^ = 
10 r There is a thebrem- kn6vn 'as ' Desferteq-8 Rule of Signs fepat ^ states*' that' the ^J. 



number, of positive- roots of .-*'(x&= , 0 cannot exceed* the number of varia r 

ients* of f (x) .. : A 



tions in sign"" of the coefficients* of f (x) . A variation in sign occurs 
jAehevte'rvthe .sign of a coefficient.- differs from sign of the next »< ■ 

• ' nonzero coefficient. Thus' $ - x* +■ 2x ■ + 5 has ^variations in sigH. 

* StiSke .the roots of ' f ( -x) =*0 ^are the negatives eg the root^of • 

■ ' f(x) = 0, 'the* number 'of negative^roots of "f(x) = 0 . cannot exceed the* \ 
^nunfcer of variations in sign of the coeff i<gjj&nt| of '^f( -x) .* Thus . ^ v ■■ 

f(x) i ^- rx^ + ?x + 5 has at mcgt 2 /negative 'roots, sin^e • 



f(-x) =-x^ h-.x 3 , : - 5 has 2 /varia^iofe -in sigf. _ ^ * 



* *, ■ 1 FiriS the maximum number of positive and' ne^af^ve roots J^" each^of; 

| . - ^ ' ■ ". ^ " «c 

the following equations. ■ v^? ■ • 

(a) x 3 "r. x 2 '- i'lix + 2i+ = 0 : (-d) x 5 .w 1 =J) 

(bj'x 7 - x 14 + 3 - 0 5 fr ^. Ce^ x 5 , + ,.l =t ... V^. > 4 "> % 

k (c) 3x + x -.2x-.3-.0-. ;• '(.f) x^ = 0 ^ . 



x 




ft. 
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.1-7- Approximating Zeros 
- Methods for finding rational zeros of polynomial functions are discussed 

in the appendices. A simple method, known as the method of repeated bisection 
can be used,.#long with the Location Theorem, to approximate roots (either 
rational or .irrational) . This method is' easy to describe an,d is simple too 
program on a computer. The arithmetic can become very complicated, however, 
and'the method is fairly slow'. (Another, more powerful, method is descr-ibed 
- in Chapter 2.) ' 
fe- 




Consider the polynomial function . 

3 



f : x r* x -h % 3x 



Since f(6)- = -1 < 0' .and' that. f(l) t * 3 > °> we. know (by the Location Theorem 
that there is at least one zero. between 0 and 1. We take"* the a^erjige of 0 
and 1.- namely , and f ihd " '"/"'■ ^ 

f i J t 

• ,.• ' ; . , /f(|) - J +."|. : i,> o. • ; . . 

Thus*,' tfrere is a" zero between 0 and — . We average ..'again to obtain — . 
•Since . ' . . 

• •• ; • ^ , ■ >■.: • 

we*know that there is a zero between .jj- 'and |- . Averaging these we £et ' 

. • ' ' . , ,• " ■. 

• ..■ • . » . >2 E.f 



and since 



. • ■ ■ * • vwr 512 1 > (x > - 



, *We have located a zero between jjv.an.^. g" •. F? r convenience 'we~'now use 

decimal notation and average iagain to* obtain 

ft <Bince- f (0.3125) ,<• 0 we kqlbw that there- is » zero between 0.3125 and 



We could continue the process to show (Exercises 1-7, No. l) . that the 
zero, is between' 0.31 and 0.35- Having done this we ; could be certain that 
the zero is 0..3, correct to one decimal place. '. + 

For obtaining. zeros" of functions to some prescribed degree of accuracy;, 
the method of repeated bisection. is often used on high speed- computers since 
the process is easy to .program. 

Without a' computer we try to speed the process' by shrewd guessing'. For 
example, we might observe that . 

x 3 + 3x - 1 

" ^ ' .'1: ' : N ' • 

is positive for x > - . For x > - , we have .. 

x 3 + 3x - 1 > (|) 3 "+ 3(5) - 1 >0. • 

We could then- test 0.333, . 0.332, 0.331, 0.330, o'.329, etc. until we 
obtain a*" negative value;- and then average to .obtain further accuracy. Does 
this really speed the process? '. ' . - 
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Exercises 1-7 

1. • Show that a zero of f : x -» x 3 + 3x - 1 lies between 0.3 and * 0.^. 

2. Extend the method of repeated bisection started w in' this section for the 

function *»• 

< * 

f ■ : x -» x J + 3x - 1 

\ . . .- 

(a):' to locate/ a zero of f between 0.31 and 0.35; 

'(b) to show that a zero of , f, correct to . two decimal places", , is 0.32^ 

3. Find correct to the nearest 0-5, the real zero of 



3x 



2x + 5 that lies between 3 and k. 



k. (a) Find, correct to the nearest 0*5, the real zeros of / 

3 



2 n 

f : x f>x" -'2x. + x - 3- 
(b) Find'ihe zeros correct to the nearest 0.1. 
5.-' (a) Find. a solution of rft+ x = 3 - correct to one decimal place. 



(b) Find this solution correct to two decimal places. 



V 



6. Find the real cube root of 20 correct to t^p decimal places by solving 



the 'equation' x =20. 



^ 1 % 



'■J 



1-8. Degree and- Zeros * \ . ' 

. Suppose f -is- the polynomial, function • • ; r ' . . « •■ 

(!) " f : x '->.a Q + a lX . + a 2 x 2 + + a?;.a n ^Q 




What kinds of information about the graph of f can we greasily- from this 



expression? For^ftcample, note that . v " 

; - f(0) =a o- . ". 

so that the constant term a. 'is the -y- intercept , that is' the graph; crosses' :, 

the y-axis at the point (0,a ) . '. > ' . 

u ' ft.'- v v ■ . 

This observation is, of course, quite simple. In the -next" .chapter,; ye. : ■ 
■ shall show that the coefficient a ± is the slope of the tangent line to the \ • 
y^ph of f at (0,a Q )^ The other coefficients of f will' als<* .be of signi-. , ^ : 
\/ ficance as we .try to determine the behavior of f near the point (0,a Q ) ..- The .• • 
degree, of £ also gives a. useful piece of information.- \/-'\- 
f % If f has degree n> 0, then the graph 'of . f can. cross.' :■ 

• » tfcie x-axis no more than n times. . ; . ^ .... -*v 

To say that the graph of f crosses the x-axis. at (r/o) is n to", s^v^that/ ;• 
' f(r) = 0; that is, r is a zero of f . Our result (2) is a'" consequence • pf 
the following theorem. ">< • 

• • , . \ ' V-v;.-;v* v --r7,- :•'?# 

THEOREM l-8a. If f is a polynomial function of degree- n > 0 : , then ? x ( - • y- • 



has at. most n real roots- 



Proof . If 



n = 0, . then' : f ' is a constant function'. : \x ? -f-^x S'in^e J ^ - 
have defere'e, f cannot be the. zero.'- ;ftocti^i^s^y*hat ': "c J 6. 



f is assumed to 

Thus, if a = 0 we know that .'-f has no zeros. Next/we a sSiMe^ 'tfta% i p'-'^O. 
In this case suppose ,'• r'V- r' 0 ;, . . . , r are\er^s-pf i -By re^eat^-useo^ 



the Factor Theo'rem we can factor a polynomial •f'Cjt). ";---* 3 -* " : i""^^§S^^"* S " " c " >; " 



f (x) =: (x - r, ) (x - ^) .. . . : 



'. where q(x) Vis a nonzero polynoaiip. ...Since- ^here are factors. i*e can; .',; y. 
r multiply 'the fa ctbrs and write \\? .-^ ; - >4#i <; * ' ; & & . • -\ % -V 



.wherb ; the 4 4ots represent terms" wi^li ? j)^rs 'le^j^^' M Hence • f nave ;« ; 

degree at least lc v By assumptip^ %%Tii'as ie^ee a^,/ we>usS^naV^ n..> k; 
that- -is", f can have no mort-.tM^fe. -feeros..^ 1 ■; v . J . ' ' ; • 



The proof uses the fact that the difference of two polynomials is again 
a polynomial. Suppose, for example, that n > k and that a ± £ b ± . Sub- 
tracting 4 g from .f, we get the polynomial function 

" . h : * ->f(x) - g(x) = (a - b ) + (a - b )x 

+ (a i - b i )x i + ... + (a k .- \)x k + + * 

Our assumption then tells us that h isnot'the zero function x -> 0 since 
h has degree at least i > 0/ ..Theorem l-8a' then tells, us that h ' cannot, 
have more than n zeros, so there must be at least one "real number x such 
that h(x) V;0. Since h(x),= f(x). - g(x), we have therefore shown that 
there is at ieast one number x such' that ^ 

" •' 'f(x) ± g(x). ■ V 

' The result (5) can be restated in various- ways . For example, if f and 
g have distinct polynomial expressions then the graph of f is not the same 
■ as- the graph of g. In (6) we give another^seful fornu 



(6) 



If f and 'g' are-vgplynomial functttWs such -fehat ■■ f (x) = g(x) 
for all x, then, f and g have/thV same degree and their^, 
expressions havi* the' same coeff icients\ ( or n both "are the zero 
function.) * ;, 



- . The expression for^f('xT also determines the behavior. of f for values 
of x far from the origin. For example, consider the function ■ 

(7) * • - ' * 'mfe- x -"f' 1 - 3 X + 2x2 + x ^- 

If x is far from zero -(that is./'.. |x| is large) then the cubic term x. 
dominates the remaining terms. To show this we can rewrite the ■ expression 
■ for f (x) as - 




As" |x| increases, the absolute value of each of the. terms 



decreases so that 



1 -3 * 2 

- , - , and - 

x x \ . 



>3> ■! 
1 ? 2 T ■ 

-±- j — ^ + — + l i^ close to 1 

x * r x : 



w*jen |x| is. very large. 

« • .a '» 
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By this kind of reasoning, we could show that for any polynomial function 
f, the term of highest degree will dominate, all other terms when x is far 
from zero. This means that the sign of f(x) will agree with the sign of the 
'term of highest degree for |x| 'large, "and hence the graph of f will lie* 
above or below the x 7 axis according as the* value of this term is positive or 
negative .' ' ■ 

Let us combine this- information with that previously . garnered to sketch 
the possible graphs of - , - . 

• „ f : x -> 1 - 3x + 2x + x J ♦ 

^ i& k 
We know that~f(0) = 1, . and that f can cross the x-axis at most three times 

Furthermore, the term x^ dominates when |x| is large, so that for x far 

to the right the graph of . f must, be far above the x-axis and for- -x far to 

the left, the graph of f lies far below the x-axis . > In particular, the :'. • 

graph of f must cross the x-axis to the left of the origin (since f(x) < 0 

, f or T x' 'far left and £(0) > 0.) Some candidates for the graph. of f, are- 
sketched in Figure l-8b. Further information is needed tp^show which graph 

.might be an accurate picture of f .. In.^he next chapter we shall develop 
methods- for determining the. behavior of graphs- of polynomial functions (e.g.', 

^locating maximum and minimum points). . c 

* - -■<-'■ '. - ^ \ ' . ■■ .. ■ ;, ] 



Exercises 1-6 



1. "If 't jand g ' are polynomial functions . and f(x) = 0 if and only if 

_ .i g(x) = 0, then f and'-g-^are identical polynomial functions Refute 
or defend this statement . '■_ . y ° ' 

2. Guess "which of the candidates .in Figure 1 -8b might be the best possible 
graph for.. the function f : jc -* 1 - 3x + 2x + x J . ' 

3- Suppose 'that there are only. 6 finite number of,, selected points, shown for 
a number of polynomial functions. One could only guess at" the complete 
graph. In each case indicate- the minimum degree that a polynomial func- 
tion might have and still he .satisfied by these points. 



(a) ; i 






(h) 






(c) 


• • • • 




• 

(d) *; 

• 


... :: ;,■ ■ /•.•' :.. ■ ■ ' 

' ■ ' ' (i) ' • 

■ -.V • 




• 

(e) . < 

t. 


■ ■' ' ; — * ■ 

' . • . 

' ' ' ■ ' O 
■i • r 




■ ^ 








In -Numbers k through. 1 use the given functions and the sets of conditions 
to. answer the following. If the answer cannot be determined write "unknown." 
If a zero is of multiplicity ky. we will count it as *k zeros. 

• ('0, Determine the .'number of all real zeros.. . 

(,ii) . ..Determine the number of negative, zeros. • & './*.■ 

(ili) Determine the number of positive zeros. \ ' 
' (iv^* Determine .the number of zeros at the- origin. 

k'. f : x -*"ax ,*'+ bx + c, a ^0. . - : ' .* 

- (a) ,c = 0, v a and b have opposite signs. - m ? 

(b) c = 0," a and b* have the same sign. . * 

(c) b = 0, a and. c have opposite signs. • " ' 

(d) " b a'O, a and . c ' have the same sign. •■ •. 

(e) b. = c = 0. ; 

5. ' f :* x -» ax 2 + bx. + c .= a(x - h) 2 + k. 

■ * ■ ■ + 

(a) ° a ^ 0, k ^ 0, h ^ 0 and a and . k . have opposite signs. 
■ (b). a /*p, k ^ 0, h = 0, a .and k have opposite signs. 
.'(cO a ^ 0, k i 0, a and k- have the same., sign.' . * 
(d) ;k .= 0, a ^ 0, h > 0. . / ' 




f ":. 


x - a Q ■+■ 


a^x + 


2 ■ 
■ a g x + 


' a 3 X 




3 ' °- ' 




(a). 


. a 0 = a 2 ■ 


= o, 


a l / °> 


a l 


•and. 


a 3 ■; 


have 


opposite sign^s v . 


(b) 


>= a l 


= 0, 


S 2 t °> 


S 2 


and 




have 


the same sign. 


(c) 


a o = a i 


= 0; 




a 2 


. and 


:a 3. : 


have 


opposite, signs, 


(a) 


a 0 = a 2 

r 


= 0, 


a l °.» 


S l 


and 


V 


have" 


the same sign. 


(e) 


#£^:, a 2 


= °' 


a o 


a o 


and 


3 3 . 


■have 


the sa^yirsign. 


(>) 




" °» 




a °, 


and 


V 


have 


■ opposite ^signs 


Cg): 

■J" ■•. 


- 1 


= S 2, 


:= d. p - 











J 
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• 7..... f f x '-\ a 0 * v * a 2?.* f * a 3 x ' V >■ " 

. (a) 'a^ = a 3 : '= 6, a Q » >' 0, a£ < 0, a^Vo "... •« ' • ■ ' 

• ■bb)-.'a 1 = a 3 = 0, a Q < ■ 0,.- a 2 > : 6, a^ >,0 ' y ^ _ ' V?" " V . • 

.... - Cd); a 1 .^ a 3 - 0, a Q >'0, a 2 > 0," a^ > 0, ; •' - ^ : ; 

.*■ • (e) All coefficients' are greater than zero. * . 

'•' (f). a ^ > 0? . all other- coefficients are less than zero-"' 

- , (fi) . a o'. a 2* an< *-. a ij asrp, .greater than' zero and H the otlier two are^less 

• ♦than' zero. "\ ' ' "»:..*'• '■ 
. '(h) ag,..a , and a^ are greater than zero and the other two are less 

'< • than zero*. : ■■ '. 

a^ = *a^ .= . a^ = 0,- a^ and a^. .have the same sign ... : \. . . - 

.. (Note:, (a), (b), (c)', ( ari<\ (d) above are called, biquadratics!).. 

* • ' ' » / 2 

Ifi Numbers 8 and 9 let the quadratic, function * f : x -tax + ..bx +- c' have 

"-real* zeros r^ *and r^. Under the conditions^ given ansver the 'folloving 

questions. If the answer' cannot be determined write "unknown." 1 If a zero is 

of multiplicity, k, we will count it as k zeros - . ' * ■ • ^ .' ... . 

■ • . ... '* 

. (i) . Determine the number of real' zeros . *_ 
(ii) Determine the number of negative zeros. 



(iii) Determine the number of positive, zeros . ' ^'J^^'fif^^ 

(iv) Determine' the. numb e r of- zeros at t he 'origin. Sf\ % 



' • \ . " ^ 2 

8. f ; ii -* au + bu + c. 

(a> > L . > 0, r 2 ^ p 

(ti) r x > 6, r 2 <*0/ 

jfc)^^^ 0, r 2 < 0 

*U) 4 r x = 0; r 2 > 0 : 

: ; :^V r i ;=o v r 2 <o • 



_■ 



'f • i u ^ eny.'+tjoi? +. c . 



(aV':^'.^ 0,;.-r 2 5> 0. 
■•(b). ' ^ > 0, ;r 2 < 0" 

(c) r ]; < pj r 2 < 0 
, ('d) ' .^ = <?, r 2 >-Q 

(e) r n = 0,/r '.< ; 0 . 




t ■ 
ions 



The following exercises require -the': definition of odd : .qrid -eVen,f unction: 
Let: f be. 'a function whose domain contains-' -x ' whenever it contains.; x 



10'. 



If f(x) ■■=' J f(-x)' then' f is a;n even function- 
..v . '"""'If ■ f.(^j^i/'i-f (-x)' v then, f . is\an'Odd function. ■,. 

fcWhich of ■ the 'following- functions are even, bd^- or 'neither? 

(a) . f :. x-*'Jx| , / /." . ■■■ ; . . ; , i- . 

* ' '■ ■ ■ ir ■ .p ■ •• '■ 

(b) . f x ->X +..2x + .1- ■-, '■■.■■■.■/.■■/•■ 

(c) f x 7* 3x? t" 2x. 



.(d). 

?<| 
'(g)- 



■%x 5 + x. '■ 
(•x^- 3x :2 ' ta66)P , -" \-' 



11. 



12°. 



Show that '-every- polynomial function can , be ■ rewritten^as the. sum of an 
even function arid- an' odd' f unction.'. . ■ , , ,^- t 

■v . - , V ■ v ' .■ * . . ; - '■■ ■ . . ■ ' " • 

What if anything, can be .determined about the^'oddness or everiess. of the 
fgllov:ing polynomial. ' functions ? 

J (a) The' product of an even and an odd function. 

• (b)- The product of ; two even functions.^ - I 4 • > . . 

(c) *^ The product of two- odd Afunctional ■" ■ . ^ ..■ ' ' -j / ' 

(d) The sum of "an even and an od% function 0 .' ^ ■ ' ■" . ■ 

(e) V.The sum of two even., functions „ V: 




(f). .'•The. sum of two odd functions-.. r ; 



I: 




/ 



For the following exercises let the polynomial function ... ^ 

f : x. -> a„ + a" x + a n x 2 . + •.'.'. *'a x n . have^ (f + s +, t) different real y& 
. . • ' 0 . • 1 2, n . wJ . ^ V . 

zeros. There are ' r posit i ve^.zeros y .. ••■ s, negative zeros and f? is one or J 

^zero dependin^on whether, the^*' is'*- zer'^ From -each special. 

case draw a conclusion .concerning.' the *g^e;ral ; case' as to the number of zeros 

when each "x in our, functions ' is repla ced ,ky* x . , 

' " r " • • ■ . ~ * . 

•* 

11. . Ldt k = I* for "6h>. special -case. Then consider k as a power of 2 

•a' • ■ : -' ■ .' ' - J 

V^Sc^^e? general case. 



L : '.vJ 




•have 



k '• 2k 3k nk 

x -* a Q + a ± x ..+ a^x . + a x J + . . . + a^ .« ' . • 

/might be wise; to consider the zeros of the dTrdginal function** 

inform of- x- = a ... ■ * '■ 

. • *" *'>' ■ 

Ik. . Special' case: k = 3,- . • • " ■ > 

General case: k is. an odd prime. - 

'^;-?.5 15- Special-case: " k = 9- 

' ^General case: . k is a power*' of an-odd prime. ^ ■ 

. ■ a ■■ * 

'*' y 16. Special case: k = 1-5- ^ : ■ © , 

General' case^ k is the produ ct of. , two odd primes. ^ • ; 

17. Special case: k =,6. ■ ■' i . ■ * '•• - — »"V 

'■' General case: ' k is the -product of -a power of two and an;odd pr-ime . - 

■'■«*. ■ . • < 

- ' 2 

'18: Let .the- polynomial function f : x -> a Q +" a^x. ,+ a 2 x. + + a^ 

'* • ■ * exactly r real zeros. Determine /the number^&f zeros when the follow 

' ing replacements are raade-for x. 1^ no determination is possible, 

4 " .write "unknown." (k *is a constant.) ; ^ - ? ' ^ 

y ^ - (a) x -> (x + k),. k ^ 0. ~_ / ' . 

(b). *x\-> (-x),, it* f is an even', function./ ^ • 

■ .'- . ( c ) x ^> (-x)/ w.f is. an. odd ^function. . ' 

: '(d) How many ieros does rf. hav.e.? . . 

* ' y;;- ( e )' x -»kx,' l<k : . \. . ^ ^ . . ; * ^/ 

v - A (f) x ^kx/ ; 0< |,k[ < 1 ^ ".' 

- 9 ; ^ ^, : (g.) : x Vx , if" f. ha^ all- positive, zeros\and k is a natural number 

v. greater than one. - " . ' ' ■ /■ \ # *" ( 

^ " '» ' ■ (h) x -> Vx / .if k is an. odd- ..number, greater than one. ;^ ■ / ■■ 

(i) x ->"^x if- k is a naturaljiumber greater '^than one. ^ ^ 
(j)^ How "many zeros does .f Sy&ve. ..if ' 
(k)'" How many zeros 8oes kf lifive if k'^®0 'ah$* k / +^1? ' ' 

.'" ■ - '' ..' , ' W '• : . <i ■ 
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Let ■f : x a Q + -a^ ■+ a^x 2 + + , ■ a n ^ 0, ^be an even polynomial 
function of degree greater than o^e*. •. _.■ 

(af^ Must n -be even or odd? Explain; . % - / 

(b) Wfiat "is the maximum number of distinct zeros? ' ^ »' ■ 

(c) What is the minimum number of distinct zeros? 

(d) Must the' number of distinct zeros.be even or odd?. •'. 

When f(0) = 0.. ■ \ * % . Xw j 
. (ii)\ When -f(0? ± 0. " ' " ■ 

(e) How ma nyj sign changes willvthere* be? 
^ (i)-" Maximum 



(^;. ^Minimum 

(f) Unde^ ^^;^conditions is it possible to have the following sets of 
... ' V ■ zeros? . .. ■ \ /* ■ 

•/■'^"V r (i) . All zeros are positive. 

• *■ : * 'All*zeros are negative . . .. 9 

'.. 4 (ii»i) " All zeros' are \at the^prigin. Jj/p 

'' (g) Which coefficients of/f must' be. equal to zero? 
20 Let the polynomial function of, Number' 19/ be. an od.d function^ and answer 
. » . ■ the questions of Number 19 . ■ 
21. A rational function is formed as trie ratio^ctf two polynomials: • 
• ' ^ Ij^ = QTxT J^ 1 "*® P at 5^ ^' are polynomial functions 




22. 



over the reals.; 

(a) What is the domain of R? * .-■< ■■ 

(b) Is it possible for R, itself -to. be a polynomial function? 'Explain. 

The statement lim, R = L can be read "the limit of R' as x 

". ■ x -* a ■ ; ■ 4 ., . / 5 * ' ■ " ' 

approaches a* is 5 L." .One example, , ■ % ' 

G<. . . " • • 

' lim = 0. 4- \ " **• 

. r : , ; • ' /' x * x : \ 9 • 

can' be read approaches zero as x increases positively -without 

bound. 1 ' 'Notice "tSa'tr x ^ -h» and rr^-Q, ever.. ^ 
* ■■ : • . . ' x ' •• o • ' • : .. , 

. Indicate which, statements' seem , to be true^smd. which.^seem to be false. 

(a). lim ^"T3 - 2 . . . .. . • • - .; 
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(b) lim ^ = 2 



(c) - + Tx+ir = - 

(d) ; lim 2x±r -2 



x + 



, (e) x ^.-^i-.: 2 

. ( f ) • iim -S|i±".-2; 

. x. ->-. + » x + 3 



3x 5 - 2x 2 + 1^ ^ 



(g) J- irri ' TT g ^ U 

■ x + « Ux - 2.x + 1 - 

^ :iim ^ +- 

x -> + °° Ux^ - i2x£Wl'. 

(i) lim 3x1^-^ = 0 
x _> + „ l»X - 2x 

23... Determine the limit "under the specified- conditions i^Xhis is Jossibl*'.. 

: a 0 + ai x + a 2 x 2 + ■.;.^a n x9- .[ 

X J = . ? . r m / • ■ 



fim R(x) ' if RO 

— * + oo ■ 



where a > '0 and ",b > 0. 



'. b + b 1 x+ : b 2 x 2 _+ ...-+ b m x m 



. (a) 


if 


m 


> 


n 


(b) 


if 


m 


< 


n 


.(e) 


if 


m 




n 


2U . Let 


f : 


X 


— > 


a 



' .' ' distinct- real zeros and ^_ .^^-). ; ■■T-i.-^x) " 

: (a) ' How many real zeros have? . 

• -o('b) What is. i -lim - #£x) ? . 



x + a x 2 + ... + .a x n , &■ > 0, have exactly, r 
1 • ■ 3 . n ' . n • - 

1 



(c) Wtia\ is' lim R(: 
x -> " » 
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25- The graphs of some rational functions approach a line asymptotically as 
x -> t». Which of ' these li^es will appear to approach a line as x -» ? 



. (a) 
(b) 

(c) 

(d). 

(e) 



"2 

2x + 5 



2x + 5 
x 2 .-.l 

2 • " 
2x + 

x 2 - 1 • 

1+ ^ 2 
x + x J< + x +. + 1 

x 3 + x 2 + x +1 

x 3 - 2x + 3x - 1 
. -2x 2 + 3x - l: 



V 



26. For each of the following rational functions find the slope of. the \ 



asymptote line as x -» 
(a) 



i 



. , ■ o ■ 

2X- 3 --. 3x + 1 . 



ft 



(b) 



(c) 



2x + 3x - 1 . 

it ■ 

1 - 2x' 

k r> 2 

2X -H^X^ + X - 8 

x 3 - ...ljx 2 f irx" - V?" 



ft 
9 



9 



' 7." * ' 

27. Suppose that, -f is a polynomial 1 ^ uncticfo of degre'e in and 
g : x -> f (ax '•+• h) , where a afcd "b are cons^jan^s-f . a ^C©.' 

° - " * % : ** / & 

V* V.;i? a ) -j Is g a polynomial function? If so whajb^as^its degree? If. 

% not -vfiy not? ' . . ■ * 



(b)' If a = 1 how is the ' graph of * g related O to .the graph of f? 

».■•.•• * < - 

( c) If . "b = 0 how are the graphs related? ■ ■ , ' 

(d) Use parts- ("b) and (c) to indicate the relationship "between^the 

* _ _ '.■ * .*,.*' *' 

graphs of "T and ""jg .for general .a — and Consider . i 

•/ g(x) - f(a(x + a3>rAi4 g(x) - f(ax + b)\ 




<7 ,< 



j 1 
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Chapter 2 - 
THE DERIVATIVE OF A .POLYNOMIAL FUNCTION 



Haying discussed polynomial functions in Chapter^ 1 we. now turn to one 
aspect of the calculus of , polynomial' functions . - The two basic ideas of the 
elementary calculus are derivative and integral .'. We can appreciate., these . 
ideas intuitively and understand their usefulness befoj^e we formulate them 
precisely. We begin with the idea of derivative. ■ • 1 ' " *. 

If we 'select any point P on the graph of a polynomial. functipn and J '% 
draw a line through .P with'a ruler, it will -be possible to choose the - ,. 
direction of the ruler so that very close to P the line seems to lie along 
the graph. When thi^ is.done, . ' 

if we stay* close, enough to P, . ■ 

it will *be impossible to d-is-v 
ttnguish between the line and the 
curve.- We may appropriately refer" 
to the straight line which has this.^ - 
property as the best linear approxT - 
mation >.pf the graph at P. The . .V£;. . 
straight Tine is al%o said to touch \.p 
^or be tangent to the graph at P.' t . . 
In this^hapter, we shall be concerned. ■. : . , 
with, the^determin&tion of the direct ionVof- the tangent line a^.ariy point .of 
polynomial graph. : We. shall do this neither experimentally ^pr inexactly j jygt^ 
precisely from the polynomial function itself. . v- ■' * "' 

: - We shall also be interested in the shape of the . gra^tf ne.a. r P. > That , is, 
we shall want to know whether, sufficiently 'near the. pdlnlT#P 'the* ^aph-r&s 




Figure 2-la 



0 above or below the tangent line, or whether perhaps the, ^y^&jtts'ses over'«tf*^ 



from one side of the tangent' to the other 
depicted 'in- (i) - (iv). , 



Various poss^ftim^i^r-^! 




■ - 4:- fe' 



y, ^ ^ ..'pnt^weiriGV-fKow tb' ^terVlpe the tan^eVf. 4nd-tlie shape of the. graph we .;\ 

• \ shall. be i''^ points on aJpplynomial.^Vph at . vhich >he ; 

• . .' tangent ^iW .'is. horxzon>aV'and : ^the graP^r nearby is entirely above' br- entirely ; 
\'!';belov.^ and maximum points ? : res-^ • . 

' >.pecti^el^'; .'V... /'• r \ . : s "■ '•- • ■ ■ • v : : " '.V 

jndx. point 



1 ^: 



-m.in. ^oint. 



' ;?^:S \Maximam; '. minaW , ' an| - eytremum , t becomes : .'■ -a:.,- in- plural) are Words. ^ 
:^4f •Latin-origin' meaning eales^,, Smallest.,. a'^/XJUtermpst- respectively, } ^ . ■ 
, ' , -.Methods- fdr' : n E gn'^h ; f ni nts , stimg-t imes ; Gal-tea'.- critical : points , are .'. * 

: ■: V'idrmbuSly. helpful^ inf string Jhe? p^s'jand^^iin&jte zeros of : P oly- ' . ; 

nonilal ffinctiohs . v > - ?' \ .' .' .V* < ■*'■■ „ 4 ' " •' ' 

• «. The problem- of iinding j$e£ang^.& : a[volyp.oAU}:^^.^ a-.point . - P . 

and' the Shape of the : ^W«earb^^ point is on... . 

the y^Js* As v?e .fc.hai'l see, in /this case the result, can be written by 
' inspection. • At. f ijrst w.e shall; therefore, cbnf inejur.selves to this easy 

special castfSjid late„f turn^ to 'the . case in -which the point is not on the ^ 

.:, ■ - ." •' -.V . » ,-- "' 'vvV';-i' ■ v r ■■>./:■' ". ' . 'IK ; , . ) 

•' y-a?iis. * ■.: ;■. "-. . . . '. ".*..</ ,.' ' . 

" From the$£ eon^der&ions we. shall obtain* a genera.Ivfe^muia-f.o^ the slope, 
of fctie tangent^ ;. V 



(x,f (x)y. 'SS^enfeal result. wlil'W expressed . as .function,; .sometimes 
Called tl^^pe^unctipn' and Usually ; called, the. 'derivatlve,. •Since" it is 
derived tSj^ ^.original function by a/iimii ' process . In the final se^ 
: ye '..shall apply • .these Ideas; '.as we! examine 'the ■ behavior Of- 



of. this cha 
polyjnomial Sun 



'arid in, later . chapters we. shall see that, the same, basic 
•"cpncepts can be^^d & discuss unctions pther than, polynomial functions. : 



/ 
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Example 2-lb .« TJ^graph *G -^f 1 — ->2.+ x 2 / intersects the y-a^s at 
P(6,2) ; :..'lf we omitVthe^x 2 "term and write^= .2 we obtain the equation of y 
'the tangent ,/T through' ,P. "in. this* case -the tangent is parallel to the. x-a^cis. 
Since x 2 is positive for all " x 'except zero.; all points of <5 except'' 
lie above the' tangent, line T. ' - . V 

'"■Because- P' is the lowest point on G, ■ it is" called , the minimum P^ t 
o? the graph. (See Figure 2-lb .) . ' — ■ <8h - 





./ ^ * * 
•--^ '* ' y 


2 
1 


P(0,2) 

— ij — i 


-r - — -i . o 





figure 2-lb 



' .G is. the graph of f.: x -» 2 *+ x^ 

T is. the graph of ■ ^ ~ 2- 



■ Example 2-lc . Tfte graph* of 
f : x -> x Intersects the' y-axis 

at P(0,0V» *The equation 



y = x 



of the tangent at P 
omitting the x^ 



obtained by 



Since 



x 3 i, 



1£ 

term . 

positrive. -for positive x and negative ^ 
for" negative x, G is above T if 
x ; > 0 .and below T if x < 0. (S^e 

.^Figure 2-lc.) , The graph G therefore 
crosses from. one side .of*/ the tangent » 
to the* other" P' is .called a point of '. 

, inflection- of .the graph G. „ 




Figure ^2-lc 



G ■ '^s thfc graph oft/"f' 
T is the graph qf y 



. x 

X 



' X "bf 
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The -brocedure of omitting every term whose degree is -higher than one - 
Seems to -work for obtaining the equation of the tangent to a polynomial graph 
at. its y -intercept. To explain why, we return to Example 2-la W„e obtained 
the" equation . y -■ 1 '+ x .of the tangent to the graph' of ^ 



(1) 



1* + X 



kx' 




at (O^L) " . .by omitting the ..term -kx . We w^h to justify this procedure by 
showing --that the. line obtained^ does represent the best linear approximation 
to tfie graph, at" the point This-zwill .entitle us* to call 

equation of .the tangent to/the graph at P. ■ " 

. . ' " °' ' s f y 

From (l) we have 1 

• ' «' ■ ■ ■ 

'■ " j < / f(x) = 1 ■ + X - 1+x 2 , 

... " . <» - ' 

which may be wntjten, as 9 •-■•■> 

' « * '/ * ■ ■ 

(2) ' • / /' " f(x) =1 + (T -^x)x. 

. . / • ' . # . • . \ • " 

If x . is numerically small", tHe ^expression . - kx- in parentheses is; close 
.to'*l. In .fact, we can make- 1 - kx lie os,;c;l'pse to 1 as we please by 
making^ x numerical]^' small. y * - » > 

.Specifically,,^ we wpsh 1 - jf+x to be within .01 of 1 and hence, to 
lie 'between* -95 • and i.01, it' Will »be sufficient to, make ■- ^x lie between 
-.01 and .01,. . and : therefore to. make x lie between -.0025 and .0025- 

"Ehis result has'- a simple J geometrical interpretation ( see Figure 2-ld) . 



Let us consider three J lir 



L^'. tjadrbugh P(d,l) with slopes 



1, 1"+ .01 - and 1 - .01., These vlin&s have tJ[ie equations 



-.0025 



.0025 



B 



. Figure 2-ldf .• . 

Their slopes -are so nearly equal that the differences can be stiovn on' 
Figure 3 -3a only hy distorting^ the; scale.. Let AB "be the interval 
-,.0025'< x'< .0025. On this interval AB, the graph of f : x -> 1 + (l - kx)x 
■lies' "between and ' and, hen^e, in the hatched- region. / 

• The numbers chosen were merely illustrative. They Mere' Resigned to give 
a- certain concreteness to the picture.. We, can make 1 - kx lie -between 
1 + e 'and 1 e. for an arbitrarily small value of e, merely "by choosing 
x between" - jj- and ^ . We did. not need to choose € =..01. 

Geometrically this means that if we ..keep values for x close enough to 
zero the graph of f : x -> 1 + (l - *+x)x lies between'tWo lines/ 

. • • >: ■ ■ / ' L x ': y = 1 + (1 + e)"x" ' 1 .' : ; t . 

0.x • " 



L 2 : y = 1+ (1 



which 'differ indirection's little as 'we please. The only' straight - line 
which; is always included; "between such lines and L^. is 

" L . : y = 1 + x. 

Hence, 'we s«e that L can indeed be regarded as the best linear approximation 



to f ': x ->1 + x, 



1*' 



at 



0. 



s We can 'confine the _ graph G , 6f '. f .: x -» 1 +_x - kx to' a -smaller part ^ 
of the hatched region in Figure 2-ld by noting that G lies below L ''except, 

.at: the point P. Hence, on -the N interval . AB, .G .lies between L and ,L 2 
to the right of P and between ■ 6 and 1^ to the left of- 4 P • (See Figure 



' Exercises 2-1 

For each of the following " ' ' 

(i) . write the equation of the tangent to the/gra^ph; of the* 

.function at the point, of ' intersection^ the. graph' of 
• the -function with the y-axis;. 1 y 

(ii) draw the tangent line and sketch the shape of the graph 
; near: its y-intercept. 

" 2 " ■'■ * ■ 



(a) x -VI - x + x c 

(b) "".x -> h - x 2 

(c) , x 3x-- 2x 2 

(d) x ^3 + 2x + x 

(e) x -f 1 + x ' + x 3 



[f). x ^ 1 - x + x : 



(g) 

/•.(h) 
(J) 



x -* 2 - X" 



X 



1" + 2x + x' 



x -> X +" x 



(a.) For f : x -*1 + x +. x 2 show that if -.01 <.x <_-01, then . 
• - 1 + *99x < f(x) < 1 + l.Olx.- t . ' 
• v (b) Strengthen the result of part (a) by showilg that . 

» ( i) 1 + x < f (x) <■ 1 +/ l'.01x> for x > 0 ^ 

..." ■' 
(ii) ' 1 + x <(f(x) < 1 .99*, for x '< 0. 

Show the improved results on' a diagram.- . ' 

(c): Show that the. Jesuits of part fa) can be obtained more simply by 

noticing 'that except^at the , y-intercept , the graphs of ■ 

• P • ' J ' ' ■ 

f • x '-*-l ■+ x + x must lie above the grap$- of y - 1 + x. 

• -V ./. ." , 

. In Example 2-lc we could write', f ': x ->x -h.x 3 as f .: x *-> (1 ■+ x- )x. 
(a) ' Show 'that 



**{*)■■ x < f(x) < l.Olx, ■ for 0 < x'< .1. 
' (iiV l.Olx- < f(x) < x/ '".for .0 >x > -.1 



(b) Draw a figure to illustrate the geometrical ^'aning of the results 



in (a) and (b) 



.J* 



34 "■ t 
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; ^Consider " the f^nct^cft*.:'-f\ : ■ .* -> 2 + 3x - x . 

• ■ ■ ■»":' . * c " * ' ' 

(a) -At what *poi'n€ Moes th^graph of the function- qross- the f.(x) axis? 

(b/^sWow that if J.xf 

. * ' .. ;^ 3..01 > 3 - x > 2.99 ' • * ■ 

and that fffef lies betwee'n 

f -.'*'» ! w"." 2 + 3-Olx^ and 2. .+ 2.99x.- \ , - • "/ 

(c) Draw a figure to illustrate .the geometrical meaning.. 

Strengthen the, result of Number h by * noticing that the graph . of ' the r 
function lies below the graph of . the straight -line ■>. *' 

, ' " . y = 2 + 3x. ■ . " .v.V ": 

What additional refinement .can be made in the figure 'associated with" 
. Number hi . ' - m ■ . . . ■ ' ' 

Consider- the function ■ - ' ' . 6 . <■ 

; " f : x ->x --2x - 1 = -1 + (-2 + x)x,. ■ ' 

(a)- Show that if 0 < x- < '.01, . the r* the. graph of f ■ lies betweenfthe 
• • ■ ■ '■ . ■ ■ ■ • " -<* • ' ■■ 

lines whose equations are • ■ ' ' ■ 

i ' . ' " • : 

, ■ -y = -1 - 2.6lx . "■ ■ - . • 
0 " 9 ■ \ : ' • ... 

and . .;. ' . , . ■"■ J- '- 

.' y rl - 1.99x, • ' . / . :. 

. (b) Draw a' figure to\show the geometrical interpretation* ijf ' this result 

Consider the function-' f : x -> 3 - 5x - Ux . ^ ' 

(a). For --.02 < x <?'.02 determine the slopes of the IjJnes between.- 

which the graph of ' f .lies near the point (0,3)- * ■ o 

... (b) . If *it- is '.desired .that near (6,3) the graph of f lies- between 
" '.' *the straight lines y = 3 : -"^-998x . . and .y = J» - ^ .002x, . "what 
; values -may !x. assume? * " . ■ " '. *V 



4 
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2-2. « The, Tangent at the»-y- Inter,cept , . ;? 

To. find "the ;.tangent. : line" to the graph. of J 

• . V ■ - ' y '■ . \ f : x--* 1 + x-. —.1+x 2 • '/ ; ... 

at 'the point ' (6,1) . where .Its-.gr'aph crosses the y-axis we saw that we, could J- 
'me^y'omit the-.terms of ' degree larger thao 1.- .This gave' the equation of- 
.the.'tarj^ent ; .> ' « ' Y * l 

, .' » :; . • • y = -.L+-x/-. v- • ^ 

; . . The 'desired ta'hgent line" is thus, the graph of the function ■ : . ' : \ 

v : . : r * :v*;^*,; \/ V w ' ■ f v .. V . ; . . . 

• We' bes-t ''linear -apprpxii^tibh- "to the'- graph- of - f.\. near the point (0,l). ' 

* •* . ■* ■ ■ } -,' ■ ■ » * • ■ 

Observe that -the, difference .'. ■■ . ,; \ "V t# . .*. "V \ ' 

o V ; .':-;v ■" v : - - I;'.;. -. 

^ptftai^o terms "^degree lower than; 2'.' Direct observation -If really .our 

method^ finding tangents; 1 . we oWe rye .tha,t>e quantity M *is .numerically 

mucn'smalle^ttianT x if j x is,^lcjse : to,. zero.; . :' " : V. , -. V..«. ., . . 

■" ■ * ' V ; ■' ' - • .. V- ' ' . ' 

■For example, l^f x.= iOl - then- .. . ■ .» » . r\ . . . ^ # 

V - ' ^ f-\..^ ; °: f (x)' i 5g(x) = -M .01)-;- -.00014;.;:; ;: V " '. ^ ' 
' if x = .0001. .'then, • '* ' " . <* ■''?."- ! ' v ' • '' 1 

• • ' • \ . f(xf -\g(x).' = -.00000001+ . r V . , . ■ 

In fact, as" _x ^approaohes,' 0, the .difference f(x)- ; - . gW ^ill .approach 0^ 
. even more rapidly . , , ' ? 



_ The/phases; "much smaller 'tha^a^d t n ' even mote- rabidly"; are quite ■ . 

. : //\'xJ?fc i B| ]3ence ^ ( x ) -*g(x)' will be so much; 



- -imprecisV- ^ote . that in fact ,; ihe!^ will be so 

# "'smaller tharT x'7 : if^ Is small-^ difference by >x 

' ; ^a;;stiil fcaveva •small quantity.. In otrfer- wc^ds, if , ^ 0,>the ratio ^ 



-"^f » '* \ \ : ■ ; / „ f (x> - g(x) > , 



wfcLl approach 0 *' as ' x approa cries 0- 7 ^ . i^?^ 



For example fusing the successive-, values ;01, .0001 1 and' .000001,, we - 

.»■.■'■■ - . ' " 

obtain * ' 



f(.oi) - g(.oi) = -1;(>01) F * -:m 



.01 



f ( .0001) 6 (.oooi) = ^ ( <0001) : { ; 000k 



.0001 



f( .000001) - s ( .000001) = . M . pooool) = ..00000U 

t .000001 



which are also approaching 0. 
The function 



,g : x _-#L + x 



is, in fact, the only linear function whi~eh-, satisfies the condition: 



(1) 



f(x) - g(x) 

X 



approaches . 0 as approaches .0 



where f . x -» 1 + x - hx . * . „ 

To show that g is fcke->only linear 'function which satisfies (l) , let 
us suppose- that there is sotne-OTher function 

«. 

for which the ratio 

(2) 

We can write 
so that 




f (x) - h(x) approaches o| as x approaches 0. 



f (x) - h(x) = (1 - a) + (1 b)x - hx* 



f(x) - h(x), = -(LJL±) + (1 . b ) - Ux, . if x/0." 



x x 
If a ^ l/ then the term 



1 - a 



• will become very large Tor x near 0. The remaining terms 

. will approach 1 - b ""as x approaches 0. Therefore, if (2) ' is' to hold, we 



must have 



7 



.9? 
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a*"= 1 . and b =. 1; 

tv 

In summary, the.functi 



the "other" function h turns oui^,to be the. function g.. 

itiorC C • ' 



• ; x 1 + x 



is the best linear approximation to . , ;. < ^ 

• ^ 0 •, 2 , ? 

• f : x -> 1 + x - nx • \ 

in the sense that, as x approaches* 0, the ratio * . 

ffx^) -.g(x) approac hes 0. V ~ - 

.x 

Furthermore g is the only .linear function with this property. Th^ serves 
as further justi'f i-cation for spying" that the line given by 

* « t . . Is 

y - g(x) - x +.1 ; . - / 

• ' ■ / 

is the tangent line to the graph of ' f at (0,f(o))> «. \ , / 

• / The following examples 'serve .to illustrate these ideas further . 

^ a ... I 

• Example 2-2a . Discuss the shape of the graph of ^ 



1 2 o 3 

• . f : x -> 1 - x + x - 2x 

.> . 

near the point P(0,l) where. it : crosses the.^y-axis. , 

This function differs from those previously disaussed in that two terms 
of degree greater than I are present.. However, the best linear appxroxima- 
\ tion at P(0,l) is obtained as before and given by- ' 

. g : x -> 1 - x - ^ . 

in the sense that, for x f 0, 



N 2 ^ 

f(x) : g(x) = * Z 2x^ .. _ 2x 2 



x 



approachesi 0 as x approaches S< 

' We can .write • , . v mU \ 

. f(x) - g(x) = x 2 .-'2x 3 '= x 2 (l - 2x) \ % ' 

from which, we observe that . if x 0 then f(x) - g(x) >0., Thus to the fief t 
of P(0,l) the graph of f lies above ^the'graph of g. ^^hermore, 




x 2 (l - 2x) 
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• ••• • •>•' • • • 2 . i "y " ' 

will be positive, for 0 <x <-f a#3 negative for x ? ^ , so that the graph 
of f • is a^so above the graph of g to the right of P(0,1), as long as ^ 
x < \> \ -while, for x >|- , 'the graph .of f *lies below tfce 'graph of g. . . »- 



Similarly, the .quadratic function 



: J 



„ h : x'" 1-. t x +■ x , 

can .be shown to. be*. the best ^quadratic Approximation to f" in the sense thai 



■.■'(3): 



f (x) - h(x). = -2x T 



contains no terms, of degree lower than 3. Thus, if x ^ 0, 



f(x) -h(x) 



2 * 



-2x 



approaches 0, ■as x approaches -0. We see from (3)^hat the graph Of * f 
yfes' above the ^graph of W ' for x < 0- and below the graph' of h for x > 0. 
If x is small, then graphs 'of f and h are v^ry close together. 



L6ee 




, The . graph of . f : x 1 -■ x + x / -^£y=\ J its tangent, line - 

^ - y' = g(x) .= 1 aAd its "-best q\JSi drat ic^ap^roftimat ion 

' • h 1 -.x + x near B£o ; l)/. ' - — 

' ' ... . \ fc* i " 
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Example 2 -2b . . Draw 'the .graph of'' i . 

' '~ 'A ■ . • • " - V.' '■■-.5 ■ ? •' 

f : x -* &--X J + 2x ■ - x 

near its point of intersection\ P*0,2) wij^ the y -axis . , " . 

. * The best ''linear" approxjkmation to' f ' near . ?(b,£) ^ is in fact the con-^ 
stant' function .- : , 

obtained as .usual by omitting, all terms of degree exceeding ' 1, We can wrifce/ 

• " * * "> 'V . • o U * 5 ■ ■ • v 

' '. * f(x) - g(x) = -x J + 2x - xT . 

* ■ . • = *. ^ . 

Note that vhen- x is "pep* * 0, each term of this difference's very' 'small.. 
Writing ' ' • . " * .. * ; ' 

V fW - g(x) = -x 3 (i r - 2x + x 2 ). s x ' .' 

- [ : ^' . = V(x - d 2 ,, . ;■. . .... . , Y 

tell that the graph of f crosses the graph of . g when x.= 0 and. 

that is, at; P(6.2) and^ Q(l,2) ^ Furthermore^, the graph of -f 
. '-^lies *ab^ve the graph of g. whk^r^ and ^e low the graph of g, when 
•*f6Vi-<-2C < 1 or x>l. - V \ J _ 

' -Thf> expression fdr . f ' also contains no second defitee term, so that its ■ 

• "best appitiximatidn of. degree 'not exceeding two is again 

• • t ■ \ ' ■ • . " ^ 

.. . • • •. . 6 : x 

' . ->^n\ best cubic approximation to the graph o: 




■ ' ' /we can tell 1 
v\ / when x = 1; 



h : x -> 2 - x 




" : \ The d^t erenfee ■ / 



will "be positive if 



. f(x) - Jftx) = 2x U - 

= x U .(2 - x\ ^ • 

^.0 an^ x < 2.. -Therefore* <Uie 'graph of f lies^ 
\ / 'above 'the/graph of t ^ for x . <Ji. 9 and for. 0 <^y%2. 1 

"Wgu^e 2-2b* shows what we how 'know about the. shape of the graph 6f f 



near P.(<j^jS) 



■a 



■in i 
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■f. ' Exercises 2-2 

' ' "1 - * 

(a) For each of the following, draw the tangent and . sketch the shape 

of the graph near^|it"s point of. intersection with the f('x)-axis. 

2' ' "3 '■*•■' 
; (i) f : x ->,2 + x + 3x - vr 

1 ' h 

(ii): f : x 2 + x^ x - 

^(iii) f : x -1 + 2x*- x + hx J % / 

,■ ' ' q . k - ' 

iv) f ': x k - 2x J 4# x - ■ 

* ,«•*'■* ■ •■ • 

(v> f ; x - : 3x + x 3 — 7x 5 J \ ■ * '' 

' (vi) . f : x 2x x + Ux J ■ . ' ■ 

■ « " ^ . -\ • 1 

(b) For each of the functions of part (a) show that for any however 

„ , small it ?s possible to choose |x| small enough so that f(x) 

/ • ■ 

.. > ■ . ■ - . .. <j 

lies between^ - 7 V 
" r ■• ' 

..." k V ■■ . a 0 + a l x + ' (a r + e)x : 

v' ; S r 

and .;■ o a o + a i x - + ^ a r " ~' x ' ' ■ * .■ 

""V * . 

where' r' r is less than the degree of * the polynomial. Specify how^ 
|*| must be if £ = *.01. . n * 

(a) ji^Se^a-^able *to indicate three successive synthetic divisions of 
f\x) = * - 3x and resulting quotients by x - 0: 

(b) Determine *g(x-)\ and f(0) if. • ^ r 
f(x)'= f(6) + (x - O)g(x) . ■ * 

(c) Determine' p(x). and g(o) ■ if ^ * , v \ fejf . ' 

; • 4 ". g(x) * g(0) +'(X - O)p(.x) . . 

(d) < 'Determine q(x) a and p(0) if 

J . ' " 4 A 

'. • w ' . ^ P( x ) = P(°). + ( x " 0)q(x) . 

(e) What if^q(O)?. ^ / ' % 

(f) /Show that for ^11 x, we can write 
f(x)'» f^>) f'.(x - 0){g(0) + (x - 0)[p(0) + (xV 0)q(0)].).; 1 ' 



(g) .In the next section we shall find it useful to be able to express 
V given -function in terms, of. x -''a/, We have the equipment to dp 
■this for a simple polynomial function! such as f*r x -» x , - 3*i 
with a = '2 or a = 0. While it is trivial to express x 3 ' - 3* . 
in terms of x V'O, we shall use this procedure, in a more general 
situation in the next section. Using the results of farts (a) 

through (f) of this problem, . determine A, B, C, - and, D if, for- 

• < 

■ all x,^ 

f(x) = A .+ B(x - 0) + C(x - 0) 2 + D(x - 0) 3 . 

For each of the functions in Number l(a) give the 'test linear, quadrat! 
and'cubic approximations to the^ graph of f near the poin,t '(0,f(o)). 



\ 



v. 
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2-3- The Behavior of the Graph Near an Arbitrary Point 

• In Se6tions 2-1 and 2-2 we restricted our attention to the behavior ..of 
the granlf"or\a polynomial function near its y-intercept. Nov we shall 
generalize our discussion to include 'the behavior of, the graph of such a 
function near any point. In Sections 2-1 and 2-2 the- behavior near the point 
for which x = 0' was determined' from -the expression for ,f(x) in ascending 
powers of ■ x - 0. The behavior near the point for' which x = a, say, can be 
determined if we have an expression for f(x)~ in ascending powers of 



x 



v i 2 ' 

..To begin we consider a specif ici^unction, f : ~'x -»J* - 3x + 2x , at a 



particular point, where a = 1. 



- Example 2-3a « Determine the behavior of the graph G of 

, 2 ■ - / \ ■ 1 p. '•' 

f : x -» k - 3x .+ 2x near* the point P(l,3). *'.._. 

Soon we shall show how to write f (x) = k - 3* + 2x - in powers of 

x -' 1 as ■ ?■ « t M % 

* ' ■ - I * -p fc ■ 

(1) \ % f(x). = 3 + l(x - l) +< 2(x*- ir'. 

To verify „ this ' immediately we note that, for all values of x, 
3 + l(x - 1) + 2(x - l) 2 = 3 + x '- 1 * 2x 2 - kx + 2 = k- - 3x + 2x 2 . . . ? , 
.We .assert that the equation of the tangent T may be obtained from (l) by ^ . 
dropping the term of highest degree; "i.e. , we . assert, that , the '-equation of\ 
the tangent at ( 1,3) is » 

(2) . • ..y = 3 - 1). • J S 

I£ our assertion is correct, then the slope of the tangent is 1. The graph 
.G is above this tangent T at all* points* other than P(l,3). This is seen 

by noting that 3 + l(x - l) +*2(x - l) ." may. be- obtained from 3 + l(x - l) 

* 2 i * 

by adding^ 2(x - l) , which is positive for all x except 1.- We graphically* 

record pur assertions and conclusions in Figure 2-3a. 
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Figure 2-3a 
f- 

. . ■ " . x G- is the graph of x -> k - 3x t 2x 

T is the tangent at P(l,3) • 

. oThe assertionnhat (2) is an- equation of the tangent to the curve. G at 
point' P can be Verified as follows. The expansion (l) is factored and 6 . 
written in the form * '. 0 ■ ^ * 

(3) • . - f(x) -3 + [1 + 2(a»- l)](x - 1)- / • 

.From (3) note that if x is near enough to 1,- that is if |x - l| is 
sufficiently small,, the expression. [1 + 2(x - l) ] .is arbitrarily close to '/ 
1, In other words-, for any- e , - however small, f(x) lies between 

3 + (1 + 0(xH 1) . 

^and 3 + (1 - 1) j ^ ^ • 

(provided that |2(x - l) | '< e, . that is, that |-x - 1 1 < | . Hence 

3 + l(x - l) is the best 'linear* approximation to f(x) near x =^1 and 

T/J is the-^fengent to the graph 'G "at the point. . P(l,3) • It should be noted 

that we have followed the same procedures as be!f org) with • x - 1 . i n place of x 

•Now consider the problem of expanding f (x) in powers of x - 1, that is 
of finding the eoeff icients^n (l). -From (3) note that, if we divide. f(x) by 
(x - l) ; we obtain the remainder 3 and the^quotient 1 + 2(x - l) . The 
remainder 3 is the first coefficient in formula, (l) . Again, from formula ^ 

■' (3), if we divide the quotient .1 + 2(x -l). : by x - 1, we obtain the 
remainder 1 **and the new quotient 2. The. remainder 1 is the second coeffi- 

. cient in formula (l), and the final quotient . 2 is-jfchelast coefficient in (l) 
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Let us follow this procedure to' determine the required coefficients, 
beginning with f(x) = h 3x + '2x , and using synthetic division. 

" Upon dividing f(x) by x - 1 we have - . 

. 2 -3 h > . " ■ | l 

■ . • .2-1 



2 -1 | 3 

which indicates* that the quotient is 2x - 1 and the (first) remainder is 3- 
On dividing 2x - 1 by x - 1 

2 • -1 - [l_ 



2 Uvl 



we obtain the quotient 2 and the (second) remainder 1. If we call the 

remainders we, obtained in succsion b Q and ' h^, # and the final quotient ■ 
b g , we conclude that we are justified in writing ' 

_ - 'f(x) = b Q +'b 1 (x - 1) +-b 2 (x. - lj 2 . 



Example 2-3b\ Determine the behavior of the graph of 
2 ^ 

f:x->2 + 3x + x.-x J near the point at which x = 2. 

•■ We need to expand f(x) in powers, of x - 2;- that is, to find the 
coefficients in . 

f(x) ^= b Q + b^x - 2) + b 2 (x - 2) 2 +'b 3 (x - 2) 3 . 

. If f(x) is divided by (x - 2) the remainder is b^ and the quotient 

is b =L ; + bg(x - 2)^ + b^x - 2) 2 . If this (Quotient is divided by x - 2, the 
remainder is b^ ■ and the new quotient is b g + b^(x - 2) . A further division 
of -bg + bj(x - 2) by x - 2 gives the remainder b g and the final quotient 
b^, ' We proceed to carry out these divisions synthetically. ■ „ ■ 



Dividing by x 



-1 


+1 - 


. +3 


+2 




-2 


-2 


+2 


.-1 


-1 ' 


1 





we obtain the first remainder h and the quotient 

-x 2 - x + 1. 

j " too 



Dividing this quotient "by x - 2 . 



-1 



-1 . . +1 
-2 -6 



gives the remainder -5 and the nev quotient -x - 3 . Finally, dividing 
this quotient by x r 2, we have _ .. . 

' '. "-1 



1 



-3 

-2. " 



the remainder -5 and the quotient -1. The successive coefficients in the 

expansion of f (x) ' in povers of x - 2^ are the successive remainders 
obtained: b = h, -5, \ = -5; 'tiie final quotient b 3 = -1. Thus 

we can -write , 4 

f(x) = h - 5<x - 2) - 5(x - 2) 2 - l(x - 2) 3 . 




1 



Near the point where x _= 2/ we conclude that: ^ - • 

fa.) the value of. the function is - h; x 

(2) the equation 'of the best linear approximation to the graph, 
/of f 'is y. = h - Si* - 2), thus t^direction (slope) is 

* " " « -5> and . " -^S" T . * 

(3) the -equation; ; of the best quadratic (parabolic) approximation. 
: to' the graph of f .is y = \ - 5U - 2) - 5(* -2) thus 

the graph lies, below. tne tangent on Soth sides of the point . 
* -under consideration. t 
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Exercises 2 



For each of the following express f(x)- in powers of .the given, factor. ; 

(a.) f(x)_ = 2x 3 - 5x," (x - 2) ' . ■*. 

(b) f(x) = x 3 . -Ix 2 + 3x.+ ^, (x - 2) 
. (c) f(x) = 3x 3 - 5x 2 + 2x + 1-, (x •+ 1) _ 
.(d) f (x) ='x 3 - £x 2 + x - 1, (x + \) %' ".A 

For each of the following functions write the expansion of f(x) in -v 
powers of x - a and determine the equation of the tangent to the graph 
fot f at the point'- (a,f(a)).* . 



1 

2 



(a). 


f : 


; x 


->3 + 


2 

Ux +. 2x + 


x 3 ,, a . 


Cb) 


f : 


; •" x 


-> 3 + 


2x J + hx , 


a = -3 


(c) 


.if •: 


: x 


Ux 3 


- 3x 2 + 2x 


+ 1, a 


(a); 


f . : 


: x 




- 3x 2 + 2x 


+ 1, ' a 


(e) 


f : 


: x 


->Ux 3 


2 

*- x + 3x, 


a = 3 


(?) 


f ' : 


: x 


-> 2x 3 


+ x 2 - l6x 


- 2 V 



For each "of the following write the equation of the tangent at the 
specified, point, .and sketch the shape of the graph nearby.. 

(a) x -»> + 3x - 7x 2 + x 3 1 at (2,-lQ) 

(b) x^x 3 .n 6x 2 + 6x'- 1 at (3^,-10) 

(c) x -^.3x U - hx 3 at (1,-1) 

(d) t ->2t 3 - ht 2 - '5t + 9 ■ at (2,-1) 

(e) x 2x 3 - 3x 2 - 12x + lh- at ' (l,l) . 

(f) ; s ->/2s 3 - 6s 2 + 6g - 1 at (l,l) ' v 

' (a) f(x) = x 3 - 3x in terms o£ ascending powers.of . x - 2. 

(b) Write inequalities to. show the' relative values of (x - 2), ■ 
(x ■- 2) 2 , 'and (x - 2) 3 near the point where x = 2. (For ■ 
instance consider x = 1.9. or x = 2.1.) 

(c) ' If y = f(x) = x 3 - 3x write the value of y when x. = 2. 

(d) Write' the equation of the best-linear approximation to the graph ^ 
of f : x -* y = x 3 - 3x near the point where x = 2. 



101 



ion 



(e) What is the direction (slope) df the (tangent to the) graph of 
f : x ->x 3 - 3x near the point where x = 2? 

(f) Write the equation" of the be^t "quadratic approximation to the graph 
of f : x -> y = x 3 - 3x near the point where x '=■ 2. •' 

2 v 

(g) What is the coefficient of x . in the parabola which best 

< : represents the graph of f : x -> x 3 - ■ 3x near t^he' point where 
. x = 2? • / ^ 
'(h) Near the point where x = 2 , is the^graph of f : x -> x - 3x ■ 
flexed (concave) upward or downward? Why? J . 

(i)' Compare, th^ehavior of the graph* of f : x '->.x J - 3* near the , 
* ' •"• point where x = 2 'with the behavior of the graph- of 

F : x -> 2 + 9x + 6x + x J at- its y-intercept. ^ ■ 

• 3 
Again consider the function f : x ->.x - 3*. 

(a) Beginning with the simple statement x = a + (x - a), express ■ 
x 3 and -3x in terms , of x~ - a . Write x 3 - 3x in powers of 

■ • x - a . 

(b) , Make a table to indicate three successive synthetic divisions of 

x 3 - .3x and resulting quotients by x - a. ■ 

(c) Use your table from part (b) to write x 3 - 3x in powers of x^ a . 

(d) . Write inequalities to show ~the .relationships between (x - a), 

(x a) 2 , and, (x - a)^ when x /in close to a.' 

(e) If f : x -> x 3 - 3x, ■ find the value of f at a. 

(f) What is. the linear function that best approximates the graph of 

f at a? ' .' 

.(g) What is the direction (slope) of the (tangent to the) graph of f 
near the point where x' - a? 

(h) For what values of a does a tangent Tbo the graph of f have 
zero slope? 1 

(i) At what points is the tangent , to the graph of f horizontal. 

(j) What is the. quadratic function that best approximates the graph of. 

. - .f near the point (a,f(.a))? 
Ok) What is the coefficient of x 2 in the best parabolic representation 
to the graph of f near the point, (a>f(a))?, 



■ 1 ■ . v 
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(£) For each of. the points '.found in part (i) determine whether the 
^ ■(paraboiic^gproxioation to the) graph of f is flexed (concave)* 
downward on upward. m * - ' t 

Decide 'which of the points : found in part (i) is a relative maximum 
and which is a' relative minimum, m 

2 



(m) 

'(n) If the coeffici^nt^of the^ x 



in the parabola which best represent 
the'grapji -of * f ^uear somef point (a,f (a)) is neither positive nor 
• ^negative", then the' graph is neither f lexed upward nor downward at . 
that ppint. ■ (We refes^o such a point as a point of inflect&pn,) / 
At what point on the graph . of f : *x -» x 3 - 3x ..does this 
phenomenon occur? V , 
(o) Use information acquired in other parts of this problem to quickly 



sketch the graph of f : , x -> x - 3*; 
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2-U. Appl teat ton to Graphing 1 
Consider the function^)-.. 



4 



> 2 ^ 

f x..-* 2 - 12k. - 3x * + 2x J 

s • • 

and its graph. (See Figure 2 -Ua.) * '. . :* 

■ * ' ■ * 

We .know how to find the tangent and sketch the -graph near any point 

p(a,f(a)). So far we have' chosen particular values, of : a. It .will now be 

useful „ to carry out the work, with a '.left unspecified. We want to expand . 

f(x) in powers of x - a, . . ' ' ^ ^ 

f(x) = b Q + - a) + b 2 '(x - a) 2 + b^(x - 

As we know, the coefficients 1 b Q , b^, b 2 and/b^ can be found as the ■ 
. successive remainders in division by x - a. 



We carry out the^f divisions synthetical^. j 
2 . -3 \.' -12 . , ' ^2 

■ 2a • . : > 2 - 3a 4 ' 2a 3 - 3a 2 - 12a' 



2a 



2a 



3a - 12 



2a 3 ^ 3a 2 - 12a + 2 



."The first remainder' is ,= 2a 3 - 3a 2 ^ - 12a + 2 . as we should expect. Thi 

o ot 

• / 



is b Q . To obtain b^ we divide again by x - a, 



2- -^ 2a - 3 
2a 



ha - 3 



2a 



3a - 12 



3. a 



5a - 12 
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V. • ( ■ * . ... * . 

' ^ The required, expansion .is.- - ■ 

(if f(x> = f(a) + (6a 2 - 6a -12)(x -a) + (6a - 3)(x"- a) 2 + 2(x -\a) : 

' V s y ^ * " '*» 

The equation of the tangent at" (a,f(fci)) is 

; V V •> • ' , ■ V * . m . ■ 

-V** ' ' ~ }.-*t[a)> (6a 2 - - 6a"- 12) tx - a). > - " , ^ \ / 

It >is -particularly Helpful in graphing to.finu 1 any places w^here- the >. 
tafigen^s" tyorijzontal, Lthst- is, where the slope of the tangent is zer'd. Such 
-7'ints are called critical points .' In s our example, we-set ■ £ v 

i 

6er 2 6a - 12 = 0. i * ' ' » 

• - -v ♦ - 

olution^are. a ^ -1 . and a = 2- v Since f(-l) = 9 and f (2) •= -l8 we 
horizontal ^tangents, at (i-l,'9) and (2,-l8), as appears On Fi.gur^ 2-U-a . 

To find the "shape .of the graph near (-1,9) *e substitute .a •= ^ - 

Equation (l) and obtain * . - ( 1 V" 

^ . . f(x). = ,9 - 9(x-H: l) 2 + 2(x + l) 3 . * ' - 

The gr^h lies below the tangent y = 9 on both sides oV . (-1,9) nearby, and' 
accordingly we call this point .a relative maximum . • l ^ 

- \ • \ 

- Similarly, if we substitute a = 2 "in Equation (l) we obtain 




f(x). = -18 + 9(x - 2) 2 -h- 2(x - 2) 3 . 



I 




Since the. .graph lies above the tangent lifte y = -18- near (2,-l8) . this point 

is called , a relative minimum ., _ ^ ^^^^ " 

Another point o£ interest corresponds to the case where the coefficient 
of\ (x - a.^ 2 is zero. " TkjLs occurs in our example when 6a - 3 = 0, ' that is, 
when a = ~ . .Equation (l) then becomes \^ ^ \ 

- - ' -v 1 

N • 

1 -9\ 

The. tangent, line T at (^ , -|) has the equation 

- ♦ • • ^ 

. - ; ■ ••■ -> . 

The graph lies a.bov^? T to the right of the. paint and below T to the lgjtt . 

1 ~9 * 

Hence., the graph crosses its tangent and' -g) is a point of inflection . 

4. ' - 
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^- '"With of • the <above information, at .our disposal we can sketch the . ^ 
general features of ■ the .jgftepfe o*Hf. We,' use also the^fact tha^ the point I 
(6,'2) 4 lies on the graph ,and^ that the. tangent there, 3s- '= - lgx,-' ha,s slope . 
-12, ; We mayv.find\he valul^of the. fjfmo£ion .at' a* = 1, and ; x = " 2 V ' 

to' sketoh the graph We accu^tely. Note that irr-Figure 2-ha vre ha<e lised * V 

'different' scales •oh ...the- horizontal and vertical axes in or^r* to bring out the 
features of the .graph more clearly. * > . tf . \* • " • 

The abilitV to locate toimum and minimum points' and ^ints of' ^inflection 

".enables us to sketch, the "jgrapli of a poljftqmial function father quickly aM it 

! makes it possible to reduce the number of p^Ss required "to* give a good 
picture. , > j , , . * * O • 

• • . ■ * . * r 

• . • , - • . • . • < 

. ; .. • ■ ■ n 



r 



* 1> . 




V 



T v ^'. *» • Exercises <*-h 



;.\v ^ 

ewbh funct" 



For e^h functiofp - \ . * ^ / * 

**■ > .. • f : x -> % 16 - 6x 2 '+ x ? * ' - ' * 

j k -atfd. 



i 



' (9)- f irf^h'g^s lope^pf ; the tangent , to the , graph at. th'e point where ^ ^ = 
\ * ("b)' wri'te the'.equatioia. ;of the tangent t^\h«^raph at the. point where 

* • (c) find eaclj critical point and identify its character; 

• (d) devaluate ^(0), f(2^Tf(-2), f(3);X(-3), f(l0), f(-lO);" 

% x ? " * i / V .0 V 1 

. , •■ (e) sketch the graph. / ; V 

\ J ■ - ' , 

' 1. f : x -> 16 - bx, + x J % . ^ v . 

2. f : x -> 2x - Ux - 1 . • 



/ 



<*% 
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2-5. Tfte^lope as Limit of Difference Qup-ftents - . 

To find" the. equation of the tangent line to^he graph of a polynomial 
Action 'f at the point (a, f<a)). we expressed " f \ in terms of powers of 
x - a, and then omfbted the terms of degree larger than 4 1. Thus, we wrote 
• the ftlriction - , s '•' fc • 1 . 



as 



- 4 • ■ , 2 ' 

■ rf x r> b 0 + b^x + b 2 x- + ■.,. 



f : x -» c Q •+ c^x - a) + c 2 (x - a) + 



+ b x 
■ n 



+ c (x - a) n 



V 



to obtain the equation of the tangent line 

= c 0 + c i (x -, a) " 

to the' graph of^t at. the po.^t (a,f(a)). ■ . « 

We now describe an alternative^proce-dure for ^finding the slope. c£ of ' 
this tangefnt-JJjiebased on the . following principle. 



(1) 



If . Q is\i point on the graph of f near the point 
P(a,f(a)),\then fhe sloprPof the chord PQ will 
.approximate ihe slope of the tangent line at- 'P. 
(See Figure 2 -5a.) * 




Figure 2-5a 



If Q is close to* P, the slope of L 
will approximate the slope of T. 



\ 
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Let us* examine principle &L) for the functicSp 



■ • f : x^l+js*-^'x "" J? - ■ 

Yt the point p(0,l), where if crosses the y-a-x^gj;. ^t^&nis 9 oi Pt we. know 
that the equation of the' tangent is • ( , <- \ • . . 

" \ ' - . N T : y = 1 + x. . . m ■ • . . 

' Suppose Q(x,f(x)) is another {joint on the graph of *f. We wish .to - show' 

that, for x : close to zero, the a lope of -PQ- will be approximately equal to 

1, the slope of the tangent' Sy T* at ^(0,1). To do this- we use our "we.dge" 

discussion in Section 2-1. There we showed that if e any small positive 

• . ' \ ■ * ' • ** 

number and 



(2) 



e € 
r < x < r 



then the graph of. f will lie between the. two lines 
* -Ii n :' y x = 1.+ (1 + €)x 

L 0 :j = .1 + (1 - €)x, ■ 




Figure • 2-5b 



If - f < x < the points ^Q(x,f (x)) 

i 

must lie inside the shaded wedge and hence 
slope of L 2 < slope 1 of PQ < slope of ■ 



* ' If. x liee in. the interval "(2) the point Q(x,f(x)) -will lie t}fctween 4 
the two lines 1^ and Lg, so that the line PQ lies between these two 
lines (Figure 2-5"b)J Therefore, trie slope of PQ ..will satisfy \ •' v 

'"slope of L 2 < slope of PQ- < slope jDf L^.; 

that is, . j ■■ i j ; 

• ./.." • 1 - € < slope - PQ -< .1 + ' 

This tells us that if . ;Q is close enough to P , the slope of PQ ;will ke 
nearly 1, the slo'pe. o'f the tangent This verifies principle fl) for , 

this particular ' example . 

• Our task how is to \show how we .can use triis principle to "obtain .a. formula 
.' ■ i ' . ■ ■ • • . .■ 

for* the- slope of the tangent line.* 

. : ■ " \ \ \ ■ , ■ 

As we shall- see, simple algebra will enable us. to ■ express the slope of , - 
the line. PQ in such a w'^.tha^the number which it approximates is 'easy to 
•determine:" This umber mhsi then be the slope of the tangent at P. 

.Let us again consider, the graph of the function . ' 

(3) ■.. $ \ ' x ~* 1 " + x "* ^ x 



at the point P(0,l) . Suppose. ®£x,-?W) is .another point on the graph - of 
,f, so that, x £ 0. The slope , of ' the line through the points P and Q is 



f(x) - 1 /L (l + ^x 2 )'. - 1 - 



x - 0 . x 
- 1.x 2 



1 



1 r fot< 



If Q' Is close to" P, ' then x is close to 0 and 1- hx is close to 1. 
The principle (l) tells. us that the slope of ■ PQ will approximate the slope 
of the tangent at P, so again we" conclude that- for this example the slope 
of 'tangent' at P is -1, the tmmder- whi'ch the slope of PQ approximates. 

* Now for' the same function (3) '•consider. a general point P(a,f(a)) and 
another point _Q(x,f'(x))°, with x { a . /. The slope of the line through P 
and Q is ■■ * '. 



Using (3) we can write 



V f fx) - f(a) 

x - a 
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1 1 Q 



tlx) - f(a) ^ fl + x - Ux 2 ) - (1 + a - Ua 2 ) 



2 .2 . 

U(- — -""T - ) 

• x a 



= 1 -;fc(x-+ a)£-^f 




• . ■ = 1 - k(x + a)., x ^ a . 

When " X.' is close. to' a, I - U(x + a) vill be close to 1 - 8a. In other 
words, when Q 1 -is- close to P, the slope of ' PQ approximates 1 - 8a. But, 
V principle (l)' when Q is close to .P, the slope of PQ approximates the 
slope of the. tangent at P. 'Therefore, ve conclude that the slope of the tan-, 
gent at P is 1 - 8a. 

Let us review our -procedure. "The slope of the line through P(a,f(a)) 
and Q(x,f(x)), x ^ a is the difference quotient' . ' \ 

Replace f(x> and. f(a) . b^T their expressions and perform some algebra until 
it is evident what number this ;ratio ■( difference quotient) approximates for 
x. close to a. This number will be the slope of the. tangent at ,P(a,f (a)) . 

It is common practice to use limit terminology for this approximation 
procedure, saying 



(5r 



f (x) - ;f (a) ag . x a pp. roac hes "a is^. th^, 

x - a *^ 

slope .of frangent line to the graph of f at P(a,f(a)). 



This is to be taken to mean that the ratio .Vf ^ approximates the 

slope of the tangent when x is sufficiently close to a. We. shall use < ^ 
interchangeably this limit terminology and the approximation terminology. 
Of course, we should examine closely .the meaning .of . the. phrases "approximates" 
and "sufficiently close." In- this book, however , it will generally be evident 
what these phrases.- mean, just as it was evident that 

1 -U(x + a) approximates 1 - U(a + a) 

when x* .is close to a. Precise definitions and theorems about limits appear 

• ' • J 

in the appendices . 

*Let us now examine -some further examples illustrating our procedure. In 
the next section we shall use our methods*" to find a general formula for. slopes 
of tangents . * 
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Example ■ Find th^ slope of the tangent to the graph of 

...'*■-. . \ . 3P « x 

. f : x -> 2x. - x J > 

<• ■ . . ■ 

at the. point p(a>f(a)). The. slope'" of the line through P(a,f(a)) and 

Q(x,f(x)) , x a,' is given by .the difference quotient 

■, ■ f(x) - f(a) _ (2x -x 3 ) - (2a - a 3 ) • 
x - a * x - a 

• ' _ 2(x - a)' - (x 3 - a 3 ) ■ ' 

x - a 

• . ■■■ .2.^ U 

• v x - a * ' 

« 2 2 

= 2 - (x + ax + a ) r x / a. 

^ If * x is close tp a, the difference quotient will approximate 

\ . •'■ 2 '- (a 2 + aa + a 2 ) = 2 - 3a 2 . 
We conclude that ; . . . 

2 t ' ■ 

(6). 2 - 3a =■ slope of tangent to the graph of f- at p(a,f(a)).. 

Example 2-^b . \ Find the slope of the tangent* to ■ 

2 k ' 1 .. ^ 

f : x -> 1 - 2x ■ + x - 3x 

a^ the point P(a,f(a)). ' \ 

The desired slope will" 1 be the limit of the difference quotient > 

f(x) - f(a) ■ ' V . • 

^ 1 5 — *- -j as x approaches a."* > 

X r a / / 

' Using the expression for f we have 

' ^ *' # 

f(a) - f(a) m (l - 2x + x 2 - 3xS - (l - 2a + a 2 '- 3g^) 
x - a x - 'a ' 

2 2 1+ '1+ ' 

= 2 + x - a - 3 ( x " a r 

x - a . x - a ' ' 

\ . . ^22^ 

= .2 + .(x + a) - 3(x J + ax + ,a.x + a^)-, x /- a. . 

As x approaches a, 

x + a will approach 2a . \^ 0 „ 
• and ^ - ' 
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v • -V .. .. • . • _. . 

•vy ... . . " N 

■'-3(x 3 + ax 2 .+ a 2 x + a 3 ,) vili approach -3(a 3 + aa 2 + a 2 a + a 3 ) = -12a 3 

* 

f(x) -fQa) a pp roa ches, 2 + 2a -12a 3 , the desired slope / . ' 



• . * ■ 
s6 that. 



x - a 



v 



Hit 



ERIC 



:(») = f(x) - f(a) 



Exercises 2-$ 

"1. For each of the following functions, assume that x ^ a and write the 
difference quotient . 

-'in simplest £orm.. ' 

(a) ' f : x -> x 

(b) f : x -> x 2 : 
( c) t : x.-> x 3 , 

(d) f : x -> x k . ... * V '/'> ' • : '' ' 

2. For each of the functions in Number 1 evaluate the limit as x approaches 
a of the difference quotient r(x) . ; 

3- Find the slope. of the tangent to the graph of each of the functions in 

Number 1 at the point (a,f(a)). ..'..« 

■* 

k. Find the slope of the. tangent J to the graph of each of the functions in 
• Number /x l at the point ' (0/0) . - <j 

* » '' ' 

5- Write the equation of the tangent line to the graph of each of the 

functions 1 in Number 1 at the point (a,f(a)). • 

6. For- each of the following functions, assume that x f a and write the 

difference^ quotient „ \ ■ » 

'. ; ."' , \ r(x) B f(x) -\(a) : ... 

f h - 

in simplest form. / ■ %. 

' ' ' ' 

( a ) f r x -> mx, + b ' 

' • ' P . * * ' • 

, (b) f : x ->Ax + Bx + C~ * . • 

(c) f : x -» Ax^ + Bx Cx ■ + ' D , 

7'. For each of the functions .in Number 6 evaluate the limit as x approaches 
a of the 9 difference quotiejit^r(x) . 

8. '.Find the slope of the tangent to the graph of each function in Number 6 
t .. y- at the pdint (a,f(a)). ' 

'9- Find the slope of the tangent to the graph of f : x->20x - 3* at the 
point (a',f (a) ) . 
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■Consider the function fix -» 1 - x^. 1 

(a) Evaluate lim fU \ '_ * (x V ; i.e. , determine the. limit' a z 

Z -» X , \ / \ 

' + f(z) ~ f(x) 

approaches x, of the difference quotient z _ x 

' v ■' f(x + Yi) - f(x) — • 

(b) Evaluate lim — s : — £ • 

h -> 0 

\c) What is the elope of the tangent to" the graph ofr f at 'the point 

(x,f(x))? 
Consider the. function 

f : x* -> 1 + x - Ux . 

(a) Find -the limit as x approaches a of the difference quotient 

.- ' f(x) - f(a) ^ 

"» ' x - a .« 

(b) What is the slope of the tangent to the graph of -f at the point 
(a,f(a))? 

(c) Find the limit as h approaches zero of the difference quotient 

^ ■ f(x.+ h) - f(x) 

h ■ 

. (d) What is the slope of the tangent to the graph of f at the point 
(x,f(x))? : • * . 



.2-6. The- Derivative . 

Consider the function * ' m 

2 k 

(1) ■ » f:x->l*xj-l*x. 

In the previous section *we established that the tangent line to the graph. of* 
f at (a,f(a)) -'has slope 1 - 8a. ' In. Exercises 2-5, Number 11,*- it-. can be 
.shown, that the slope' of the tangent to the graph of f at the point (x,f(x)) 
is given by 1 - 8x. ^ 

The' function 

(2) x -> 1 - 8x . 

. .;" ' 2 ' 

is sometimes called the slope function for f : x -» 1 + x - kx since its . 
value 1 - 8x at a point (x,f(x)-) gives the slope of the tangent line to 

< 

the graph of f at the point (x,f(x)). The function (2) is more commonly .-, 

• ' * ■ . * . ■ •. 

known as the derivative of f an£ usually denoted by ,f f . Thus the deriva- 
tive of ' ^ ' . 

"2 

' . f : x -> 1 x - l*x . 

is the function . ' . 

f 1 : -x -> 1 8x. 

tfhe value f f (x) at a point (x,f(x)) is the slope of the tangent to the 
graph of f at (x,f(x)) . 

Our purpose in this section is to obta^i a formula for the derivative f 1 
(that is, the slope function) of an arbitrary polynomial function f . This 
formula will be obtained as the limit of the diffej^nce quotient, discussed in- 
the previous section. • 

Let us first o~t5ta~in the derivative of the general .quadratic function 

f : x -» ax 2 . +■ btf + c, a ^ 0. 

We wish to find a Jormula for tn*e value f*(x) of the derivative at the 
point -. (x,f(x)); interpreted geometrically, we seek the slope of the tangent 
to. the graph of f at P(x,f(x)). We begin by expressing principle (l) of 
the previous section in slightly different terms. 



The name for this very special function, "among countless functions 
which can be derived' from the particular function under consideration. 



(3) 



Let h be some arbitrary nonzero number and let Q 
be' the point (x + h,f (x + h)) . If h is small, 
then the slope of the chord PQ. will approximate 
f(x), the slope of the tangent at P(x,f(x)). 




Figure 2 -6a 



If h is small, Q will be close to P and 
-• the slope of L will approximate f\(x), the 
... slope of the' tangent T at P(x,f(x)). . 

The procedure is " just the same as that used in the previous section. 
Perform some algebra to determine vhat the slope of PQ approximates for 
' small h. The. limit of the approximations will be f'(x), the slope of the 
tangent T. 

The line PQ has slope 

f(x 4- h) - f(x) f(x + h) - f(x) - 
x + h - x h 

Forf'the function -f : x -> ax 2 + bx +, c, we have: ■ 



f + h) - f(x) [a(x + h) 2 + b(x + h) + c] - fax 2 + bx + c] 
h ~ ' ' • h 

2axh + ah + bh - 



Notice that the terms ax 2 , ' bx and c have all dropped out, leaving only- 
terms which have h as a factor, so that for h ^ 0 we have 

-f(x + h) - f(x) = (2ax , + b) + ah ; . : 

h \ . / 

As. h approaches 0, (2ax + b) + ah will approach^ 2ax + -b. In other words 
the slope of PQ approaches (2ax + b) as Q approaches P. We then con- 
clude from the principle (3) thatf the slope of the tangent at P must be 
2ax + b; that is, " ' 

f *(x) ' .= 2ax + b. ' " ' 

2 

We summarize: the derivative of f : x -* ax ■+ bx + c is 

(h) . f V ' f ' : X ~* 2ax + b ' ' 

In general, we 'shall see that the following (5) -is true for a polynomial, 
function. * .* 



(5) 



The polynomial function 

n , ■ n-1 
■ f ; x -* a x - + a _ x 

n n-1 . . 



has the derivative 
n-1 



. . + a. 2 x + a-jX + a Q 



x -» na x 
n 



+ (n - l)a -x 
v n-1 



n-2 



+ . . . + 2a 2 x + a^. 



In other worlds, each term of f is obtained, from the 
corresponding term of f by multiplying by the exponent 
t and lowering, the degree by 1. 



This result has-been established "for n = 2 in (k) . Let us sketch a 
proof for n = 3- Suppose' 



(6)' 



x -» a^x + a 0 x + a n x + a^. 



'3" • '2" 1 
The value f'(x) will be the limit of the difference quotient 



(7) 



f(x + h) - f(x) L f(x + h) - f(x) 
•x + .h -.x h 



as h approaches 0. This quotient may be interpreted as the slope of the 
line connecting .P(x,f(x)) and Q(x + h, f(x+ h) ) j as h approaches zero 
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the point Q approaches point P and the slope PQ approaehes-the slope _ . 
f«(x) of the .tangent at V- Usingl6) in (7) we. have 

- ^(3a ? x 2 h > 3a^xh 2 + a^ 3 ) + (2a g xh + a^h ) t.a^ 

• . = " ~~h 

2 / 

.== (3a 3 x 2 + 2a 2 x + a^ + + a^ + a 2 h) , h / 0. : 

This expression approaches . 

3a x 2 + 2a x + a ' 
, \ 3 * | . » 

as h approaches 0. Hence, we conclude that • ^ 



' f«(x) = 3a 3 x 2 + 2a 2 x + a^ 



which is precisely formula (5) for the case n = 3- 

' since the derivative ;vf of a function f is calculated as the limit . 
of a difference quotient,%e process 'of finding f is called differentiation . 



. * Example 2-6a. Giv.en the function f : x - 3 x 2 - 2x> 1, Use (5) to find- 
the derivative, f • . and the slope of the tangent to the gra^h of f at the 
point (2,9). 

Using (5), we obtain f : x -..<2)< 3 x) - (l)<2) = 6x - 2, f<2> =10. 
■ The slope of the tangent to. the graph of f at (2,9) is 10. 

Example 2-6b. Given f : x * x 5 - 3 x 2 '+ x - 6 find the equation of 
' .the tangent line to the graph of "f at the point where x = 1. 

Since f(l) = -7, the tangent passes through , (1,-7): The derivative 
of f is, - 
( 8 ) . f» : x -> 5x - ox + 1. ' , 

. » ^ h ^ i« fill = 0. Thus, the. tangent 

so that the slope of the tangent at (1,-7) is I UJ - u. ( , xnu , 

line at (l,-7) is horigontal and has the equation 



* 



Noteftov much- easier it is to find the equation of the tangent by using 
the 'derivative formula (5) to^obtain its slope, rather than using the. method 
of expressing f(x) in powers of x - 1 

I 

Example 2-6c . Find the equation of the tangent to the graph of., 
y = -l*x 3 - 7x + 1 at the poi^'t- (2,-if5).- 
^ It is common to denote expression- for the derivative by - y« , so, that . 
(5) gives ^ ^ ■ ' ? . < \ 

>^ _ ■ ' y« = -12X 2 7. • ' 

This is the slope qf the tangent to the graph at any point (x,y) . To find 
the slope, of the tangent at the point (2,-U5> " e replace x by 2 to 
obtain 

. , -12 - 2 ? - 7 = -55- • 
The equation of the tangent line is * 

y = -1*5 - 55(x - 2). 
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Exercises 2-6 

2' ' 
Consider the function, f : ->3x -'2x + 1. ; ^ 

(a) Determine the limit of^the difference quotient ' 

f(x + h). - f(x) . 

' h •. 

as h approaches zero. Compare your.art6vej: with the result of 
Example^ 2-6a . 

(b) Find the equation of the tangent to the graph of f at the point 

• (2 ' 9) - . , 

■ 2 . 

Consider the function' f : x -» x - 1. 

(a) Use formula. (5) to find f r . " 
C'b) Evaluate f *(3) • I 

(c) Write q(x) in simplest form if h ^ 0 and " " v,. 

q(x) ' . fO±*) r 2lM. . . , 

(d) Evaluate lim q(x) . < ' 

h -»*0 / 

(e) Write r(x) ■ in simplest form if x ^ a and 

. ' 7> r(x) , f(x) - f(a) -. 

• x - a 

> > / 

(f ) Determine . lim. r(x) . - ^ 



2 

(g) Find the slope of the tangent to the graph of y = f(x) = x ; - 1 
at the point (3,8) by constructing a table of vaiues of". r(x) 

for x successively closer to 3 • 
* v . * 

For the fur^ctionf 3 ^ : x -> x - x + 1, tabulate- theXslopes of the chord 

joining , f(|)> to ; ; (x,f (x) ) * for x = ^ + ^ , ^ - ^ , 

2 + -JL ; 2 - -L. , % + — i— , 5. - Predict the limit of the ' 

7 100 ' 7. 100 ' 7 1000 ' 7 1000 

approximations from an inspection of t the table. 

2 

. ,For^ the- function., .f : x^x x + 1, use formula (5) to find f 1 . 
Evaluate f 1 (^) . 

V 

^ 2 , 
Find y f if y = 3x + hv 
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(a) At each of the points (1,7). and (2,l6), find the slope of the 
tangent to the graph of g : x 3x + 1* by constructing, a table 

of values of the slopes of chords connecting these points with near- 
by points . . . 

(b) Find the slope of the tangent to the graph of" g at'.the point m 
(a,g(a)) using the procedure of Section 2-5. 

(c) Find the lowest point on the graph of g "algebraically - . 
"* ' i . 

(cfr Using the result of (b) , check your answer to (c) . 

' - 3 

(a) Find the slope of the tangent to tjie graph of f : x -> x at the 

point • (a,f(a)) as you did' in Section 2-5 . 

(b) Use formula. (5) of this section to "H^d the derivative of 
m f : x -> x 3 . 

(a) Find the si 1 .ope of the tangent ^to the graph of. . t * 
f : x ->Ax 3 + Bx 2 "+ Cx + D/ A -f 0, at (a,f(a)) . 

■ * * 2 ' 

(b) Find the derivative of f : x ->'Ax J + Bx + Cx + D; using formula 

(5) of this section. * 

The derivative of .a function f can be defined as the .limit as 
approaches zero 'Of the difference quotient 

k f(x + h) - f(x) 

h ' 

Using the definition of derivative, find f*(x) for each of the. 



; following 






(a) f (x) 


2 

= 2x - x 


+ 1+ 


(b) f(x) 

y 


= *x 3 - 3x 


+ '!» 


(c) f(x) 


= x 3 - 3x 




(a) f(x> 


= mx + b 




(a) Find 


•the slope 


.of 



.(-2,-1+) and (100,302). 
(b) Evaluate ' lim - (3z + 2) = (3x + 2) 



z -> X 
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If f : x -» 1 + 2x - x > evaluate 
(a) f(a) 



(b) f(0) 

■($)) f(|) 
faf f(l) 



12. 



(e) fi(-lO) 

If f : x -»1 + 2x - x 2 , find the 'slope of the tangentNo the graph of 
f at each of the following points. 



(a) (a,f(a)) 

(b) (0,f(0)) 

(c) £,f(|)) • 

(d) (l,f(l)) 

(e) (-10,f(-10)) 

If f : x -»x ■ + 2x + 1, find all x such that 
(a) f(x) = h 
(b.) f'(x) = 20 
(c) f«.(x) = 0 » 
• (d) f(x) = -1 ■ 
1U. Determine each of the following* 



13/ 




15. 



c 



(d) • f»(x) if f(x) = x + x 5 +-x 

' ' ' ■ " ' 2 

(a) Find the point (a,f(a)) on the graph of f : x -» x - 5x + 5 

such that a - f »(a) . ■ 

(b) Find those points (x 1 ,f(x 1 )) and (x^f^)) for which 
f •('«)' = f(x). . V • .. ■ 
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■16. The graph of f : x -?Ax 2 .+ Bx +.C includes the point (l,8) and" the 
.slope of the tangent to the graph of ,f '. at (a,f(a)) is 6a - 2. 
Determine A, B> and . C. ■ . J j J ! 

IT. Consider the functions v. 

• • • . ^ -.p • ' 

o ? x 2 5 

f : x -> *- 3x + l/and * : . x IT ~ 3 x . ~ -6 " 

(a) Find the associated slope functions f 1 and g« . 

(b) Evaluate f f (l) and g» (l) - - . * ■ 

(c) In each case write an equation of the line tangent to the graph of 
the function at the point where x = 1- J. 

(d) What is the relationship of these tangent lines to one another? . 

* 7 
18. (a)" Using x = (x - a) + a and^the Binomial Theorem express x in 

powers* of x - a. 

7 _ 7 ' * 

■ (b) Using part (a) determine _ ; f 0 r x ^ a. 

x T - a T ■ " •. ■, 

(c) Evaluate lim a • ' r , 

x a ., . 

\ .(d) Determine (x * ^ " X? for Ax ^0. 

(e) If V 1 « ^ = lim ^ , determine ^ if y=.x 7 . 
(e) y dx ^ _ ) Q Ax dx 

■ 19' If n is a positive integer and c is a constant, use the Binomial 

n « ■ dy n-1 

Theorem to show that if y = cx then y f = = cnx . . 
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2-7. ' Applications of the^Derivative to Graphing 

The derivative f* of a polynomial function f is ve\ry useful in obtain- 
• / . v.. 

ing. information about .thevgYaph of f. In particular , the nature of f % will - 

enable us to describe the) intervals .where. the graph of f \s rising (or falling) 
and to locate the high' and ^low points on the graph. 

We parallel our discussion, of Section 2-k and again cbns\deiVt>he function 

• ' ' ^~ " f : x ->2x 3 - 3x 2 .-' 12x 4-2.^ \ ^ 

and its graph (See Figure 2 -7a). 

. Tke derivative f f of f is given by . ' ' u 

f 9 : x -> 6x 2 - 6x - 12.; ' ^ 

The value- f*(x) is the slope of the tangent line to the graph of f - at the 
point (x,f (x)) . 

It is particularly helpful in graphing to find any places where lTn*e 
tangent is horizontal, that is, -where the slope of . the tangent is zero. Such 
points (called critical points) correspond to roots of the derivative ff ' . 
In our example we let ~ 

•y ■ 6x 2 - 6x - 12 = 0.. . ■ " \ 

obtaining the two zeros -1 and 2. Since 

-J < m f(-l) f/9 and f(2) = *l8 

we have horizontal tangents at (-1,9). and (2,-18). 

In Figure 2-?a we show these points to be respectively high and low 
points on the graph^ of ' f; the graph rises until it reaches (-1,9), falls 
between (-1,9) and (2,-l8) and then rises again. .These facts are deter- 
mined/by the sign of the , privative . We arejiot in a position at this. time to 
establish rigorously the relationship between the sign of f\ and increase 
or decrease of f, "but we can proceed on" an .intuitive basis. 
If we express -the derivative f* in the factored ■ form 
f « : x -> 6(.x + l)(x - 2), 

we see that 

' (X) ' 4 f f (x) > 0 if x > 2. 

Let us see .what this, tells us about the graph of f .for x > 2; - to be con- 
crete we consider the behavior of the ^raph of f near the point (h,3h). 
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Figure 2 -7a 

2 3 

The graph of x ->2 - 12x - 3x ~ + 2x . 



We know "*t hat if [h| is small, then the . ratio 
(2) 



h ' 



The quantity 1 X {S) is positive. Thus the. slope of the line through 

Q(l+ + h,*f(U + h)) and P(M(|0) must be positive if Q is close enough 

to P, for the slope of PQ is the ratio 

\ h ' 

which approximates a positive quantity f f (H) = 60; when |h| is small 



enough. The fact that PQ has positive slope tells us that : 



(3) 



and 



00 



if h > 0, then + h f (k '+ h)) is above P(k,f(k)); 

that is/ a point oh the graph of f which is close to P 

and to the right of P is above P; /. 

■ * ■■ ■ - 

if. h < 0, then Q( U + h ,t{ti + h)) is below P(k,f [k}) ; . 
a point' on the graph of f * which is .\close to P and to 
the left of P is below P.- . • - - 



In Figure 2-7b we illustrate the case for which h > 0,' . with scales chosen 
to illustrate the relationship between" P and Q. 




Figure 2-7b - " ,: 

If . h is small and positive., line PQ must ... 
** h " have positive slope, 'so Q lies above P.' . 

These same arguments- can be applied for any x* > 2, since- f*(x) will, 
be positive. We conclude that- « 

if x >2, then- c^Lose' to P(x,f(x)) the" graph of f is - ■ ' 



(5) 



rising . 



From (5) we can 'conclude that 
(6) ' ' 



f^) < f(x 2 ) if 2 < x x < x 2 



only if x^ is close enough to x^. It is true that if , x^ > 2 and x^ > x^ 
then : 



f (x 2 ) > f( X;L ) 
128 
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k even if x g is far away from-' that is, the- graph of f is steadily 

• rising to the right. of (2,f(2)). But this fact is surprisingly ^diff icult 
to prove and we. postpone the proof until Chapter 8. 

. . . In summary, the fact that f f (x) > 0 for x >2 tells us that f is 
an increasing function for x > 2; that is: * 

- • ' f(x 1 ) < f( x 2 ) if 2 < x 1 and .' X] _ < ^ 

: . . .. • ; ; ■ * ' < : 

: From the. factored form . 

(7) ; f- 1 : x ->6(x + l)(x - 2) * 

.we also conclude that f»(x) > O, vhen x < -1 (since both factors are then 

-negative).. Hence, the graph. will be rising to the left of -1; that is, f . 

f is increasing if x < -1- 
The factored form (T) tells ^us that ■ 

fX(x) < 0 if -1 < x < 2, 
f rom. wMch we conclude that - ■ > - 

. "[' . tU x \ > f(x 2 )y if -1 < x 1 < x 2 < 2; 

■ that is, the function, f decreases on this interval. 

■ The points (-1,9)' and (2,-l8) must be respective high and low points 
on tfifi graph of 't 9 as the graph is rising unt4» it reaches (-1,9), "then 

• falling between ( . and (2,-l8) ,. then rising again v . We sometimes ' 

express this by sayin/that . f ( -l) = 9 is a relative maximum of f , while 

' f ■ « 
>, f (2) = -l8 is a relative minimum of f . . 

In summary, by determining the intervals of constant- sign for the deriva- 
tive of f, we can determine the intervals of increase and decrease and hence 
the relative 'maxima and minima of f. - £ : > * . ' 

Example 2 -7a . Determine the relative maximum and minimum as welj.- as ■ 

intervals of increase and decrease for f . : x -> 1 + x - x - - 
• y ■ *■ 

We have . - 



x 



► 1 - 2x - 3x 2 = -(3x - l)(x .+ 1) . 



1 



The graph of f has a horizontal tangent when x = ~ and .when x = -1. * 
Examination of the signs of these factors leads to the conclusions: 



Thus 



' " ' f«(x) <" 0. if x < 

f«(x) > p if -1 < x < i ' \ 

f f (x) < 0 if x > i . 

ft' decreases if x < -1. or if x > ^ and increases when x is 



between -i and — . In particular 



f ( -l) =" 0 is a relative minimum 



and . 



f(i)' = — ■ is a relative maximum. 



32 
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V ' This informatiorr/eriables us to give, a quick sketch of the graph of f, 
'shown in Figure 2-7c- Of course, further accuracy is obtained by plotting 
more points, but such quick sketches are *often all. we need tb/'have. 



falling 



rising 



a relative maximum 




-2 \ . 



. (-1,0) 
-a relative 
minimum 



falling 



Figure 2-7c 

■ ' 2 * ' 3 

X -» 1 + X . - X . - x J 



Example 2 -7b . The zeros of the derivative do' not Talvays lead to relative 
.maxima, and minima of ' a. function, 'Consider, the function r~' 

■■ "v ' ■ -. • 

f : X -> X,.; , • 



Its derivative, is 



130 ■ 138 



which has the' zero x = CT of multiplicity 2. The graph of f, -the^fore, 
has a horizontal tangent at (0,0) but this point 'is not* a -high point or a . # 
low point on the graph of f. In fact;' the graph of f ' crosses its tangent 
at (0,0). " Such a point is. called a point of inflection . (See Figure -2.-7*.) 
In this case : 

f*(x) > 0- if x < 0 or if x > 0; 8 
that is, f. is increasing on either side of .the origin. 



4, 



f increasing 



graph crosses its 
tangent (which is 
the: x-axis). at " 
frhi§ point , 



. increasing 

W 1 Figure 2-7d. 

■ This example serves to remind us that to determine the relative maxima 
and minima, we locate -this, critical points '(that is, the zeros., of •- f) and . 
test the sign of- f on each side of a critical point to determine if that 
point is a relative maximum, minimum, or point of. inflection. 



Example 2-1 c . Graph f .: x-»W + ^r 13* 2 + l8x 3 - 9x^ first by. * 
plotting points from the table "below Figure 2-7e and connecting them with a 
smooth curve, then by finding the. critical points and intervals of increase 
and decrease. I v. 
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(o,kkh 


V 
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(-2,-30U) ♦ • 
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Figure 2-7e 
Plotting points for 



from the table 



f" 


: x -» M 


+ l*x - 


• 13x 2 


+ "i8x 


3 - 9 x\ 


X 


. -? , 


-1 


0 


l 


2 


"3 


fur 


-30U - 


0 . 




hh 


•T 0 


-30^ 



We have plotted a' few points and connected them with a smooth curve in 
Figure 2-7e (using a compressed vertical scale for" negative values of f ) . 
.The graph suggests the possibility of a relative/maximum point between (0,MO 
and. • The derivative of f is 

' * 2 \ 

_ . • , f» : x k - 26x + - 3°x . 

We suspect that 'f^x) will be zero somewhere in the interval 0 < x < 1. 
Testing x = |> indeed, gives 



so that x - | is' a factor of f'(x). .Upon factoring x - | we obtain 

ft : x -> (x - |)(-36x 2 + 36x - 8). 
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We can factor further tb obtain ' ' 

'• ti : x --36U- |)(x - i)(x - |) . 

Notethat there are three critical points between (0,HU) and 
The product of three factors will be positive if and only if all three factors 
are positive, 5V exactly one is positive. Therefore/ 

f «(x) > 0 if x < i 

■ f«(x) < 0 if | < x < | . 

* ** 1 2 " 

* 6 f f '(x) > 0 .if ' 2'< x < 3 • 

f f (x) < 0 /if x > | . . 



We conclude that 



while 



f is increasing' for x < - and for - < x < —•;•>■ 



1 1 '2 

f is decreasing for. - < x < - ana for x > - . 



In summary we. can sa^v that the graph of f rises until it reaches 

(i f(i)), then falls to the point (i f (|)), rises again to (| , f(^)) 

3 3 . • ^ * \ ■ 

2 2 t 

, and falls beyond , f(^)). In particular we know that I 



f (£) - 1^ - and f (j) =, - are relative maxima, while 
f(— ) = .l*i* -V is a relative minimum. 



We conclude that Figure 2-7e correctly indicate?, the increase for 
: x < 0 -and the decrease for x > 1, but is incorrect for the- interval 
0 < x < 1. A more accurate representation of f on this interval is sketched 
in^ Figure 2-7f • . 
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Exercises 2-7 

Make a careful sketch on- the interval [0,1] (i.e., 0 < x < l) of the 

2 

. graph the function 'f:x->l + x- x - x J given in Example .2 -7a. 
Does the graph/confirm the' conclusions of the text?' 

■For each of the following functions locat'e>and • characterize all extretoa . 

* ■ ■. 

On what intervals is the function increasing?, decreasing? 

(a) f x -> hx k - 8x 2 + 1 . 

(b) f : x -> x k -jgUxj 3 

•ti. • 

Prove that, for x > 0, f : x -> x 2 is an' increasing function* (That . 

? 2 2 \ 

is, let x 1 > x 2 > 0 and show that x 1 > x^ J 

Employing information gathered by procedures suggested in the text, 
sketch the graph of each of the following polynomial functions over the 
interval indicated using convenient scales, . v . 

(a) f :ix.->x 3 - 3x + 1, -2 < x < 2 

(b) f : x. -^x 3 ■+ 3x + 1, -1* x < 1 

(a) Describe the behavior of the graph of .f : x -> 2x 3 - 3* 2 on. 

(b) Sketch the graph oSf ■ f : x. -♦ 2x 3 - 3x on [-1,2]. 

U - 3 ' >V ; 

(a) Describe the behavior of the f : x -> -3x + 8x on £-1/31- mjp* 

(b) Sketch the graph of f : x -> «3* + 8 * on [-1J3}-; '■"V.% *\ 



2-8._ < 9pt±iBization Problems 




There are many situations which lead to the problem of determining the 
relative maximum or minimum values of polynomial functions. -Such situations 
arise from the consideration^of distance, volume,, area, or cost as functions 
of other variables - . In practice, not only do, we often need to know the opti- 
m-imum (maximum of minimum as the situation requires) values of a function, but 
afsto^how to ..achieve them. In other words, we. need to know the values in the 
domain for which the function values are greatest or least. 

Sometimes^the function is defined by an equation; at other tim^s.it is 
necessary to translate the information in such a way as to discover . ad&anction 
to be. maximized or minimized. In either case 1 it is n true that the vari- 
ables are restricted to lie in some closed inteVval, or the problem can be 
reduced' to such a situation. The problems that we shall consider here can 
usually be reduced to an ^idealized mathematical model so that we are faced 

with the problem stated in* (l) . 

v . * 

* Given a polynomial function f, defined' for a < x < b, find « ■ 
(l) ■ at least one point of this interval where f has its maximum 

(or minimum) value. ■ . . . 

In other words, we seek to find a number c such that a < c <. b and 

f (c) > f(x) for a < x < b, . 

or, a number d' such that a <_ d < b and K 

'^'y^-f (d) < f(x) for a<x <b. * 

V To f ind^' such .values'^; "C'.r.and d, two 'theorems are helpful. The/first 
(Theorem '2 -8a) is^;a%' existenc^ theorem; ' it asserts that (l) does have a 

.•v. ■■ -v. . A* ;• 

solution, but doesh f t. -Jfell u'^hq^tfesolye. it. 

-■ ■ - " ' . ~ ^^tV>-''> •' 

-THEOREM" 2^8a. If f- A i^^:^ and a and b are given 

* numWrs in the dD^a'fe^pf' $ \ ..^u'clf^that a < b, then there are numbers 




*^-?cr' and d such ^ , y - .. +j..xi&&r*r ~> ■ - — ? 



• ^y^^W^'^Kp) f for a£x^-b. 



This theorem is a special. case of a more general theorem (about maxima 
and minima for "continuous" functions) , which is discussed in an appendix. 
Our second theorem (Theorem 2 -8b) gives' a means for determining the numbers 
c and d. where, f- has its maximum and minimum. We state and prove the 
result only for maximum points . k 
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THEOREM 2 -8b . Suppose f is a polynomial function defined for a < x < b 
and that (c,f(c)) is the highest ' point on the graph- of f in this _ 

* ~ • ■ ■• 

interval; that is ■ ■ • 

( 2 ) f(c) > f(x) for a <_ x < b. 

. Then either c is an endpoinlj (that is, c = a or c = b) or c is 
a zero tf , the derivative f • . (The same' conclusion holds , if (c,f(c)) 
is the lowest point; that is, f(c) £ f(x) for a £ x < b.) 

■ Proof / Suppose (2) holds and c £ a, c { b," so that a <- c -*,b. We 
\ishto show that f«(c) must be zero; that is, the tangent at (c,f(c)) ^ 
must be horizontal. Suppose this is false; that is, suppose f«(c) / 0. First 
consider the case f«(c) >0. The ratio 

f(c + h) - ffrc) 
h 

will approximate the positive quantity f(c> if |h| is sufficiently .small. 
• since we hafl^O -assumed that c < b, we can therefore find a small positive 
« number h such" that c + h < b and - % 

f( C 4- h) - f(c) > 0- 

Multiplying through by h, we obtain 

f(c + h) - f(c) > 0; that is, f(c + h) > f (c) . 

' This contradici^^y In summary, the hypothesis [ 2) cannot hold if 
f f (c) > 0 and c < b. A similar argument show s_ that (2) cannot "hold if 
f«(c) < 0- and a < c. So we reason that if a < c < b and (2) holds then ^ 
we must have f f (c) = 0. 

This theorem (and its corresponding result for minima) enables us to 
solve optimization problems for polynomial functions .* ■ The following examples 
indicate our method. * - 

Example 2-8a . A* ball is thrown upwards so that its height t seconds , 
later is s feet above the earth," where 

? v 
I s = 96t - l6t . 

What is the maximum height the ball Hill reach? 
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Since meaningful replacement 
for t " ,and & are limited to non- 
negative values, we shall sketch 
the graph of • 

f 96t - l6t 

for the first quadrant only . 
* ■ • 

• Since . s < 0 if t ' > 6 . ve 
can restrict o.ur attention to the- 
. interval 0 < t .< 6; The deriva- 
tive f* , is given by 

f 1 : t ^ 96 - 32t, - 




f : t 96t - l6t , 0 < t < 6 
Figure 2-8a 



? 

who* 



iose only zero is t t 3- Therefore* if f(c) ■ is the largest value of f 
on the interval 0 < t < 6 then . ' r ; . ^ 

' ' c = 0 , c = 3 or ' c = 6 . 

Since f(o) =,0; f(3) = Ihh and f(6) = 0 we conclude that- . - 

f(3) = Ihk. • ^ • 

is the largest value of f on 'the interval 0 < t < 6. Therefore, the mao 
mum height the ball reaches is Ikk feet. 



Example 2-8b . Show, that a square is jthe rectangle with largest area and 
a given perimeter a . . " • F 

Let x measure the width and ^ the length of • the rectangle, . so that 

its area is xy. *In order to expresS this area A in terms of x alone we 

must express y in terms of . x . Since the perimeter 2x + 2y = a, we have 
a ■ . 

y = 2 " x# 



Substituting — - x for 
we are able to express the area A 
in terms of x: 



A = x(| 



\ ax 
x) - X 



We. suppose that' 0 < x '< — , for 
otherwise 'the area A will be 
negative. Thus our* problem is to 
maximize, find the maximum value of 




Figure 2 -8b 
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x -> I x - x 2 ■ on Ihe interval 0 < x < | . 



The derivative 



ft. ? x ^| - 2x 



has the zero | . Theorem 2 -8a tells .us ■ that f ( has a largest value in;the 
interval 0 < x < | , while Theorem 2-8b tells us that if' f(c) is the . 
largest value of f on. the interval then 4 

a ■ a ■ 

c % 0, c - 7 or c = - . o . 

Since f(0) = f(|) =* 0,. end-. f(|) = |g , Vz follows -that f has; its. 

greatest- value -on the interval 0 < x < | when x = | . Now when x = ^ 

it is also true that . y = .§'- | = ^ Since both dimensions " are the same / 
for the rectangle* with perimeter a and greatest area, it must be a square. 



• Example 2-8c . A man proposes to make an open box by cutting a square 
from each corneV of. a piece of cardboard 12 inches square and then turning 
up the sides. Find the dimensions of each square he must cut" in order to 
obtain a box with maximum volume. 



■Let the side, of the square, be cut out be x inches. The base ofHhe 
box will be 12 - 2x inches on each side and> the depth will be x inches. 



The r ^i%ne - V" in cubic, inches will be 
' Jv'V (12 - 2x)(l2 - 2x)(x) 
= Ikkx - h8x 2 + Ux 3 . 




z_ 0\ 




12-2x 



Figure 2-8c 
«. ^ 

We 'suppose that 0 < x < ^, for. otherwise V will be negative. Our problem 
is to maximize . c-- . . t 

f : x -> Ihhx - U8x 2 + kx? 
subject to the condition 0 < x < 6. The derivative is . 

f» : x -*3M - 96x •+ 12x 2 = 12(6 - x)(2 - x) 
' 139 
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so the zeros of ' f are 2, 6. Theorem 2-8a tells us that f ^has a maximum 
on the interval 0.<.x < 6 and Theorem 2-8b tells us. that this maximum, must 
occur at one of the points 

" • # c = 0, c - 2 j . or c = 6. 

We find thpt f(0) = f(6) = 0 and f(2) > 0/ so that. f(2) must be the ' 
largest value, of f on the interval 0 < x <. 6. With a 2 inch square cut. 
from each corner, the box will have dimensions 8x8x2. Since 
f(2) =-8x8x2= 128, the maximum volume* is y 128 cubic inches. 



Example 2-8d . We wish, to plant o^e .square and one . circular flqwer bed, 
surrounding, them. with 15 yards of fencing. What should be th\ dimensions 
of the two fences so. as to contain flower beds^of greatest' possible area? 



let s be the side of the square bed and r the radius of the circular 
bed. Denote the sum of the areas of the two beds by A. Then 



(3) 

and. 



2 2 
A- = s + jtr 



1+s + 2jtr = > 15. 





Figure 2-8d 

Solving (k) for ^s and substituting this into (3). gives our area in terms of 



the circular radius r: 



, 15 - ggrv 2 A 

A = (-^TT ' nr 



/ it + jgi 2 i5« ^ r 22 5 



We v can suppose that 



■ 15 
0 < r < 2^> 



the'endpoints of this interval corresponding to the respective situations ■ of 
no'-circular bed and no square bed. Thus we seek to maximize the function 
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, « 2 + iw N 2 ■ 15« • ^ -225 
• f : r .-» ( 5— )r - ~1T r + To" 

« 

over the interval 0 < r < ^ - - The derivative is 

2 

. f • : r -* ( — — )r - — , 



Solving f*(r) = 0 gives 



Prom Theorem 2 -8a we know that there is a -maximum f(c) on the given interval. 

y * < 

Theorem 2-8b tells' us that' f mustr have its maximum value on the interval 

at one of the joints./ 

— . — 2jt 

„ *15-_ 15 - 

c - 0,-c - or c -5f.- _ 

We'examin'e the values of f' for each of these values of c: 

■ . ' f (o) = lk.06 

and 



ffczrfhr) = T.88 



f(g)"= -17-90. 



We see that the maximum value of . ^ 

■ /rti + jfrtx 2 15* 225 

■ subject to the restriction 0 <T r < |J is attained at the right endpoint . g 

Our conclusion is that the problem has no solution in. the terms posed; a 
square and a round flower bed together will never encompass as great an area 
as a single round bed whose perimeter equals the total length available. 

■ Example 2-8e . Find the point on the graph of y-= x 2 that is nearest 
the point A(3,0) . . «' ' ^ 

Recall that, the distance between (x 1 ,y 1 ) and (x 2 ,y 2 ) is 



d =V(x 1 - x 2 ) 2 + (y 1 - y 2 ) 2 . 



2 ' * 2 

The distance from A(3,0) fc to.a point P(x,x ) on the graph of y = x is 

thus given lay. ' . , ' " 



. AP = /(x -. 3) 2 + (x 2 ) 2 . 

Our problem is to chodse P so that this distance AP. is least, 







A / 


» P(x,x £ ) 


.1 












-^^^ ' 1 >> » 


: — minimum distance 

/ 




A(3,0) 



Figure 2-8e ■ 

This expression for the distance AP is not a polynomial so 'our techni- 
ques cannot be directly applied. Note, however., that " ■ 

\ , 1 ■ (ap) 2 ^ '(x. , 3 ) 2 +" (x 2 ) 2 .' - . " ' . V 

=. 9 - 6x + x + x 

^ * , \ 2 

which is a polynomial expression. Furthermore, if x is such that. (AP; i 

least, theft. AP will also be least. Thus we heed only choose x so that 

9 J i .' J 

„ f : x -> 9 - - 6x ■+ x + x 

has its least ; value. ■ , - 

• The" derivative of f ' is 

f • : x -> -6 + ,2x + 1+x^ =■ (x - l) (i+x 2 " + kx .+ .6) . ' ' 

The' factor U-x ■ + kx .+ 6. : is always positive, since we Can !. complete, the . 
square to obtaifn . • ■■' 

• 2 ' " ■ : 2 * * ' ' • ' ' " ' 

► ' - l*x + Ux + 6 = .-4x- + i+x + \ + 6 - 1 ; ^ ; ' 

• ... = (.2x + 1) +-"5-'> 5- 



1^2 



■Thus, jf'Cx) < 0 iff x < 1 and f'(x)*> 0 if x >T- Therefore ^e knov 
that f decreases to the left of (l,f(l)) and increases "to the right of 
(l,f(l)). Since f has its least value when x' = 1, the point (-1,1) is 

the point in the graph of y = x 2 / which : is' closest to A(3,0). 

' A * ... ■ - • * 

< .'■...'» 




•' „;> '. ... . ,■ * - Exercises . 2-8 *^ 

1." Consider the function 



<^ ' ' ' 



► . • ••Determine the Behavior and slsetch the graph of . f . ... . 

2 /? Find the^extrema ' (maxima an^pintma) of . the ^urtSfeion 



7. /'■ " V. " ' :; « '■ f : 'x -> l*x 5 - Wx 3 / 100 * 



Si: 



•'" on'tfie iWrval -3 < x < it... Sketch -the gragh.of f. ' 0 

f. Thy post .'office regulations for parcel pWsbSte: "^cels mailed at 
ajfirst-alass posV office in%he United States' for delivery at .... any- ' 
' ... first-Class- post ' office' ! . . must- not exceed 72 * inches in length 
''* and girthacomhined. To apply - this regulation we must know that the' ' 
' length of a rectangular carton is that of its lorfgest edge .and the girth 

isAthe perimeter of the cross 'section" perpendicular to that edge. 
" Determine the dimensions , of the' carton of largest size- complying with 
the^post office regulation. (For simplicity consider ■ only cartons with '. 
a'squSre cross 'section.)' * ,■ ■ 

k. ..According to the specifications of Number. 3 determine the volume of the 
- largest carton- that complies' with the U.S. Post Off ice ' regulations . 

5. Sketch the '"graph of the function • 

" r - ' V 2 '• 

- «" f :■■ x -> -hx D + 72x I 
, ,* , 

bver the. interval [0,l8], indicating extrema . 

. * " ." / ,' 1 \ . ■ ' 

: .. 6: A 'rectangular box with; square base, and open top is J?- be made from a ? 

20 ft. square .-piece of cardboard'. .'i$iat is the maximum volume of such 
a_J}OX?, ' - '•' •. , , l'[ '■ .- . * 'H-Sf 1 ' 1 .- 

7. A rectangular' field is to be adjacent to, a- riv^r and' is to have fencing 
on- three sides, the side on the. river requiring no fencing.' If 100 « 
yards of fencing, is available, find the. dimensions of the field with 
laVgest area . ' ■ ' ? • 

Q. . The sum of. two posi,tive; ; numbers. is' N." Determine the numbers so that 
' the product of orfe and the square of the other will be a maximum, 
' 9 'A .wire 2k. . inches long' 'is' cut in two, and then one <P art Is bent into 
. ' ' the shape*'of-'.a circle and.' tjjg othfer.^nto*7*«^shape*of a square. How 
* should it-be cut if the sum' of the, areas, is to be . p nii.nimum* _ 

. ' ''• '.•'-'' . ' '•' "' .jsi 

.' .'. ' ' i V 'V ' <*152 ' ' '' : 



10. Given the requirements of Number 9> determine how'*the wire- should be cut . 
if the sum of the areas is to be a maximum. 

11. '.A four -ft- wire is to be cut into two pieces: one piece to become the ■ 

' -. perimeter' of a square, the other the circumference .of a circle. Determine 

*■ « 

' how it should be cut to enclose 

(a) minimum area; 

(b) maximum' area . : ... 

12. Determine the dimensions of the rectangle with perimeter 72 feet which 
•will enclose the maximum area. 

13. Determine the radius and height of the right circular cylinder of greatest 
volume that can be inscribed in«-a right ■ circular cone with radius r and 
height h.. 

Ik. A man has 600 yds. of fencing which he is going to use to enclose a 

rectangular field and then subdivide the field into, two plots with a 

fence parallel to one side. What are the dimensions of such a field if 

the enclosed' area is to be a maximum? 

<*> ■ ■, . ■ ■ 

15.. An open box., is to be ma£e by putting out squares from the corners of a 

rectangular piece^of cardboard and then turning up the- sides. If the 

piece of cardboard is 12" Joy 2k"',. what are the dimensions of . the box 

of largest volume made, in this way? 

l6. A rectangle has two b£ its vertices on the x-axis and the other two above 
the axis' on the graph of the parabola y' = 16 - x . What are the dimen- 
" ■ sions of such a rectangle if its area is to be a maximum? 

YJi A .'stone wall 100 yards long stands on a ranch. Part or all of it is to 
be used in forming a rectangular corral, using an additional 260 yards 
of fencing for the other three sides. Find the maximum area which can 
be so enclosed.' 

... • • " 'V ' ' J 2 ■ ■ 

* l8. Find the point on the graph of the equation y = kx which is nearest 

to the point (2,l) . 

19. Find the dimensions of the right circular cylinder of maximum volume 
3 inscribed in "a sphere of radius^ >10 inches'. 

T 20. What number* mos-t exceeds its square? ■ 

- - • & 



Suppose that .'the parcel post regulations were to prescribe that the sum 
of the length and" the firth of a package must not exeed 81+ inches. . 
Find the dimensions of the rectangular parcel with square ends which ■ 
will have the largest volume and still \be allowable under the parcel 
post regulations. • - 
A rectangle has two of its vertices on the x-axis and the other two D 

above the -axis. on the parabola y •= 6 - x 2 . . What are the dimensions of 

such a rectangle if its- area is to be a- maximum? 

A rectangular sheet'of galvanized metal 4s bent to form the sides and- 
bottom of a trough so that the cross section has this shape: |_J 
If the metal is Ik inches wide how deep must. the trough be to carry 
the most water? ■ - / 

A rectangular sheet of galvanized metal" is to be made into a trough- by . 
bending it A so that the cross section- has a | j 'shape. If the metal- 
is 10 inches. wide, how deep must' the trough be to carry the mcfet water? 

Prove that tfith a fixed perimeter.*- P the rectangle which has a. maximum 
area- is a square. v - < 

Determine the area of the largest rectangle that can be inscribed in the 

* ■ 2 

region bounded by the graphs of y = 8x and x = h. "< , 

2 2 

Show that 'there 0 is no point oh the ellipse given by x + hy = 8 closer 
to the. point "(1,0) than (^>\^)\ ■ 

Find the altitude of the' cone of maximum volume that can be inscribed" in 
■ a!/sphere of radius /r. 
A rectangular pasture, with one side bounded by a straight river, is 
fenced on the remaining three sides. If the length of the fence is - 
.1*00- yards, find the dimensions of the. pasture with maximum area. 

A farmer plans to enclose two chicken yards next to his barn with fencing 
as' shown. Find ■ * 

(a) j the maximum area he can . ' . % 

enclose with 120 feet* of * ' Barn 

fence; 

(b) the maximum area he - can 
enclose if the dividing 
fence is parallel, to the 
barn.- 







0 






Chicken 


Yar£s 





In the following problems (Wos. 31-3^ meaningful replacements for the 
variables are obviously restricted to positive integers, but we mast consider 
the functions, to' be continuous in order to apply the techniques/of this 
chapter. » 

31* A' printer will print 10,000 labels at a base price of $1.50 per 
thousand. For a. larger order the base price on the entire lot is 
. decreased by 3 cents for each thousand in excess of 10,000. For how 
many labels will the printer 1 s gross- income be a maximum? 

32. A' manufacturer can now ship a cargo of 100 tons at a profit of $5-00 

per ton. He -estimate's that by waiting he can add 20 tons per week to 

the shipment/ t)Ut that the profit on. all that he ships will be reduced 
• 25^ per ton per week. How long will it.be to, his advantage to wait? 

33.. A peach orchard now has . 30 trees per acre, and the average yield is 

'1+00 peaches per -tree. For each additional tree planted'per acre, the f~ . 
average yield is reduced by approximately 10 peaches. How many treps > 
per acre will .give the largest crop of peaches? \/ ^ 

3I+. A potato grower wishes 'to ship as early as possible in the season in ■ 
order to sell at the best price. If he ships July 1st, he can ship 6 
tons at a- prof it of $2.00 per ton. By waiting he estimates he can add 
3 tons per week to his shipment but that the profit will be reduced by 
dollar per ton per Week. When should he ship for a maximum profit? 

35. A real estate off-ice handles — QQ apartment units. When the rent of each 
unit is $60.00 ^er month> all units are occupied. If -the. rent is in- 
/ creased $2.00- a.'rnonth, on the average one further unit remains unoccupied. 
Each occupied unit requires $6.00 worth of service a month (i.e., 
repairs and maintenance); What rent should be charged in order to obtain, 
the most profit? • 

^36. A right triangle with hypotenuse k is rotated about one of its' legs. 
Find the maximum volume of the right- circular cone produced. . 

37. Determine the dimensions of the rectangle with greatest area which can 
.be inscribed in. a "circle of radius R. ^ 

38. Determine the dimensions of the rectangle with greatest perimeter which 
can be-inscribed in a circle of radius R. 



2-9* Rate of Change 4nd Velocity , 

' The" derivative f* of a polynomial function f has been defined as the 
function whose, value at a is the slope of the tangent line to the graph of ; . 
f at the point (a,f(a)). V 

In many- physical situations the value f«(a) can^also be interpreted as- 
velocity. "Let us look at an example. 

Suppose a solid ball is dropped from a 2000 . foot tower. Let s denote 
its distance (in feet) from the top of the tower at time t (in. seconds) after 
it is released.: Experimentation has shown that s is approximately related to^. 
t' "by the . equation '■ , 



'. s = l6t . 

Thus, we sometimes- say that the fallen" distance s feet is a function f of 
seconds. More precisely, the equation s = l6t specifies the 



the time • t 
function f 



+ i6t 2 

2000 ft. 
t 



1500 



1000 



500. 




position, at t 



■10 



• Figure 2-9a . 

We wish to. formulate a suitable concept of velocity, so that we can 
answer questions such as: How fast is the ball falling after it has fallen 
5 seconds? To do this we first .define the average velocity in. the time inter- 

T * 

val a < t < b as the ratio : , 



f ( b ) = f ^ a ) feet/second.: 



-This is just the ratio of the distance traveled" in the time interval to the 
length of the interval. € . 



\ 
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' '*' .':«.•' 

For. example, in the interval U.-J < t < 5-. the. ratio is . * ,% 

Therefore, the average velocity between U.5 and 5" seconds- is 152'. ;^t/s"e6V i '.:^;. , ; 
In the interval 5 < t < 5*2 the ratio is / 'I 'f^f.?*^:'; ?! f 

, ' • 16 : (5 .2> 2 : 16 : (5) 2 U32,6U - hoo _ 6 2 • ' 
'•' • . 5.2-5 " 0.2 • -i&3^,. 

: . i ! - {^•■:'^'^' v 

whence the average velocity between 5 and 5-2 • seconds is 



Suppose that h is a small positive quantity. The average ^^Q^^yxx,:- 
the time interval 5 < t < 5 + h is then . -': V . " i 



f(5 jt h) - f(5) ft>/sec< 



This is just our old friend, the difference quotient used in appro/ximat^ 
derivative. We knpw that if h is small enough* i^hep ^ . .; ' • : V"-"'"--'V-' 

In other words, if h is sufficiently small,' the average ^e^^^;^^^ : <^ : ^ ,/ t -,::, ; 
interval 5£t<5+h.is approximately e<p^^ 

f f at the point where . t = 5- It m seems,, appropriate '* to say.: ; ftiat-; the •' .velocity- .;, p 
at time t '= 5 is just the number approximated tfy the avera^ : ^el^c^y^pvffr ; : 
a* small time interval 5 < t '< 5 + H , <y <'5^ 

We thus adopt the definition: : ' *' ' ^ ■ , :v : ] v;/; V'-^^ » v'v :V ' 

% The (instantaneous) velocity aftery ^', seconds -is given;. ^ 

the value of the derivative* at tim'<| ; t\ $ : ; .V;/. : ; *i ■ . V * ; ; ' / . 'i { ' J / V 

Jn .our example, "f* : t -* 32t ..arid. . f , (5)" " i60, ; so ' J ^%r^*^^^^y^^'k : \' ' - 
'5 seconds. Is 160 ft/sec. , • ';. . '■' * ' j 'i'-T.' - . 



n summary , the f unct ion 



f Y t U s i6t 2 :. : 



describes the position of -the ball. at time: t, while . ; 

■ f V: t -> v = 32t\ _ • ' ' ^ J 

describes its velocity at time ty/ In other : Wood's > the ; :;d&riv^ 
measures the rate of change *a/t that point .-; V.- : . * 4 "'■ ; '■ '[ '. '\ 



. ' Example 2-9a . What is the velocity of .the ball dropped from the top of 
the 2000., foot building at the time it strikes the ground? 
The distance function is . 

. f : t -» l6t^ 

and the ball is dropped from a height A f 2000 feet. Setting^ 

■ --. : — iftr. = 2000, ' ■. . . • . 

we see that the ball strikes the ground when < & 

: Since the velocity function is 

f l : x -> 32t, 

we find f'(5S) z 357 -8- -Therefore the (impact) velocity after 5^5 sec 
ik. approximately 

„ 357-8 ft /secy r> ^' 

- '*'.;*;;?*• ■ 

Example 2 -9b . A car is being driven at the rate of 60 mi/hr (88 ft/sec) 
when the brakes are uniformly applied until the car comes to a complete stop.. 
Suppose that the function " 

■ t 2 

•• • ■:• . f -= t ->33(t - . 

\ describes ithe distance s = f(t) in dTeet traveled in. t., seconds after the 
v / brakes are' applied. How many feet does the car move. before it stops? 

A^V-HThe velocity function is 

A' .;>■;•. V l, _ ■ ■• 

l^ltft, ■ ' ■. ■ ■ ~ i^_4^->-88- ^ t . ; V 

' ' ' ■ • ■ • . k ' 

,:^^|ar will stop at the -point where the. velocity is/ 0. Solving f f (t) = 0 
- Since *f(5) = 220 the distance traveled in 5, seconds is . 

O^'ft^lll^s- often useful in other situations to interpret the value' of the deri- 
' ■' , ^^1^^^3kifi>ate' of change. . Thus for a given polynomial function 



f : x ->f(x) the average rate of, change of f . in the interval a < x < b 

.is defined to be u .— — y ^ 

■ f(b) - f(a) " f / *; i 

b - a * ' 

Since this approximates f'(a) when b is close enough to a it is appro-- 
priate to refer to ■ f'(a) as the (instantaneous) rate of change of f at the 
point x = a. This is consistent with our interpretation of, f f (a) • as ~the 
slope of the tangent line at x = a, for the slope of a line -does measure its 
rate of rise (or fall). The tangent line is the line of "best fit" -near 
(a,f(a)) and hence its slope (rate of change) give's a measure- of the rate of 
"change of the graph of f at that point. 

/ ■ *■ ■ 

Example - 2 -9c . The .volume, of a sphere is a function of its radius. Find * 
the rate of change of the volume with 'respect to the radius. What is ft this 
rate of change when fchei.xadius i s ' 6 inches? 

.Letting .V denote the volume (in- cubic inches) and r the radius (in 
inphes) , we have 

In otherwords, if we let f denote the function f : r ->-.itr , the volume 

V is given by V = f(r): (in cubic inches). The derivative of f is * 



The rate of change of the volume V with respect to the radius r is thus ■ 
kitr ; when r = 6, the t volume. is changing at the rate of 

[ » -A-' Ikkn in. / unit change in radius. '• 




Exercises- 2-9 

(a) Determine' the rate of change of the area of a circle with respect 
to its radius r. Compare your" result with the formula for. the 
circumference C of a circle in terms of 'radius r. 

(b) What is the rate of change of the volume of a sphere with respect 
.to its radius ' rf - Compare this "result with the formula for the. 

"surface area s . of a Sphere in terms of radius r. ' 
.A certain motion is described, from the. time, t = 5 until the time 
t = 8, by the equation 

' - . . s = f(t) = 2t 3 - 39t 2 + 252t - 535. 
(a) We submit that- if the • distance s at time t is given by . 

s = f(t) = 2t 3 - 39t 2 + 252t - 535, 
then the velocity .v at time t is given. by 

v = 6t 2 - 78t + 252. ; 

Explain, why this is" true.- 
■(b) Sketch the graph : of the function • ; 

' "'' f : t -»s = 2t 3 -39t 2 + 252t - 535 ■. 

.•• on the . interval 5<<t'<8. 

(c) Sketch the graph of . . , 

f t : t -»v = 6t 2 -'78t + 252 . 
^oh the same interval [5,8]. 

(d) Determine the zeros pf f * . . 

(e) When does the particle whose motion is being described .come to rest 
for an instant as it shifts direction? .... ' , . 

' (f) . When is the particle the greatest distance Wits starting point 
■ .'■ ' on [5,71* ' ^ "* 

(g) What is the greatestdistance of the particle from its starting . . 

point/ on'' [5,7.3? 

■ ( h ) When is the ne& time on i&i when the distance of the particle 
from its .starting point .is. as great. as its greatest distance on. 

' \ . C5,73? . ■'*■).'.. 



(i) When is the particle the greatest distance from" its starting point 

on [5,8]? , • . ' 

(j) When is the speed of the particle the greatest on [6,7-3? ■ ... 

Let us assume that" a pellet is projected straight up and after awhile 
comes straight down, via the .same vertical path to .the place on the ground 
from which it was launched. After t seconds the pellet is s feet 
above the ground. Some of the ordered pairs (t,-s) are given in the 
following table. .■ . .' 







1 


2 


•3 


■k 


■ 5 


' 6 


7 


8 


9 


10 


4 




Ikk 


256 


336 


38k 


kOO 


38U ' 


336 






6 



We shall' intentionally avoid certain physical considerations such as %ir 
resistance. . Moreover, we shall deal with simple numbers rather than 
/quantities- measured to some prescribed degree of accuracy-'<which might 
ari$e from the; data" of an actual projectile problem in* engineering. 

(a) Interpolate from the data given- to; determine' the height/ fig the 
projectile after eight and nine seconds -respectively .. . (.Guess, . 
using symmetry as ypur guide.) Does . extrapolation :-to find values 
of s for t »= -1 ; ' or- t = 11; make sense on physical grounds? 
After how many seconds doe.s t the projectile appear to have reached 
its maximum height? What seems to be the maximiWheight? 

(b) ^Do'es s appear to be ? function of ; t? * If so, discuss the domain^ . 

and range/ taking physical considerations into ^account. . 

(c) If we were*' to plot a" graph of .s = f(t), 4 ', - * ' 
(l) is it plausible on physical grounds to restrict our graph to 

the first quadrant? * i ■■--«'. > 

.. (2) Does the data suggest that the scale .on t the s-axis* (vertical) 
•• ' should' be the same as the scale on the't-axis (horizontal)? 

■ 'W' 1 

(d) Keeping in mind- your responses to part (c),. plot the ordered pal,rs 
(t,s) from 'the table. Connect the points with a ,smooth curve • 

. .... What is. the name of the function' suggested by. the graph? . On 

physical grounds is it feasible that there, would be a real value of 
* ' s ^for % every real number assigned to t over the interval 

0 < t < 10? Were we probably justified in connecting the points? 



± . , \ • • . - . • • ,f ■ 

'(e) Assuming that the'equation s ■= f(t) = At + ( Bt + C was used to 
' develop the entries' in our' table, find values'for constants A", 
B, and vC. ' - 

^ (f) Sketch the graph given by the equation s = loOt - lbt over the 

'« •'. • ^ • interval 0 < t < 10. Using a more carefully plotted graph of the . 

above set, connect the point where t = 1 wi-th^the point where • « 
' • . v t = 2 with a chorcfr What is the slope of this chord? Estimate^ 

'the "slope of the curve at t = 1. and t = 2/ ^ . f . ' 

' (g) If! the units of s are feet and the units of t are seconds, what 

'J/ . are/the units' pf slope? What' word is commonly associated with this 

' ratio of units? What would y^fguess are the physical interpreta- ■ 

j . tions of positive, zero, and negative values of this ratio? 

...(h) Draw the. graph of ■ v = 160 - 32t over the. interval 0 < t.< 10. 

Compare the values of v for t = 1. and t = 2 respectively; with 
your estimates for the slopes of the' graph of s = l60t - l6t in 
part (f). 

(i) .Average the values of ,v for' t = 1 and t = 2 and 'compare this 
average with the slope ^of the. chord connecting the points where 
t = 1 and. tV 2'Vin.part (f). . * . f 

(j) IfHhe units of V^are ft/sec and the units of t are seconds, 

what are the units of the"slope of .the line v- = l60 - 32t? What 

m 

word from physics is commonly ■ associated v\t\t this. ratio of units? 
Does, the minus sign along with the particular numerical value of 
this slope have any special connotation from you experience? . 

A projectile is fired straight up and after awhile comes straight down 

via 'the same vertical path to the place on the ground from which it was 

2 

launched. After t- seconds the projectile is s = l60t - l6t • feet . 
above the ground. . ^ , ' 

(a) After how many seconds does the projectile strike the ground? • 

(b) ' What is the .velocity of the projectile aifter t seconds? 

(c) What is the initial velocity? . . 

(d) What is the impact velocity? .. 



* 



^In anticipation of Section 2-rlO. 
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(e)j" : HQv hilgh' -is /thevprbjec^ile -Qfter V' seconds? .... 
(f ) •• How \high • 'is . the projectile a^ter 6\ seconds? 

( g ) '\After how ma'nj. seconds' does' the projectile 1 , reach its .maximum height? 

(h) \. How high does the projectile go? >; ' , 

(i) " .. 'How .far has; -the projectile traveled after - 6 seconds? ■ ' 

A ball is", thrown upwards from the ground so that .after • t seconds its * 
height s /feet is given by' the function. ' . ';. • ■ 

, V '.f :. t:^ S = 9% - l6t 2 . \ • ; 

(a) The .path of the ball,.is .straiight upland straight down. What is the 
graph' o£ : the function f? .V.; 1 > '■ ' • 

(b) Whatis/the derivative- of' -f? : .WhB^-i's .the.'. velocity function? . 
. (c) • How high is 'the': ball a:fter/6n| secojid? [ ■■ A .V/-. 

, (d) .How high is the ball- after /seconds?: .. ,'; 

( e) ^ How' far hVi the ball traveled" aft' er 5 . seconds? • ) 

(f) -.What is the., itiitial ^felo'city of /tWe'-ball?* ., ■ * 

(g) . ; - How long is the ball in: the air? ^ ■ ■ ' ••; 1 

(h) What is. the impact. ' velocity when 'the. ball strikes the ground? ' . 

What is the, constant acceleration acting upon- the. ball? - . . 

(j)" Give a distance function '■ -g .V'^t ^ s/\ ^ere^-.s is the number of , 
■ feet above the ground after ' '■t./.seconds.V,appr6priate for the^ situa- 
tion if the ball were thrown straight upward with an initial velo- 
city of 96 ft/sec. from a tower '200 : : 'ft .' ; high. - 

* : ' ' > :■ .:' • . 

(k) Give a distance function ' G , : :'t -> s,.- where s is the number of 

"■; ' ; " feet above the ground after 1 7 seconds appropriate for the situa- 
tion if the ball were. thrown straight /downward with an initial 
velocity of. 96 ft/sec from a- tower 20O feet high., ■ 

(i) Give b distance function F . : 't ->,s, where s , is ..the number of' ' 
feet displacement from the top of the tower after ' t\; seconds if , 
the ball is simply dropped from'the top of- a tower. ^ .' - 



In anticipation of Section 2-10. 
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.•6. -The velocity of. an object t whose location on a straight line a% time 
• t = t Q is given ^by s = f (t) y is. the limit of the ratio 

. '•' . f(t) - f(t 0 ) ■ : • : ' • 



as' t approaches. t Q . This limit is the!' value of the derivative: f< at 
• t = f \ Experimentally it has been Established that- the distance covered ' 
In time t by a freely falling body is proportional to , t , and there- 
fore it can be represented by. the function f f : t ct , where, c is a * 
' positive constant. Show that the velocity of a freely falling body is 
directly proportional to the time. , « ■ * 

7- '.Suppose a projectile is . ejected with initial velocity of v Q feet per 
second, at. a point P which is *20 feet above the ground. - Jfeglect ■ 
friction, and assume that ^the^rojectile^moves.; up and .down in a' straight ..... 
line. Let. f(t); denote' the . height (above ■ P) in feet that othe^rojectile 
■ . attains t seconds after ejection.' Note that if gravitatji^nai-attraction 

were not acting on the. pro jectile, it -would continue/to move upwa.rd with 
■ .. a constant velocity traveling' a aistance-of v Q feet , each second, so 
■ that its height at time t would be given by : ' f (t) = v Q t ; We know that ■ 
V ■" the force, ,dr gravity acting, on the projectile causes ■ if to slow down'until 
its^ velocity;, is >ero and then travel back to the. earth,!. Oh the feasis of ; 
physical* experiments the formula . 'f(t) =. v ft t - f t 2 , ; where g represents 
. the, force of ' gravity is used* to represent the height' (above p). of the 
projectile as long as it is aloft". ' Note that * ; f (t)< = ,0. when ; t = 0 aud 

.2v n : 0 : - " 

when t • = — ' This means that the projectile returns to the initial 

■ 'fit. x. . " .:■'■".,.■''<.." '■ 
' • • • i ■ . 2v - ■ \ . ' 

■' . 20 foot level -after " ■ — r- 'seconds. '■ .. / , • 

■ 6i .:^ • • , ; , r. , ■ >' 

(a) 9 Find the velocity of the projectile at t. = t Q (in, terms of v Q 

- .)''*.$ ■ . '.and. g) . ' ' _ - ■? . . '■' ■ V. ■-;■> ' . 

■' ' . (b) Sketch' the s v^s . t and the v ys*. t graphs on the same .set of 

• 7 • • axes-. .■ ; • •■ ..'.•'■'■:■.*', 

■ .'.V- .('c).; ( . Compute '(in terms of v Q ) *the time required for., the ^velocity to ■ \ 

° — •* ' fir'op to zero. * . ^ ■ '« 

: ' '■" . v': • "'•'•,-> . ' - '.. ■ . . - '•. 

ir ' (d) What is the velocity on return to the .initial 20- foot level?. 

■.' ' ■"»;'•'■ ,■ ■ ; » : < ' . .*' ' '■ .' ■ - ■ ■ 

■■■ (el" Assume that the projectile, returns to earth, af a- point 30 f ee1>^ 

.' ' v " ' below the initial take off point . vmat is the 'Velocity at. 

f . ' 'inipact?- . ' . • \- • . . r . ^ - .< 

' • :. . • \- ■■ 156-.- " . ' : 



'8, 



Spermine, the^ average velocity;, of a car for V^tal . trip # rf ; it- averages 
60 miles per hour, going and » 30 miles, j^er hour returning. 

The/location of an object on a straight line is given by the formula^*' 

. -j.' . - ~ - - and r are^feal Siofctants . ■ Fi$d all 

instants of time when 



tie object 



sf&d show now the hummer of 



10. 



such instants" depends on the constants p r , q^^and r. *D 

For any 'but the very simplest motions," the function f describing the 
location at, time t is unLikely.to.be expressible inherits Of a single., 
formula for the entire duration of the motion. Here -is a more plausible 
. description of a motion: 



■ 9 



' f (t) - 



* - 1 >■ 



-t 7t 

2 -2 



29 . 



5 

2 ' ■. 



77 

- 12t + J 5 L 



0 < t < 1 

^ t < i' 

S < t < ; ^' 

2 - ■ . - 2 

1 < t < 6 

' 6 < t < 8 



■'. (a) . Determine "the function f • ' :. t -> v that .describes the velocity of 
; the motion with location s "= f (t) . V . ' \ 

(fa) It: is claimed .that f :. t -> s 'anj3 f* : t->.V are functions-. What 

has to be checked. to verify this? Does it check? Show the graph . 
• each, of these functions 'on the same axes-. ' 

(c) During wha^t time ' intervals, do you think the velocity is increasing? 

decreasing?* ■ ' 

, , '. . ■ ' . . « 

(d) Poes the object spend any. time ' between . t = 0 and t = 3 standing; 
still?. Does' it have any other instants of zero velocity ^during the - ... 
motion? v ■ ■ * / '. * " ■ 

11. Find .the ..velocity of. an object whose location along .a straight line is 

"2 O , Cw ' 

..described, by • the equation ;s = 128t - l$t . ^.Sketch the graphs of s'vs. t 

•and v .vs . . t on the same -set of axes. . . \ . " • ~ % ■ 

■ ■ ■ . * 

"* (a) During what' time, interval' or intervals is the object moving toward . ; 



m the. location- s = 0? . • 0 
(b) 'What are the values of v and ,t when s is a .maximum? 
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12. 'a ball; is thrown upward- with a velocity.'^ 32 feet per &econ^. Its 
height a s - in f£et after t. seconds Is^described by. £.he equa- 

v (a} What is the velocity Of- the ball. when its hf^gfrt first reaches 



12 feet^ When it again reaches' 12' . feet?. 

. . ^(J)) How high does it -go, and liov long after jeing. thrown^'es the ball 
•. ' reach its highest position? ■ 

. - ■•• ' ■ , ■■ ' ■ . * ■ : ■ • 

13.- "An object is. projected*up' £ smooth inclined plane in a strai&it line. 
M : " -4* i 

Its .distance " s in feet from the starting pointy after' ' secofids.is 

•«a ' 1 2 .■ »i ■'■«,■ 

-described by the -equation"'. - s 6kt - 8tr . Afte^>the object ^reaches its 
' * • ■ 

. highest point it slides back Slong its original path to ttte starting 

•pointy ccording to the. equation s = 8(^\^>£^ H * re 3 £ s <s* he !» diS v 

tancp of the object ..from '*the highest^point and /t* is^ the time it takes 

the object to reach th'e^.highest po,int.' ' - '*. * ' .* 

(a) Determine how ^bng it takes <tfor-.*e, Object td^make the up ar;d down • 

(b) ' Sketch the s vs. t : graph " f 02s the u^^nd down motion^ ing one ' set 



•....of coof^^tes. Bo the sAe for t£e v T vs. t graph. 



'4$ ■ 




.-"WW-. 



>)■• 
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2-10. ' -The Second Derivative 
» , \ 

The derivative of the. cubic polynomial function 

... (1) f ^ ->x 3 .<- 3x . 

is the -quadratic polynomial G f unction „ 

. if • a- ■■ 

'•'•>.-... « . - " ' ■ 2 

'-. ■.. " f 1 :- x 3x - .3- 

c? . 

The function V also Has a derivative, namely the function 

■ & ■ A 



> 6x,. 



cfelled. the second* derivative* , of »f . The common natation for the second deriv 
tive of f is f" Thus we have ■ ' 




■'■ • f " : x -» 6x, 

obtained from* (l) by 1 differentiating twice. / 
■ ' w ■ i - ' 

The value f'fx) of the derivative at x can be interpreted as the 

slope of the tangent to the , graph of f ■ at, the point (x,£(x) ) . The value ^ 

f M (x) is thus" the slope '"if "the tangent . to the graph of f 1 . at the point 

' (x,f f (x)). The sign of the second derivative and its zeros give useful Infor 
mation about the shape • of the graph of f. 

• * , Consider again the function ; ^ ■ # 



..and its 




st two ueriYatives"* 



f : x x- 



3x 



f 1 

f" 



-x 

X 



> 6x . 



We knb^tliat ' a .polynomial^ function is ir^Kea'sing^over . art interval if its 

. derivative i$ positive a#er that interval. /Since f M (x) > Q for positive x 

' we know that is increasing for x > 0; V since f"(x) is negative vhei> 

* * " • * ^ * v , ■ . 

x is negative, the- first derivative ^s* a decreasing function when x < 0.-* 

■ ffc - : ' : t- 

* . If 0 < x. < x^, then *the slope of the tangent at '. (x, ,f(x )) ~< 

<2j 1 ■ 2' ■ ^ ■ :•. J- , 

' ^ ' is smaller than the slope of the tangent at (x^f^)). - 

# ■ ' . * ' 

. If x, < x . < 0, the slope of the tangent at '1[a^,f C^) ) '••'is 

■ - 4 larger than the slope* og- the tangent at. [x 2 ,f(Xg)). 

L ■ ^ * ^ 

Observations (2) and. (3) are' illustrated in Figure 2-10a* .. . > 



the slope at A 
exceeds the slope 
at B . 



the slope at C is less 
than the slope at D 




Figure 2 -10a 



f : x -> x" 



3x. 



This discussion leads to the conclusions that the .graph of f is bending 
(or flexed) downward to the left of the origin (as its* 'slope is decreasing) and 
bending upward to the right of* the origin (as its slope, is increasing) . . The 
wor ^ convex is often used in ^lace of the phrase "bending upward," whi^e con - 
cave is used in place of "bending downward."*. ; - 



We say that 



a function f is convex in the interval a < x < b if- its " J 
graph- in this interval lies above its tangent at any point i 



in the interval. 



The definition of concave is obtained bya replacing the word "above" by ^he 
word" "below." 

1' The slope of the tangent line at a point (x n ,f(x n )) on the interval 
' a < x^ < "b is f*(x^) so that the . equation of the tangent i^ine- is 

% . y = f(x x ) .+ f'( Xl )(x x t ). : ? . 

This line given by the above equation intersects the vertical line given^ by 
x = x^ in the point ' * 



■ *It is more' common usage in elementary courses to. employ cofrcWe upward 
in place of convex and concave downward in place of concave ^ 




■ ' x 2 , tU x ) * f'(x 1 )(x 2 -\) ' 

This point will lie below (x 2 ,f(x„)) if and only if y . 

(5) '. ' f(x„) >f(x x ) + f«(x 1 )(x 2 - x x ). • . 

Therefore," the condition that f be convex in the interval a < x < b. is ' 
the same 'as the condition that (5) hold for all ^ and x g in the interval 
with x x ^ Xg.. (See Figure 2-10b.) 




x 2 ,f( X;L ).+ f'(x 1 )(x 2 - x^) 



H *- 



a- 



X l 



, •-• ' '. Figure 2-10b ■ .. .* 

\ A*function which is convex over a < x < b. 

One consequence of this discussion is that if c is a point of infiee- ^ 
tion.for f then f.'(c) must be. zero. Recall that if c is a point of 
inflection then the graph of f. crosses its; tangent at. (c,f(c)): If ; 
f(c) >0 then the -graph of f is convex near (c,f (c)), . so the graph near , 
(c,f(c)) lies above the tangent line at (c,f(c)) ? . If f"(c) '<0, then the 
\ graph of f near (c,f(c)) lies below the tangent .at (c,f(c)). Thus, >f 
the graph of . f crosses its tangent at (c,f(c)) we'n,ust W f"(c) = 0.* 
V . .The converse of this may 'be false, that is, . c can be a zero of f". 
without (c,f(c)) being an inflection ,point on the graph of f. ,(CongWer 
the graph of f : x at the origin. See Exercises 2-10, No. k.) 
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If we' reverse the inequality in (5) v/e obtain a description of c'oncSvity .' *.' * v 
The graph of a function is convex or concave according as the second- derivative 
is positive or negative (as we shall prove for all fun-etfton's* in Chapter- 8) , .. \ 



Example 2 -10a . Discuss the convexity, concavity, in crease JK)rae"cr.ea se ' 

of " ' ■ . . -V.-.' 

■ k 2 \ :' ' ' •• ••' • " 

f : x -* x • - 2x + V "*.V< " ■ • 

■and use this information to sketh its graph. '"• 

Intervals on which the function is increasing or decreasing can/ be* deter- ■'.] 

mined by ' sign of the derivative ' ; 



tie qfritical 



f 1 : x ->kx^ - kx = l+x(x + l)(x - l), 



The Critical points are (-1,0), (0,l), and (1,0) . Analyzing the si|n ; of f* ' 
we ffcK c|n elude that the graph of ' f ■, 

falls to the left of (-1,0) ;" :\' ; ; 

rises from (-1,0) to**(Q,l); :A ■ : - 

■ v . falls from ' (0,1) to (l,0>;v ■ - • ■ ■ ■ 

rises to the right of ,(l,0) . -, * ■ * ; v 

Convexity and concavity are determined by the sign of . the second denva-.V M 



tive 

. f " : x -* 12x ? * K ' 1% 



2 - I2(x +: (x - / v . V- ■ : :>/ ? -- : 



We observe that ' ■ ■ - ■ , ? 

' . ' ^ > ; f f, (x) > 0 , ■ ' ; j// 1 '""^ 

if x < - /| or .x V /l and "f"(x) ■<:<?■ 'if "•- '< x /< : V - ■ 

3 -3, ■ , .. ^ •■-£,?■ .4 •^ J , v r S>^--. , 

The points ! ( / 1 , £) and, (-/-., tt) are points of inflection si^6e^ : ti^ v ; ' _ -) 

o ■ y 5 y a . -' . • ' v, *. I ' 

graph crosses its tangent ' at these pointawg^The graph' its'**,? 



convex if xr < ^-, o? o^^ x ^J^ .^ * ^ ^ . ^ . ^ ; 



■ concave 



In Figure 2-10c 



Ve . sketch the ^ ra P n of^:^ -iiis$^ 




»''V."' > . •* Figure, 2 -L^S. , ;V ^ •; • 



■^describes .the 



its"'! 
.can 



ifcai. solid 
top 6"f.*thV ■tower'' a: 



' • •.; ; ,S. V ;^'-''-'^"- . '^--r. ' ' v • & ■ V : 

*■ ' From: Section ■ 2^^e''^nto'-- ^a^if V' polynomial 4 f iinctidn' if ^d.e 
posit£bri of a moving ;^§ject'at time? t ':then.4ts derivative will describe 

.the rate of change ^.v^oeity) bf> at lime "■ t^ ^he^ra^pf change -of velScity^ 
-usually- .called acceleration / tjhuS the value ■ df^the se%nd derivati^f $ 
' /b&^nter^r^^ v \, . 

i'd ? .traiiL : .-is ' ; d-iipppeS : /f rbnria ;ipwerr^ :'4l5t^hc?p' ' s v fieet from -the- A 
wer 1 . after -?t seconds l's^xven b^%fe^, Value a-iDX ; ;tte' function ^ ■* 

(6)v " : ■ '•; • t,^ ; >=- i6^A^^. .v*$ f, ; -j 

The- . derivat.iYe -of the- di-stanc^ is'jthe velocity function 

• 0 . -f-t v t ^ 3 2t,J ; ^ ,> • : : 

ftthe .VaJLue f 1 (t) representing the yel6city/..Ci6 ^t/se^) at time t. 



^The second dei.iV5a£iye : 'of 1 ^theVdis^nce^ftinplfioji"' :.f^ 

• * ':":-V ■ "•' V' -<V.^ : L r .^' ; • > " W 
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The acceleration, of the ball' after t seconds is constant and is . 

(7^ . • . « . 32 feet per second per second. * 

In other vords, the velocity is increased' by 32 feet per second each second. 

In Chapter 10 ve shall .establish that (6) is a consequence of the assump- 
tion that ; the acceleration is given by (7) J. and, more generally, that constant 
acceleration implies that the position function must be quadratic. ■ 

Example 2^10b. Suppose that the function. ' * 

; x • ■■ . ; * f : t ->s = 88(t - £5) 

describes* the distance s feet traveled in t -seconds after the' brakes are 
uniformly applied to a car moving at the rate of 60 . mi/hr (88 ft/sec) . . 
Shov that the acceleration is negative. 

The derivative of the distance function is. ttak velocity function 

' f t : t ^88 - ^ t 

'and the derivative of the veldci'ty 'function is the' acceleration- function 



. Therefore^ the acceleration after t seconds is - -y feet per second per 

second, vhich is indeed negative^cceleration (deceleration). This reflects "... 

the physical fact that the. car ' Jfeovi^dovn- due to the application of the 
•. brakes. The fact that the acceleration's constant is based on the .assumption 

that braking is uniform. (Due to brake fade, the pressure applied to the . . 

brakes must increase to maintain a ..uniform deceleration.) 



. Exercises 2-10 

What is the acceleration at time t of the particle whose -motion is con- 
sidered in Number 2 of Exercises 2-93 
Determine . the second derivative of the function 
f : t 2t 3 - 39t 2 + 252t,- 535- , ■ 

Recall Examples 2 -9b' and 2-10b.;- . - ■ 

(a) . For a car traveling at' 60 mi/hr, how many seconds are required- 

after the brakes, are applied (and held) before the car comes to a 
complete stop? v 

(b) How far will a car traveling' at' 60 mi/hr, go after the brakes are 
applied? 

(c) Suppose at time t = 0 the brakes are applied on a' car moving at-/ 
velocity- 60 mph and kept on until the car is brought to a stop 

^ 'producing a constant deceleration (negative -acceleration), of Oiv 
ft/sec 2 . Give an approximation, for a to "ensure that the> car will 
continue to travel only 100 ft. after ^he brakes are applied . . 

( d ) Using .your ' approximation for d from part (c) , determine W dis- 
tance the car would require to stoj? J if it were traveling at 30- mph 

• Characterize, the origin for each- of the following' functions. ■ 

(a) f : x -> x . . 

(b) , f :■ x ->x* - hx 5 V; : 

Consider the function • ■ ». / ■ * 

' . . # ■ ■• X ■ ■ . '. 

f : x ->Ux 5 + '5x i+ -■ 20x 3 - 50x 2 " 

(a) Find f f (x) and f"(x). .''V; " J 

(b) Characterize each of the points (-l,f(-l)). and (2,f (2)> . as 7 
■ f ■ maximum or- minimum - - . ■• , „. . . . 

x^ ^x 3 r 1 

. Consider the function f : x -> -y - -y- + x on L J - 

(a) Determine f'(x). 

(b) Determine . f" (x) . ' 
'(c) Evaluate f V(-l) . 

(d) Evaluate f"(-l) .. • • ' 

(e) Describe the behavior of .f on ,[.-2,-ll. 



(f) Describe the behavior of f on „ : 

(g) Describe the behavior of f on [.1,2]..' 

(h) : Sketch the graph of ' f pn r .[-2,2] . ^ • j 

Determine, the relative, maximum point .and'' relative, minimum .point of the 
graphof.- . . ; ■<■'.,/ ■ " ^ ■ . ■ . 

A - : • "; - f : x -> (x + 2) 2 (x> 2) . ■ <> . ' . 

8/ Sketch the graph of 

f : x -> Ux^ + 5x^ - 20x 3 - 50x 2 - UOx. 

(.See No. 5-) ■ , . 

• ■ • • o p ' ' . 

*9- Sketch the' graph of f : x -> 2x J - 3x - 12x f 2, • indicating relative. 

extrema and' point of inflection. ■■ \ • p \ 

10. The> point (l,l) lies on the ■ graph of each of the following polynomial 
.'-functions, for which is this point (i) a relative. maximum, (ii) a - 
relative minimum, (iii) a point of inflection, (iv) ripne of these? •■ 

(a) x -> 2x 3 - 6x 2 + 6x ' 1 . . '■ 

(b) x -> 2x 3 - 6x, + 5- • '"' , ' N S J : 

■ (c) .x -> 2x 3 -,3x 2 •+ 12x - k . . 

.' . (d) x ->2x 3 - 3x 2 - i2x i^ih. . •' 



11. ' Consider the* function f : x -> x + x - 2x - 3x over the; .interval 
" " " 2 < x < 2. ( 

(a) , At wha*t points is a tangent to the graph of f horizbntal? 

(b) What are the relative minimum points? - - o ; . '. 

(c) What is the minimum value of f? , . - ' • 

(d) What is the maximum 1 value of f? 
" •' (e) Sketch the graph of f . ,. 

12. Classify each of the points;'; (l,0), (2, -2) , v and (3,-M on the graph 
of x -> X*?. - 6x 2 + 9x- - h as a relative maximum, a Relative minimum,, a 
point of- inflection, or none of these. * • - 
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The figure at .the left shows four 
polynomial graphs and their' common 
tangent, y = 3.+ | at .(0,3). 
Match each graph (A, B, C, D) 
.with one of .the following equations. 





y 




A^ 






, •. 0 


X 



(a) 


y = 


3 


".2 


x 3 


(b) 




3 


X 

": 2 


2 

X 


f c) 


y = 


3 


X 


2 

X. 


(d) 


y 


3 




* 3 



(•V 


y 


- 3 


X 

+ 2 " 


x 3 




y 


= 3 


*•• ± - 
2 


' 2 

X» 


( g ) 


• y 


= 3 




x 3 




Cy 


= 3 




x 3 



Classif^'the point ',(2,0) V for each of the" following functions. 

(a) x -»(x - ?.f \ •'" _ . • 

(b) x -> (2 - x) 3 



(c) 



(x - 2)' 



Find and classify each critical point (local extremum or point of 
inflection) for each of the following- functions 



(a) x -* 2x^ + 3x^ 



12x 



7 



(b) x ^x" 5 -12x> 16 
. (c) x -> -2x 3 + 33C 2 + 12x + 7. 



(d) x -» (x - ire* ^ : ?y 

Consider the function .Of 



x -* x 3 - 9x 2 +' 2Ux - 187 



(#) Determine f • . .*." '-' ' •■ 

(b) . Locate the Relative maximum and minimum points of f. 

- ■. * - • . % ' • "... 

(c) Determine f% • 

'.".'■ ,■ ■ .' ' 0 

(d) - What is the- point iOf .inflection of the . graph of f? . ' . . 

.(e) What is the slope of the ■ tangent, to the graph of f at.* (3,0)* 

(f) Determine ,f'^3 + k) and f'(3 ' . ' 

(g) Sketch ttfff graph of fV '. . 

(h) Discuss the symmetry of the graph of- f. 

. b> . .'• 



2-11. : Newton *s Method- 

Iris Section 1-7 the method of repeat eel bisection was presented as a means 
for approximating "zeros of a polynomial: function, 'in. this section we present 
another method, known as' Newton* s ■ method for approximating such zeros.. Tlfrs. 
method, makes' use of the derivative and is more efficient than repeated bisec- 
tion, ' v \. _ r . . • • . ' ' 

Newton f s method proceeds as follows. Suppose f is the givenVpolynqmial 
function and we wish to , approximate the real zero r. By inspection of the 
graph of f , synthetic substitution,, repeated bisection, or some other device, 
we obtain a first approximation of r. Let us call this first approximation 




line at. 



If the grajh-.pfi;^'.?'.. looks like that shown in. Figure 2 -11a, .we : should, 
expect that the > |^<^t : line at (x^f (x^) . will* intersect the x-axis at 
" .point ■Xpr' ^^^^^bW to. r . tvhan 'is x lV The tangent 
(x n , f ( x )) ' : tas 'tj^- equation " *. 1 ... . 

'"' r ; ';. y = f(x x ) +.f»(x 1 ).(x;- x 1 ) > . . 



•'. This crosses the x-axis at- (x 2 ,0); that'is.y, 



" ; o = f(x 1 V+ f , (x 1 )(x 2 - x^V;^' : 

Assuming that f^x^).^ 0, ' we can solve. for x^, , obtaining the!" formula 

v- . ' " . . f(x 1 ) ... /• 

x 2 • = x i " f , (x 1 ) / •; 
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■. We cainov repeat this process /using "-ig instead of 'x^ to ■obtain' the 
new. approximation v ' ., , ' \ *' - 

•*••'. ■ ■. x„ = oc_ 



• f(x 2 ) 
*3. "2 . f'(x 2 ) 



^(See, Figure" 2-lib.) ;■ t 




Figure 2 -lib v 



Repeating again, using ' x ? . in place of ^ we obtain the fourth approxima^||| 

t*Qn ' • " v ... .." / ^H||g 

■". ' : . . ; . / ^ . fix.) •■ , . . \ . . . i^fp' 

; $us, equation (1) 'is the- basis for an iterative* process ; h^ing arrived at 
' the. app?o?imatipn •. 'x , . we define*.- new, approximation x n+1 by . '.. 



.'. • f(x ) 
« . n 7 

■ x n+l : =JC n'"-*l/x n J 



/ * '-■• ■faampie 2 -11a . For the. polynomial function " 



f : x -> x 3 * x 2 + x - 2 ; 



.*3 



es&mafe the "value, of the; real zero which lies, between • 0 and 1. 



* *B£a method .^calculation which .consists 'of -tnerepeW 
/o^pa^ic'^rocess, especially, useful for writing a program for a -computing 
machine. t •; : x v - . 



•Since;' f(0) < 0 axjd : f(l) > 0 > ■". we know that -there is (at ^least), one f .. 
real.- zero between -;0 ' and 1. . Further calculation s"hpv^ that 

, ' '', f(0.8> < '6 • and . f(Q. 

so that the desired zero' lies between 0.8^ and- 0.;9i Let - us talce . xV > 0.£ 
as bur initial', estimate . We have f (0.8) U '-O.OAS.^, Since 0 

. ;y • <:• ■ f f :: x -*3x + £x ; ■ \-. 

we have ' • * ;' v '.' . • . *' ■ f " 

: . ■ .'••> s ; f»(o.8) '= -i.52'3 ; ;■ . ' '././■':/ ' 

whence .formula (l) ^gives- the second estimate. ■ / . : . 



V . .. x 2 T o:8 , (^) « 0.81 

Now. we calculate to obtain ' / 
■ * . .. ; ,f(o.8i) =,-.0021+59 •-. 

and, // ^ x . ' : f B (9.81)' -^.5883^ . 

We. : use (l),-with x n replaced by 'x ?J , to obtain the third 'estimate 



, Correct to two ■ decimal places the zero' of ■ f ' Is': 0.8l.' j ■ ..' " ■ ■/ 

. Example 2-13_b i "-Use- Newton's Method to "estimate 

. Since , .^3 is 'a , rdot l?f the .equation x 3 . = 3/ *^a&us J t be a zerq of the 

function •. ' . *. . " : ' ' " : - " J . : * "■; ^ 

•" ":•*; ' t -f; : ?4 ^x 3 - 3^ *..^ ;r - 

Since • f (l) and f(.2) nave QppJjTsite signs we ;^ake ' : x^' - l-.^ fis. our^iVst r 
approximation! ■■. The 4 derivative of * f Iss 




0, 



'f «:.;•': x -> 3x 



Using T.^li as 'our second approximation, we o 




Correct to two places ^/f .zjL f kk. ' '■ m • \v^ ; ''' v 

Convergence of Approximants ' - ^ ; 

■ We van^^^^3?oxim^tfe a* real, zero- 'r of a function -f . ^. Let us state .a 

^ ^ ' co ^^^^ and the fir5t a PP roximant * x l t0 r ' . We seek t0 
quara^?€j^ . 

♦ . w y^^^^i/ m ' : - x z> x y -'-> x n > x n+l /' 
..will approach r .and that each successive .approximant will be closer to r 
•than the previous one. " " 

Suppose a < b - and ;f is a polynomial function such that f(a) and 
- tj^J have different signs; .i.e. , there .Is a zero . r "■ between a . arrf b. 

■ Bupgp&e also. that ' . © 

(3)" ■ 4 " £ T (x)->0 for a <• x < b ; ■ ^ 

This implies that f is increasing, and hence its graph- can cro,ss the- x-ax^^ 
at most once. between' a and bj/that is, there#is only one zero, of £ in p 
ithis** interval Suppose further that . \ ■ d 

■ ■• ■- v . o . ■:. ■ . - . 

. * ' r M Cx) > 0 for a < x. < b. ^ • •■ 

This ' wiljl. guarantee that f is convex in the in^rva^. Figures 2 -11a 'and . 
2-ilb are sketches of a function satisfying these properties on the interval 
a <x<bV As. these, figures indicate, if x ± * lies .ietwefeh r and b, each., 
successive apprpximant . x g , xl, "will be/dloser to. r «than the pre- 

vious*, apprbximarit a^d.w-iil approach, r. 0 ■ ' 

"■ .'ps : , rate of approach depends upon the "steepness" and "curvature" of the 
•grapif of' - These 'can be measured, by suitable bounds on .the (Je^ivative f 1 . 
("steepness") # and 4 the second .derivative; f" « /( cionvexity) . . SupgSS'e that 

■■{4) : t ^ ' ^ ^ • ' • 

Suppose-, ajlso i^hat w . - . . ^ / - 1 '* ' V ■ 

■ ■ * ' * : ' •' V -■ "« r: - :: - . . " 

.(5) * ' . * - " ' r<\*> ^ere.,0<k<l. ;/ -*.,-'V 

. • ' We expect that , if" the graph of , f ri(ej/rap-idly '(that$s, m is large)' 
yfa is not ■tQ6\onvex"fttot is, C M 'is' small) then the^appro^mations will' .. 

• f — ; •" '• ■ " . :. • - ••. .. - 

, "• • approximation ... 1 ,^ J' Q '- -* ■ -V' 



.approach r "rapidly. It can then "be*, shown that if the "initial approximant^ 

.x-. lies betwee% v . a and b, then subsequent a'pproximants x , n = 2, 3,., 
satisfy • ......... . ^ 

>*".-.. ■' • ' # ' % 

.(6) • |x - r^^k 2 " 1 , n-2 f 3, - " ^ 



'and hence approach r" very rapidly. (See Appendix 7) - : • •■ % 

• ■ ■ ; t • sK ) . 

These results are not altered if (3) is replaced/ by £ he condition that 

* ^ ■ ** • . ■ " 

f»(x) < 0 . for a < x < b or (1*) is replaced by the condition f" (x) < 0 for 
a" <**<*b-. " New top's methcid' may. break down, however, if there is a" zero of f 



between x ancf ' r -6r^if |the curve is both concave and convex near r. 



.We' now supply tKeSe" results lo the function*. 



of Example, ?-lla," using a = 0.8, b = 0*9.. .The derivatives/of f are" 

" . "."<? . . -.. '. 2 ; * '. ■ 

. f» : . x -> 3*. .+ 2x ■+ 1 " ... ■ 

• f" x -> 6x + 2. ■ ' ■ 
"... * 
■ Both of the functions : f 1 aiid , f" are pS'sitiyfe for 0'.8. < x £ p. 9- Also , 

both "of these functions are increasing on the interval, so the -minimum value 
of f? ' is • / ' ■ ' 

*V ft(o.8) .= 'I4.52' > k, - + 'J- v 

and the maximum value cfjgfe .j??. 1 .]: 'is V , ■ - * *&■ 

: * • : - ?%f.V(o.9) = 7-*+ < 8.. 

° " •■■ ■ • . ■ 

We .rcan therefore take m =-4 and M 8, noting that , ' • m .* -%.. ■ 

■ / 'b - a = 0.1 = 'k(jj), where k = 0.2* ■ . ■ /• 

'"■ • - • ■ V v-'" < • • V'\ : 

.Therefore, if we begin with x = a> 0.8y each succgssive approx-imant «c-s. ■ 

. ; ' ■ • " v _-.-•<•.*<.'■■ • , ■ *■ 

; satisfies. .* ■ ■ - ■ - ■■ , x . 

*\ / |x n - r| <|(o.2) 2 ... , . • - • 



In particular 



and 



■|x 2 » r.| ;< |(0.2) '= 0.02. 



' 3 —l- 5 * 
!x ,'r.| <|(0.2) 2 \ |(0.2)t = 0,0008. 
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We saw in Example 2 -11a that x^ = 0.8105 so vie. know that 

0.8097 < r < 0.8113 ■ .-' ^ 
and hence that, -correct. to _ 2 places, x' = 0.8l. 



r 




. Use Example 2-lla to : respond to, each of the -following- ' ^ 

(a) What is the slope of the tangent to the graph of. . /* . ' ' ^ 
f : x -> x 3 ' + x 2 + x - 2 at the point/' (6.8,-0.0^8)? ■ w ' ■ 

(b) Write the equation of the tangent to the graph of f at the point * ; 
(0.8,-0.0^8) . - ■ " " ■ '• 

.- (c) The line tangent to the graph .of f at the point (0.8,-0.oW3) Ji-j 
' intersects the x-axis at a point close to' the place where the^graph W'^j 
of f crosses the x-axis. What is the x-intercept of this tangent- • .\ 
s line? ' ■'. * 

. Use Example 2*-llb to respond to each of the follbwing. 

' % ..• 3 ; ' " ' \ 

(a) Find the $1 ope of the tangent to the graph of f : x x v - 3 at "V 



the^poiSnt (1.5,0.375)- * ~ " 



ft 



. 9 -S 

(b) What is the equation of. the tangent to the graph of, f at , / 
% . (1.5,0.375)? - • 

* "ft \* 9 

(c) Find the value of x at which the tangent of part y (b) interaects' 

the x-axis. '■' . v * ■ 

• . 1 , . * « 2-* - - a 

3. (a) What is the positive zero of the function f : x -* x .- 2? ( 

■ . ; * • ; ■ ■ " ' 

" (b) Show that a zero of f lies between "1 and 2 . . ■■ a V 

(c). Use Newton's method to approximate -/2 to thr.e^ decimal .pig ces , 

0 3 ■ * •/ to 

I*.. Consider the function f : ot r -» x - 12x + 1. f 

• (a) Show- that - tfcre is at least- one real number *r j^hXtha^ f(r)*=\0 

v;- ■ r - , • . 3 0 

and -0 < r < 1. * ' ' . 

' >!' y * - •' ■ • ■ . , - « 

(b) Find f 1 . . ' . " * r 

-» ■■' . a ft 

(c) Evaluate f(o) and f'(o). . • ■ * 

' V ' f(x l^ : 

• (d) *To two decimal places approximate tf x 2 = ifl£ - f f ( x )" ■■" and 1 
* x l = °" 




(e) Use your es^fm>frc^f rom part -(d) to show that 

f(x 2 ) ~ 0.0H0512 



and T ' ' 



f'(x ) » *-11.9B08. 



(f) U se Uewton's method and the results of parts- (a) through ^e^' to 
% ■ compute the zero of f between 0 and'--,l to three decimal places. 



Calculate to>two decimal places the zero of 



^ 2 
f .: x -> x- 5 - 3x- + 2 



V v 



Vhich' is between 2 - and 3-» 
3Tind*an approximate solution of 



correct to* two decimal- places . * 

Reconsider the function- f : x -> x J - 3 of Example 2-llb. 

(a) Verify .that f*(x) > 0 for 1' < x < 2. 

(b) ' Verify that- f 1 T (x) > 0 ■• for ■ 1 < « < 2. 

■ ' • '■ ) - ' ' *" r i 

-(c)* Find the minimum 1 value m of _.£•' on the ; inte'rval L 1 , 2 J . 

"(d) Find the .maximum value M of . f " & on the interval -. .[l,2]". 

i ' # f A P . ■ 

(e;) Verify that f(l.l*)"' and f(l : ?) : :tove opposite si^ts. 

' " W. : * , , • * 

(f.) Using your value, for m' from parf£,(c) and M of (d) verify that 



|1.5 <|k where k = O.k.*? 




< - 



(g) ~Vith\he initial estimate x ± = £lf for 3 /3 = r A show thai '' # 

' ' |X 2 < 0:0k . . V -^<^ ■ ' 

* °* |x^-rl < 0.006V ; " : 

(h) % Using the results of (g)- and Example 2-llb, show tjia*v. fr^l.H, , .; 

correct to two decimal places* 



'^a'.-v-;:, ' 



e, ■% '. . . * V'.- , ' 



Translation - , ;' • , " ' . V' ^ ■'' ' ■ ••. 

• -.Xet. u?;xei'. y yW replace . .x; 

by" XVH?-rb"-". ;To be- ^dncretie-jw'e- consider 'the-, function* ■ t ^ - " , 4 



v^ih:deriva'tlye; y * ^? ■> ,V: " 



' ■ -Let.-: t>V "the- functions i'i . '/ -t ,*V ! /' ' :.' "'• ' •"• 

■ ' • -v/ ,:.V.- • •' ,*^ J W * " vf - ' '•>"•>»• •' 

. that i.s, $ • t * i( » " "• : 

... -The graph *>f -g 1? ^ain^^-sh^UnS^ gi#h o¥ , ;f ^ |b|" units (.to the ^ 

' ..'left if V >'0i or'tfo' the frigfct : if*' b : '< .'o)„\- ce'ees; 'for. vihidh;- b-= 6 ; "and 
• bV= -7 are illustrated ift Figure 2-12S-- ; - • 

;* Wtv • ••. • iv-*- " . = ■•: v . : 
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v . . V\ ;«The- figure- seems'"t£ : : ^ at;y:i6int P on . . 

'"':the,'gra^h;of • f varki^ the' Vcorr ponding 

r 'polite *£>ori the ' £rapn . ofc' thV:^^ migh^^pect that; 

■■■■ 



v'.V ails . r^iationship (i) . hante- ^^^^^^^f^ re ^ quotient arguments . , 
Edi r anV- : x ■ ato$ fiS-r" h sufficiently- s^ll> ;->j&&S6v. that .... -. -V ■" 

If .w ; ^repXa\e x X' *. b if ;(0 ^ ■ • " ^ 

• v v ■ ,A - ; ■ , ft (x + b ), . 

- vlftch ^4,il:/hold..lii:.-^ Since- ' ' •'' '• 

•-^^■ 'r • tf-Ai**. . . ■;; . ' . - '• • 

. we can r.e-Write-JsMs; s '.a.9* v ;,V.v. s . 

£ • #0' h |f : r^ x) = f(x- b). . ■ '. " , .' 

Basfc',-''«fe sufficiency ' small-^. _ ? $ji^knov.that v - 
•'•V ^^j^^^f^ff - ^ « g»(x).', . " ' 

■'• ' '* The' formuia tl) enables* j^s to differentiate g ra.t her easily. For the 
function ; J ■. 4 ' 



function v , . 



f : x*-* 2x .•- -8x +-,9 #b^t; 



■ v^v^ind'^he derivative. * 



f • : x ^ 



1+x - 8 



, : and rep^^e^ x , by J'x + 'b . to obtaitj , 

0 ^ .. ■. g i . x ^ k{-x + b) - 8. ' . 

Foi^ example,, if 'b = 6, we have 

. ■ ■.; ' g ,:,x .->2(x + 6) d - 8(x +.6) + 9 

< ■ ' % ? > ' ■ . , ■ 

0 • ? . ■ . ? • % ■ ■ ; . 

is. and • • " - * * * 

7 ; ' ^' . ■ ' g f ; x 7^ i+(x + 6) - 8 =' hx + 16. 
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•'• • we generalize from" our example to a theorem which holds for any polynomial ^ 
functidn. V ' ' .' . . , , 

THEOREM 2-12a- Suppose we^haire a polynomial function, ; J *■ 

.. g< x ->.a n (x ^b) n + ,'a n _ 1 <x.. + b)^ 1 + a^x + b)n,a 0 .:_ i , _^ 



n-2 



Then *the derivative" is 
■ •' g. :'x-na.(x + b) n - 1 t'(n-l)a n (xtb) n : 2 + ..... + 2a 2 (x + b.) + a 1 . 

In other words, g(x) is expressed. powers of. x + b, then each 
term of g»(x) . .is obtained from- the corresponding term of g(x) by 
' multiplying. by the exponent, of x + b -and lowering the exponent by 
Another way to say thio ls a s follows: 

If g?x) = f(x + b), then to find g* first find f« 
' ' and then replace x by >v+ b. . 

ct .... - \ 

Example 2-12a l" For f : x^"x 3 -3x 2 , and- 'g : a -> f (x - §) ; find. 



7 >' 




We have 



^ ' so' that 



g-: x -3(x - 1) 2 - 6(x -'fy • : ; 4 ^ 



and hence . n 



■Tg»(iy-3(i-|) 2 -6(i-|).-%. . ■ 

. ,. -Example 2-12b. Suppose ; *: x> (x + l) 1 ?. Find the., equation of-tfe • 

tangent- to the graph of f ' at the point (l,;102it). , . • |- 

* ■ 2.0 * 

,We could- use the binomial theorem to expand (x + l) . and then . 

differentiate/ , HoweVer, it is easier to use. Theorem 2-12, yhich gives: 
^ ^ , : , ■ f« : x -» 10(x*+ l) , .. . . > 

■ • ° . • * * 1 . ' ' "" ; ' • 

% -so that V*, .'..«■''.., . ■ ! • ' .* 

' ■ 1 , ' - ■ . ' ' ' '0 * - • ■ " . • - 

■ . . r - • ■ * ft(i). = i'o x 2 9 = 5120. ' : 




4 . " Hence, ; the desired tangent has the equation 

■ ' V: '°. =, 1021+ + 512'0(x - 1) • 



* ■ Exe raises 2-12 ■• 
What. is needed to establish Theorem 2-12? • ^ - y 

(a) .Find ,f 9 if £• : x- -> x 2 + 2x + . 1. ' " 

(h) Find .yg^^if g : x->(x + l) 2 / . ; " 

, , . • ' - ; * ' 

(c) CompaT^ fV- and- g f . 

* ' V \- .V' ''■ • 

(a) Find.' the derivative of each of the following functions . , 

. . .'■ j . ' 

• . (i) . f : x -> 2x 2 - 8x +' §tf ' ; > . . . . . • 

(iO . g n : x. -**'3{x + 6) /- 8(x + 6) + 9." • 

; ^ (iii). g 2 : x ->2(x.- ,?) 2 - 8(* 7) + 9 , r ■ ' ' 

»•-.•*'". " !v*' C" *' ' ' * 

(b) Find the slope of -the tangent to. the graph"* of ea^ch of the functions 

in part (a) at the point indicated: " ... / 

j v ;• v 

(i) f at • (3,f(3»; -• V . . " 

' (ii) gj- at (-3,^-3)): . . ; ''\ : '- 

(iii) g 2 at (io, g 2 (io)). ,;.:>:.&;. • 



(c) Show that the tangents to the graphs. of f, g^, .and g^ at the 
points indicated in part ("b) are parallel lines;- . 

(d) ' Indicate the function obtained by shifting the graph of each of the 

functions in part (a) as prescribed: - j ". 

(i) the graph of f two units to the left; 
» (ii) the graph of g^ four units to the right;, 

('iii) the graph of g^" ni^ne units to the left. 

(a) 'Find the derivatives of each of the following functions: 
(i). F : x -> x - 3x \ . 

■ ^ .(ii) ( f : x -> (x - 2) 3 +'6(x - 2) 2 + 9(x + 2 >J .>/ ' 

(iii)' g : -x "-> (x + l) 3 - 3(x-+ l) 2 ,+ 2' 

• -\ . - ' ' ' ;-iih. • •- ' . 

("b) .Evaluate: 1 . '. 

(i)'- F'(o) ; • , . ' • • • ; j ; 

' J (ii) v f'tO) ; ' 

•■' > . (iii).' g*(0) • ♦ • • v'" 

(c) What is the equation of tJ*|P*tangent to the graph of ( each of the 
"functions F, f , ^n&jSs at ^the y-axis? 
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■'(d) Compare the functions T,"f, and g. .; 

(a) Find the derivative of. o . 
• "'' ■ ■ ■'■ F : x -» x + 6x + ; 12x + 8 V ■ 

(b) Determine f* .'if f : x -> (x + 2) 3 . 

. m : J fv + g-+ h^ 3 - (x +-2) 3 

(c) Opiate -lim : h . . 

- ■ ' h -» 0 

(d) Evaluate' ^^L^)^ 

(e) Evaluate f'(-l) • 

. . ' (x^ 2^ 3 - 

(f) Evaluate lim x + 1 ^ ' ' 

v . ' . ' x -> -1 ^ > 

f -, \10 i 

;.. Consider the function f- : x -» U + ±) ■ ^ ^ 8 

(a) Find f ^ , ' . ' " 

(b) Evaluate- f(0)- and f»(0). \ .' 

(c) What is the equation of the tangent to the graph of f at the - 

• y-axis? t 

: (d) Evaluate f(-l) and f«(-l). 
(e) Find/the equation of the tangent to the £raph of f at the point*- 

■ where . x = -1 - 

■(f) Evaluate f(-2) and f f (-2)'. 
(g) Write the. equation of the tangent to the graph of J at the point 

•<i ■ • , • 

where x = - 2 . • ' 

' •' ' / P \!5 ■ ■ ' ■ \ 

7. Consider -the. function f : x -» \x - d.) . 

(a) Find the derivative of- f. ,. ■ yr>. 

(b) Evaluate f«(l), f»(2), . and f»(3). ■ ^ 

■ .. (c) Find the equation of the tangent to the graph- of f *t the point 

■ {h ,'32768). ' ■ . . . '' 

8. (a) Find, f' .if 'f : x •+ 2l - * 
. (i) What is the derivative of.^g x -» 3x 2 + 12x +12? 

Cc). Compare f with' g, and. -'f* with,, g* . . v 

(d) For F :. x-^(3x + 6) 2 find F» . < 
• '2 

' (e) Determine the derivative of G : x ->9<x. + 2) . 
. & ' • 

'.(f) Coppare F v£th G, and -P» with G' . 
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2-13* Higher Derivatives : 
- The value •f , (a) of . the derivative of f can be. interpreted as the slope 
.of the tangent to ..the graph of f at the point " (a,f(a)). As ve saw in Sec- 
tion 2-3 this value f*(.a) is also 1 the coef f icient ■ of x - a in the expres- 
sion for f in o terms of powers o/ (x - a). We~wisti to derive a related re- - 
suit for f"'(a), and show, in general, how <the coefficients of expressions for 
f are related t*p. the derivatives of . f-- 

To be concrete let ' us look at a general .third degree polynomial function 

(1) " f = x " 

- We observed in the first' chapterVthat . 

f(o)U 0 - 



If we obtain the derivative 




2 ■ 

x a 1 2a 2 x + 3a'^x , 



we observe* that p 

■ " . V % + • 

- - ' . . f(0) = a ± . 

We differentiate- ,f* to obtain the second derivative 

.■ „*'•■'' ■ . <A 

. *f"'": x -> 2a 2 + 2 . ' • 

iand observe that' ■ «• , 

' ' ■ .' \'. . f"(6). = 2a,,.' '* 

:.''*• " •' ' - •' r 

If ' we differentiate f " , we obtain the function 

'ffhis function is called the third derivative of f and denoted by ft", so 

ftn . x -> 2 • 3a - '■ ■ r 



that . ■ 



In this case 



..We' summarize: -for the cubic polynomial function '*, 
(1) • ' ; f : x ^a Q + a lX + a 2 x 2 +'a 3 x 3 ; 

the coefficients are related : to the values of, f and its .successive deriva- 
tives f f , f" , and f tM at * = .0, by the "formulas: ■■. . 



. . a ° = 


f(.o) 




f(0) 


a 2 = 


|'f"(o) 


■> a 3 .= 


8 x ,3 f '"! 0) • . ' 


•terms 


of powers of x - 


b 1 (x - 


a) + b (x - a) 2 + b 



Such an expression for f can be found by synthetic . division as in Section 
2-1*,. (See also*" Exercises 1-5, No. 11.) We can. show that .the coefficients 

V V b 2' and b 3 are g;Lven by * "'" • 

J f. •■ V . . b 0 = f(a) ^ . V 

. . > ■ b x f= f (a) 



^ f"'(a). 



' To, show that b n = f«j , we let = a ."ity.the expression for f(x) to 

obtain ■ ^ . -° J . . 

^ f(a) =*b Q + b^a. - a) l+ ^(a - a) 2 ;+ b^a a.)^ = b Q . ' 

• "•- ■ . ■ . ■ , . V 

The remaining results *( 3) ' are almost as easy. We. use Theorem 2-12. to obtain 

* • ' ' , - r 

' the ■'darivativ£ . '? _ ■, ■ K 

f«Yx •■^b 1 + 2b 2 (x. - a^> ' 3b 3 -(x a) 2 , 



whence' .- f . • - .' , £ ' 

. . : .f f (a) =.^>2b 2 (a - a) +-,3b-(a -..^F - b.^ ';' 

We use Theorem 2-12*again *to calculate ■ J" , 'the -derivative of : v . ■ 

•' f"~ -x 2b^"+ 2'-- 3b_t* .- : a)-. " '■ , > ? - 



\.'_ f ,r (a)'.= 2b 2 ,;, so. that"' b 2 = | f"(a). - 

Another <dif f en/ntia.t^on, again using Theorem 2-12, gives 
■; . ^ • f m : x -> 2 . jb^' 

. ■ . ^ v • ' * V ' 

so that. - * ~ . ' 

fm(a) =*2 -3b and hence" b 3 = f n *M'- ' ' 

Using the foregoing process for a fourth degr,ee polynomial function 

f ' :. x -* b Q '+ t^Cx - a) + b 2 (x - a) 2 + b - a) 3 + b^(x - a)^ 

•we could obtain - 



r 



b x > f«(a) 



2 2 

, • . - . ... r. . 

where » f tm is the fourth derivative of f;-' that is,-. f ,m .is,the derivative 
. 0 f f ,,f . It is common, to write ; r 

> ... ' .fy^, rather . than f "« • I ' , ^ 

'for. the fourth derivative, o^ .similarly we, use the notation' f 'f\ f \^>. 

.... for the fifth derivative, the 'sixth derivative, etc. It> is alpb common 
to use the factorial, -notation . " 

'. ' "'_// : kl 1 x 2 ,x 3*'x -k X . . . X k . ■ 

with the convention that 0! = 1. .. , V" 

.Qur result's cat! be generalized: . A polynomial function can be' written as 

■> * .'f x b Q + '^b (x; .-.a) ""+ b 2 ('x»- a)^_ '+.,...•'+ b(x i - a) n , ' ^ 
where a „ '. * » a 1 ■ •'..* 

■ ' (5 V b o -^* f W» • v = -A f *(^ » • ' ;y ?" » .• b 3 = j* f^S-. ;v 
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and 
(6) 



■ Example 2nl3a . . Express:- 'f : : x -» 3:>'.2x + '7x • in "terms of povers^of 
x + 1 We Jiaye 'the successive derivatives: '■ . .. . v : . " ' " 



..'♦V. 

■ ." ' ';' V ■ 

Sijnce/x + \ 
.X = -1;; • we have 



-f M r :• x ->8hx 2 ,'* r - 



' :f : x -»l68xV t * .... > 



f N ' xw-l68. 



x; - 

(-l)', ve.-ne.ed' tOi f in'd/khe values Qf these functions vhen 



• : : f(-i). = » I?; " . b' 0 \=-^ * is- =.. 12 *>■'■•..; 

; : 3r»t-l)'- -3tf; > b-'=. i- .x' ( -30) = : -30;: _ 
%»t(-l) = -168* bl = Jr x (-168) = -28 



' /■f ( H-i) = 168; ^ = (168:> = 7. ; 



3 3'. 
■l 



. .Thus, wp. can wrijte- 



f :_'"x -> 12. - 30(:x> l) + 52(x + I) 2 - - 28('x + I) 3, + 7(x + l)';\ 
^The .same -result can., of course, be dbtaihed' by synthetic -d.i Vision.. (•See , . 



'Exercises '2-13, Nb ; 



to*. 



V'-.V 



Exercises 2-13 



Hod many nonzero derivatives can. an n-th degree polynomial , function 
have?'- • ' ' " 



If ve write a fifth degree polynomial function *in the form j 1 
f : x«->.b' + b;(x* - a) + b^(x*- a) 2 + b 0 (x - a) 3 + b,(x aO - + b (x - a) 



f :.x— fr.bjj + b^tx" - a) + b 2 (x" a) + a \x - *j ^ - . ^ 

* (*) * \ 

then b^ = k • f wy (a) . What .is the value fcf k? 

5 ■ * ■ 

* , < * • «^ 

We refeat part of Number 11 of Exercises 1-5 and again consider the func- 
• tion £ : x x 3 - 3x. • We Submit a. table to show three successive syn- 
thetic divisions of f(x) = x 3 - 3* and resulting, quotients by x - 2,. ; . 



0 
2 * 



-3 



0 

2 



2 



2 




(a) Determine g(x) and f(2) if 

f (x) = (x - 2)g(x) + f( 
' ' ..." 

(b) Determine p(x) and g(2) i 

•' g(x) = (x - 2)p(x) + g 

(c) " Determine. q(x) and p(2) if 
' ' . . p(x).-^x r 2)q(x) + p.(2) 
ft (d) What' is q(2)?' 1 

(e) Show that, for all x^ we can write 
'f(x) = (x - 2){(x - 2)[(x -,2)q(2) + p(2)] + g(2) } + f (2) . * 

(f) , Using" the' results of parts (a). through (e) of this problem determine 

A, 3, C, and * D If, for all*"x, ■ ' s 

f(x) = x 3 - 3x = 4x - 2) 3 + B(x - 2) 2 + C(x - 2) + D. ' ' ■ 

(g) Find the first,, second and third derivatives of f .: x -*x 3 - 3x. 5 



(h) Evaluate f(2), f*(2), f"(2), attf f"j{2) 



v • f(2) f'(2) f"{2)- f"'(2) 

(i) Evaluate .^f 1 , ^TT > ~2! ' a ? d ~ ~ 



(j) Compare the results of parts (f) 
l. tonsider the: functions ; » * - . 

- - G : x -> x^ - .3* ■ - , 

f:x->2'" . 0 ; ' 

g ; x -> 2 + 9(x - 2) ' % * " v ' *V.> 

/' h : x -*2 + 9tx - 2) + 6(x$%2) 2 .' 
F : x -> 2 +. 9(x - 2) + 6(x - 2) 2 + l(x; - 2) 3 . 

* (a) Find the value of each of these functions when x = 2-1. r .» 

(b) What quadratic function best represents the cubic function ^ ^ 
G : x -» x^' - 3x near the point where 4 x = 2? • 
■ (c) What function serves as the best linear approximation to G '•near 
the point* where x = 2? <■ 
s^>(d) What -fUhKion serves as the best quadratic approximation to^ G. 
near the point where x = -1?. ... 

• (e) What function serves as/ther best quadratic approximation to" G * 

- near the point uhere x. = a? % 

5. ; Find the. first* four derivatives of -each of the following functions 

~ 2 3 1* 5 ' . ' • 

(a) F : t x + 5T + 2f + 3T * h\ 5«. 

, x x x- 5 A x^ x' ■ x^ x_ . 

(b) f : x -> ^r - + 5V " jT + 91 lit . . 

2 1* 6 ' 8 10 
f . » 1 x,x.x x _x_ 

>(c) g : x ^— - + t^w^t + 57 10 \^ ■ :■ ■ • 

6. ■ (a) Compile a. table similar to Numbed. 3 to indicate four successive 

syndetic divisions of 'Ix^ 2x t 3 . by . x ■+ 1 . 
(b) Use the table of part', (a)- to write f : x^Jx k -2x.+ 3 "in terms 

. of. powers of x + 1, .. Compare ' your result wi'th the result of 
1 Example 2 -13a. . 
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(c) .Write the functions which give the bestj hLvgpr, quadratic v aud cubic/ 
• approximations to thV graph of f : x^Tx^ - 2x + 3 .near the point 



.(-1,12), 



i 



(d)*«£t the point (-1,12) - is the graph of f .risiflg or falling?*/ Is o< 
/ the graph of f flexed upward' or downward near the point (-1^12)? 



-> • j. 



x 



A 



2-lk. General" Polynpmia]/ Functions 



.■;>■■■ 1 

'We cloae this chapter with a .summary of the kinds of information which 
can be. obtained about the graph of a. polynomial function - f f + knowing op^y its 
$egree. 6upposje \ * f 



f y 2 3" 
\x -> a Q ..+ a^x + :a 2 «x .+ a x + 



+ a x 

n • 



so that f has degree^J^O, ,'As ve pointed out 'in (2) o* Section. 1-8, ^ie; 

✓-graph of ; *f can cross the a-axis at' most ' n times, and Is far from the, r \ .. 
x-axis If |x| is large, enough.. ,\ -'^''^ 
The'iderivative f 1 has deguee .'n - l,;'sojthat the equation f«(x) =^ 

'has «\t m08\.,n - 1 ! solutions Thu3,/th^ graph of '.f; W ; »t mozt+.fry-. 1 
critical '.points in particular*; it. has a1> most ri " 'T 'point£= whit* are rela- 
tive ^x\m>.or minima.' Siafce" ; cannot .change sign between; ^ioal 



points w§ can subdi^jU^thfe *-axis into/at most , n ir^ervals, on ea*h of f - 
"which -f •l^^tfcncrto^^Mst/is.; always Mecrelsing^ or always increasing. . '<■,/ !. 
. The .second^erivative " -f " has degree n -^2-, V ttfat f has^t mos^ 



pql'nts .qfinf lection. .These, are the" 



n - 2 

5 tangent,'. >Vclj|.^ zgrdVof ■ f" . Wee .jZ 




the gsaph' crosses its 



Change, sign beW^'^f lection points./ we can subdivide the x-aAs i 
•most n°- 1 • 'intervals* on eajch of which the graph of 
t or always convex. ^ 



cannot 



f is always concatye 



' Each time we differentiate, ..the degree /s reduced by 
' reach the zero polynomial, function. In other words, if f 

* * f ( n+ p is the*4ero function. 

. We^ shall later it Chapter 10) see that this characterizes polynomials -of deggee 




n* or less; that is 



(i) 



The' function m f is. a polynomial function of ^S^ee 
less (or the zero function) if and only if* f ■ m ■ 
ero function. ■ 



•ri or. 

is„tfte 
. * 



For example, tfie tjvird depivativV of the function^ 



is. the zero function. 



oc -> ax * bx c, 



must have q maximum and -a/ 
minimum on each closed interval a < x < b. Furthermore, if Jc gives such a 
maximum or minimum /(c) and a >c c < h -tfien we must have f»(c) V 

* ' ' • fin? ! 



We also know that erny polynomial function 



X 




The following is an example of the kinds * of results -^hich- can ^obtained. 

from such considerations as those we have mentioned. ' 

> v s " . * r , 

, ' Example 2*Lha * Suppodfe 'f .has degree -3 and that f (l) = f (2) = f('3) = 0. 
Then f« has ' 2 illative extrema (a maximum' and a minimum), one between- 1 
and 2 and th? other between 2 .and_3-' ^Furthermore ' f has a pointy of *in- % . 
tffle'ction between the relative maximum point and the relative minimum lgoint^ / 

1 'Since'" *f -has degree 3 the*- only zeros ; of f a'rp ,1,2, 3"- In -particular 
% Y " / 4 f(x) j<-0-, 1 < x <«2, , / « 

■' / ' ,' , • Y . . ' V % 

so that- f(x) has constant slg«- f or 1 < x < 2, Suppose- • 

(2) \ f(x) >' 0, l < x< 2. - , - ^ 

•'The "graph must have a relative maximum*beti^n>^^rid-' 2,- , and (2) tells us . ^ 

:e must *be 




that this relative maximum ca^^fe : at x^.l'. or^x.= 2. Thus there must *be 



a valine x^ such that , 
}(3) .1 < x x < 2 and" f •(x^. = Or . , 

The same, conclusion (3) iS' reached. (for a relative minimum) if 'we replace. (2) 
by '/the. a 1 s sumption 'that f(x) < 0 f or x < 2. We have therefore shown that 

there is a relative extremum f(x^'}- such that 1 < x^ < 2 . - ; ( 

0 . ■ • ■ * ■ . - ■ . 

Similar arguments show that' there' is Rvalue x^ on the interval ^ % 
A 2 < x 0 < 3,' /such- that f*(x ) = 0. Since- f* 'is of degree 2, the zeros 1 
of f l mu^stnbe x^ and. ■ xy. ^ 

t V- . V A repetition of these arguments using Y^"- instead of ^f shows that- f" ' 
must have a zero between x : and: x . "Si^ce f M has degree 1, we conclude 
tha^it has- a single zero x' 2 > which satisfies ' x^ < * 2 «^.-yThe faqt^.thatJJ 
f" is a linear function such that f" (x 0 ) = 0 leads us to the conclusion- ■ 



2 

that f" is'pf the form- s 



a.(x - x 2 ) a ;^'0. 



From'this we. conclude that f M (x) for x < x g .is of different sign than is 
f'Cx) ■ for x > x 2 , .and hence the . ^raph^ f^ mustNross its tangent at 



-rNx^f(-x 2 ». .... . . v . .vo*- 



'. Exercise© 2-H» 



1. • Show that the third derivative of ^the- function 



y f : x -> ax 2 +. .bx + cf a*^ 0 . , 

* ^ . " ■•.••*' • • . • 

is the zero, function. . 

2-. Give an example of a' function which mee;ts the requirements of the 

..• function described in Example 2-l^a. ' r 

(b) .Find the firsthand second "derivatives (.f* and . f") of the function f 
«, you have selected for part (a). , ^ 

(c) ' Find the zero's of f and '-if*-: ' ' \ 

./ . -f ■ * ' ' - . " - 

(d) Find the relative ■maximum and^minimum points* for the function you v 
hEve selected. . * , 

(e) What is the point of- inflection for the function you have selected.- 

. ^. - 4 ; >■ ■ :. • 

3. (a) For what, values^ of, k does the line given by y*=-k , intersect the 
parabola given by >y = AX 2 + Bx + C, (A £ 0) in 

■ ~* (i) no points? 
- * (ii) 1' point? ...» 

" (iii) 2 points? * v 

* • ■ • 

(b) ^ What' is the # lowest or highest foin^of the given parabola? , 

.1*.. (a) Find the highest point on the graph of ■ / 

* \ ^ 

...g(x) = 5 - -6* - x- * 

e • . . \^ <f . . 

using Number 3- * . ■ ■ , • . "\ 

(b) Explain geometrically why the point i/i^a). can also tie obtained by . 
* fading where the slope *W the tangent to the : - graph of g is zero. 

J ' ' * • ■ ■ 

5'. What is N the greatest p^ssib^e number of points where the tangent t\ the 

graph of a quadraticjSfunction / x^->Ax + Bx + Cv may be horizqptal? 
»■ 6..' -Show -that the- - graph , of a t cubic^ function must have a point of. inflection. 

1 7. Determine -frhe maximum value of th^ function- f : x -» .— 



p ^> x - 6x + 10 ' 

6. (a) Sketch the. gjraph of . - * . 1 

■ ■ • f : x -> x^ + x - ^x_ -_x ^+ ox - 4. • ■ - 

V* ^ • . ~ * . 

- Respond to each- of the following by* inspection of your graph for part (a) 



V 



'- .\ . ; \ . i9o "° : ^ . r v 




(b) What are the zeros of f? 

(c) Describe the -flexure of the graph of f .at^the. points where _ 

. f(x) x - r o. / • "■ _ . : . '•>; 

(d) Describe'the flexure of the graph of f at points for whicl} 
.f*(x) = ^ and f(x) > -5- . v ; . 

x*^ 2 2 

Determine those points on the 'graph of f : x -* — sy- + x eft which 

the flexure is. neither upward nor< downward . 

10. Discuss'the symmetry. of the graph of f : x -».x- "*3x. 
11.. Consider the function ' 
f : x -*Ax 3 +.'Bx 2 + Cx + D, A ^.0. 

(a) Find f 

' '■■ ■' (b) What is the maximum number of zeros that f* can have? 
. (c) How many relative exitrema can f ^have?_ 
^>(d) If the graph of f has a' relative .maximum point must it have a 
relative minimum point? Explair 

(e) ■ Determine N f" • 

(f) If f" has\a zero!| what is it? 



(g) If f f (xj) = f f (x 2 ) =0 determine — ^- 

12.; Characterize the point (| , - ^) on the graph of « 
__. . _ ' f : x -*x k - 2x 3 '- Tx 2 ._+ lOx + 10. 



\13. Characterize the points (0,0) and (-1,-11) ^ on the graph of V 
f :.x-*2x 6 + 3x 5 + 10x. . _ . - \ < 

111.. • Consider the functions f : x -* (x + l) (x - 2) and • 
g : x 3(x + l)(x - l) . . 

J[ • (a) What is the relationship between f and g? j ^ 

(b) ' Characterize each of the following points on the grapns of f and 

. \ (iii) (oM(o)) ' ' 

lot) ■ • 
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(iv) (l,g(l)) . 

(v) .(l,f(lj) . ' . . 

(vi) (z,f(z)) • . ; . 

(c) Sketch the graphs of f ' and g on=the same set of axes. 

15. Consider the functions f : x -> (x + ir(x + 2) and 
g : x ->(x.+ l) 2 {hx + 7). ' \ ■:, . ■ 

(a) How are the functions f and g related^" ; ■ . • ... 

(b) Sketch the. graphs of f and g on the same set of axes. 

^ ' 3' \ • ' - B 

16. Consider the function f : x -> x - 3x + 2. ♦ y 

(a) . Locate the 'zeros of f. - ^ 

(b) Locate the relativeVmaximum, relative minimum and- point of inflec- t 
tion. - , ' 

(c) Sketch the graph, s f ' 

« • ? 2 

17. Consider the function f : x -» x - 3* + # * . 

(a) Locate the zeros of ' * ^ 

(b) Locate tb£ -relative maximum, relative minimum and point of inflection, 
^(c). Sket on the. graphs 

18. Suppose) that x^- and x g ^are zeros of 

f : x **.Ax 2 '* Bx + .C, A > .0. • > 

Show that f has a "minimum at , 

, . X l +X 2 

' .19. .Show that'.the graph of ~ t „: x -> Ax 2 + Bx + C, A. ? 0, has no point ■ of ' 
. . inflection. . - 
20. The graph of f- : x -* Ax" 2 + Bx + C ■ passes through the. point (2,3) ^ r * ■ 
~~^\ V .. and f* : x -» 3x + 2. Determine A, B, and C. 

2$. Find an equation of the tangent : to the graph of f : x -> x +. 3x - - \ 

at .its poirft of inflection. 
22. Determine the' relative maximum and minimum, points of the graph ot % 4± 

1 - ' ' f ' ' \ 3 ■ 2 , . ; . • 1 

f :' x -» 3x . - 12x J + 12x - U. ■ 



ERIC 



23. • Characterize the points (3,0) and (-U,0) ©U the graph of 

. • N j f : x -»(x - 3) 2 (x + *) 3 .. 
21*. Determine the- set of values of k for which 



f : x -* 2x 3 - 9x 2 + 12x + k 



will* 



have 



(a) no real zeros 

(b) one real zero r 

(c) three real zeros - . 

25. Find an equation of the tangent to the graph of f : x -» x - 3x + 6 
at its point of inflection. x 

26. Sketch and discuss the graph of 

f : x -> kyP r 5*** - ^Ox? + 100 
over 'the interval -3 < x < k. , 




/ 




■0 
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Chapter 3 

. " - CIRCULAR FUNCTIONS 

: * * " 

Unlike the polynomial functions we have considered in the first two 
chapters certain functions haye the property, that their function values repeat 
• themselves in the same order at regular intervals over the domain. Functions 
having this property are called periodic. Included in this important class ' 
are the. circular (trigonometric) functions. ( 

■ The simplest periodic motion is that of a wheel rotating on its axle. 
Each complete turn of the wheel brings it .back to the- position it held at the 
" beginning. After a point of the wheel traverses a certain dis'tanceHn^its 
"path about the axle, it .returns to its initial position and retraces its ■ 

course again. The distance traversed by the- point in a complete cycle of its 
1 motion is again a period, a /period, measured in units of length instead of 

units of time. If it shotfua happen that equal lengths are .traversed in. equal ■ 
times, the motion becomes periodic in time as well and the wheel can be used 
as a clock. ^ 4 \ 

The model of'a'wheel rotating provides a basis for our definitions- of ' 
£he sine and cosine functions, whose values are defined as the second and 
first coordinates/ respectively, of points on a circle of radius one. These 
definitions are ^compatible with those of ratios of sides of right triangles. 
By defining the/ sine and cosine functions ( in terms of a unit circle, their . . 
periodicity is ^immediately evident. ^Furthermore, we can "use the geometric 
properties of- circles .to obtain the properties and graphs of these circular 
functions. (Sections 3-1, 3-2, 3-3)* 

These definitions, and results are applied to uniform circular motions 
, {such as rotatihg wheels) in Section 3-k . The ^basic addition formulas are 
derived in Section 3-5, again by making use of the geometry of circles. These 
are applied in the next section to the study of pure waves, the simplest type 
. of periodic motion, while the final sections points toward some of the ways 
in wtfich the circular functions' can" be used to analyze more general periodic 
phenomena . 
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3-1. 



The g Sine and Cosine Functions, 



We" assume that you have some familiarity, with the sine and cosine func- 
tions', so tfrat much of the material in this chapter is review. You. may have 
previously defined these functions in terms of ratios of sides of right trt- 
angies. We prefer, instead, to define the sine and cosine' as functions of. arc 
length on a circle. The usual angular definitions in terms of degree measure- 
• ment can be obtained from our definitions by a suitable chang^of scale. Our < 
definitions, in terms of- the circle, have -two great advantages: first, ye 
can easily read off many properties of sine and cosine from properties of the 
•circle;* second" and more important, our choice of scale will simplify our 
differentiation' formulas . * 

For convenience of definition we use th'e circle with center at the 
origin. and radius 1, the unit circle whose -equation is ' 

• u -+ v = 1 . 

The circumference of the unit circle is 2ir units. For any real number x 
' we measure x units around this circle beginning at the point (1,0) . If x 
Jositive we measure in a counterclockwise direction and if 



is ^fositive we measure in a counterclockwise direction ana ir x is negative. 

we measure in a clockwise^ direction . We obtain in this way*4 point- P witji 

• 22 

coordinates (u,v) on the circle given by u + v 



1. The first coordi- 
nate of P is called the cosine of x, while the second coordinate of P 
is. called the sine of x. (See FTgure 3 -la and 3-lb.) : 



V i 


= 3 ' 


$f P(u,v)ru = cos_3_ 






v = sin 3. 1 


' 7d,o) 











Note that» x > 0 -and we 
measure in a counterclock- 
wise direction, obtaining- 
P(u,v) with, u = cos 3, 
v = sin 3 



Figure 3- la 
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r 



Note that> x> < 0, arid we 
measure in a clockwise 
direction, obtaining 
with v u = cos(-l), v =. s,in(-l). 



Figure 3-lb 



Two functions , cosine and sine (abbreviated cos and sin), are defined 
as follows :■ 



cos : x-->u, = cos x ■= the first coordinate (abscissa) of- JP 
sin : x v = sin x = the second coordinate (ordinate) of P. 



The values of cos and sin are easily obtained in certain cases-. 
For example, referring to Figure 3-lc, we see that since P is the point . 

(l,0), -we have, by definition ■ l-rt ■ 

\ ' , ' . 

. cos 0 = 1 and. sin 0 = 0. . 

Since the unit circle, 'hps circumference 2* ' units we can 'measure. 2* units 
around (in either direction) to obtain, again the point P of Figure .3-lc-' 



Thus 



^ j - . cos 2rt = cos(-2x) = 1 
sin 2rt = sin(-2rt) =. .0 . 




This point 

has coordinates 

(i/oK v 



To measure 2x 
around from "P 
us to P. 



units 
returns 



Figure 3-lc 
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To traverse one-fourth ;of the' way around the unit .circle is to move 
through =<*| units . : Thus if x - | : we. have. P 1 with coordinates (0 
so that * 

r. • • • .-. . ;., "■ 

' ' " cos.f = 0,. s-V§ =1; 



if x = r | then we g 



1 ' x 

^See Figure 3 -Id.) 



with coordinates (0, -l) , so that 



cos(- |) = 6, 'sin^J^) = 




/ 



Figure 3~ld 



Further calculations are indicated at the end of this section and in 
^he exercises i-/^- - . 

The sine and cosine are often* defined in terms of ratios of sides of' 

right triangles . In Figure 3-le, the sine and cosine of angle . AOB .are 

■ ■ . > 

defined by 

■ •. ■ 

opposite _ AB 

(2) 



hypotenuse/ OA 



>flAT1 adjacent/ OB 
cos ZA0B ■ hypotenuse = OA 




opposite 



' adjacent 
^Figure 3-le 
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Figure 3-lf 

Whether OA > OP (as shown) ■ or. OA < OP, " we have, by similar triangles that 



cos x = OQ =. cos. ZAOB 



■ ' ■ Aft 
sin x = PQ = q£ = sin MOB. ^ ■ 

Thus- the angle AOB corresponds to. an arc of length x* and cos x and 
sin x are~respectively cos ZAOB and sin ZAOB. 

- The right triangle definitions are somewhat restrictive as the angle 
AOB must always be. between the. zero angle and a right angle; that r is, the. 
arc length x must be between. 0 and „| . Our _def initions (1}l- involve no 
such restriction and" enable us to define sin x and cos x for an£ real 
: number x . -Thus ; (l) gives us a "natural" extension of the definitions (2). 



199 v - ^ 



Angular Measure 



It N is .also 1 common practice ^o meagyare angles in degrees . ' Degree measure 
is established by dividing the circl^ into 360 equal units, measuring. an 
angle AOB by .^he number of unit's^ arc it includes. For example, if' ZAOB 
includes \ of the circumference ve vouldl say that the angle 'measures 



h x 360° 



6o c 



V 



"V- 



We can also measure angles by arc length. 



■ V v 


r . 




f - 


7 ^N^f - 






Note that ZAOB determines 
the arc length x units • V 
(on the unit' circle) . 


\ 0 


1 


]..Ci,o) 


B ' 











Figure 3-lg " 

In Figure 3-lg angle -a cuts off an arc of length x ' on the circle given by 
u 2 + v 2 = 1. We say that a measures X' units. This type of measure is 
called radian .measure,, its "unit being called- a radian. In Figure 3^1n ve 
.illustrate an angle oif 1 radian. 

















/ 4 


l/ \ 1 
/\ a 1 






1 ) ^ 




■ Figure 


3-lh 



a measures ■ 1 radian. 
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A moment's thought indicates, the relationship between radian and degjee? 
measure. ; Clearly, if the' radian measure of anjaftgle is doubled, the degree- 
measure *lso doubles. The same r^ult is- obviWsly true .for halving, tripling, 
etc. In.general,. we W that thAegree measure M of an angle a is 
directly proportional to the. radian-.. measure x . t Thus 

' ' , " . " 1 

, M = kx • 

..where k is constant. Since^pf^ 3^0 when . x = 2^ we have > ■ 

^Ck(2«) ' . ' ' ■ . N .. /' 

& ' 180 /L 

so we mus" have k = — . 'Thus 



(3) 



* ^ l80x - , 
x radians corresponds to — — degrees.. 



We thus see that degree measure is obtained from radian measuref by changing 

(ft. .. ^ I \_ J ; 



sdale , 



r#by 
it V 




and 
(5) 



We note the following consequences of.. (3)- 

' 180 



"1 radian corresponds to. » 57-296 degrees 



1 degre4 corresponds to ^ * 0. 017^5 . radians. 

■'/.-■■' ' / . 



" In working with/radian measure, 'it is ^ustomary simply to write, for 
example, § when W mean | radians . .With degree measure .we shall, always 

I * o * * 

use the degree . symbol, such as 90 , U5 , etc. 

Example 3-la . Evaluate sin 990°. 

• We see that 4 990° corresponds to 

r -^- x 990 = ^ it radians. We measure 

^ it unit^ around the unit circle in. 
a counterclockwise direction. If we 
write . J . itm 

i . 
. 1|2L = |L + 2(2*) *f ., ' 

we indicate two times around^ the circle 
. plus/ a ^ turn, suggesting arrival at 
the point (0,-1). (See Figure 3-li) ' 




Figure 3-li 



Thus sin 990 . « -1. 



201 



*()8 



Example 3 -lb . "If x is 'any multiple s£ ~, determine cos x ^pd sip*-*^/ 

& L "... ■ v . . - : ' . ' ^ V . 



Solution .. The arclen£th £ is \ th . of a circle and hence corresponds. 

.to an angle of "60°. As Figure -9-1 j shows we thus kno^ that t $P0Q =^0Qp ^ 

' " *■ 1 ' ■ ■ " • ^3 ' 

If nd. "hence that OR. , has length - and PR has length — . v w ^ 




P (- i^) 

2 V . 2' 2 ; 



p 3 (-i,o) 




p (- - A 

r 5 V 2> 2 ; 



Figure 3-lj 



Figure 3~lk 



Thus P has coordinates 



£ - i 

3 "2 



3 



:5 

2 



4- - 2jt 3« ttt 5« 
Measurements or -y , — , y , -j- , 



2tt 



give the respective points 

P of Figure 3-lk. The coordinates of these points are easily found using 

the same, techniques as above.. This, gives us enough informa^i-erfi to find cos x 
'and sin x for x any integer multiple of | . For example:, if we wish to 

find » cos C". 1 ^) , we observe that 

j ■ ie 

■-l6jt = % 5 ZL ■ • 

" • . . )••'"" ; . : • 

We measure in a clockwise direction first 5* then - units to obtain the 



point P 2> .Thus cos(— j 



(li^Z£) ._ - i the first coordinate (abscissa) of P^ 



"'" ' * ■ " *^ ^ . Exercises 3 -la . * * 

Change- the following radian measure to degree measure, 

Cb)-| ., ' ; - • ti) - 3 ^ .;. .. ' L - 




( f )< 5*. 7 >, 2 - 6 



r 



Chang* the* following *$£gree measure to radian measure. 

' ■ - ■ (g> 810° ' • • 



(a) 


270° * 


(b) 


y 3 o° . . 




.135° ' 


■x*\ 


W\ 


.(e)' 


195° 


it) 


-105° 







(h) 19 ° G ' ' 
- . ro is 0 

(j) o.; ( ° 

(k) 1620° 

■ • (»>. r ■ 

A - ' * 

iutprebs uxie iqui U u measure\ in terms of* tht 

angle: ' . " ^ 



(a) What is^tiik sum of the measures of the angles of a triangle?: 
of a rectangle? . ■ 

(b) Given: a polygon of n 'sides. What is the sum of the measure 
'of the^interior angles? ■ of the ex ferior angles? -K. ^ 

(c) The smaller of the two* angles between tjje^hands of a clock at 
11:30 - has a measure of . ■ 

(d) Over which' part- of a radian does the minute -hand of a clock move 
. in ~<L5 minutest in l 25 minutes? 

(e) How many radians dd^ theWninute hand i^weep out in 1 ^ hours? 
in 3. hrs. ' 50 min.? ■ ^ • v ' . ' * * 



Give the ' co'OKdinat'es of the point on the unit circle corresponding to 



(a)' 300°- f 
(hf " 1200°. 



/ \ 22* - 



if-. 



Express each of the following angles 
^between,. 0- and- ' Q n ' radi ans.^.' - 



in te 



erms of gr positive' angle 



f 



(b) 



3* 



Wsdte two equivalent express-ions' for 'each of the follow 
terj^s of 



lowrn£4jigles in* 



(i). 'h (2«) + a 
(iii, n v (it) + a 
(iii) n (§) + a 



n integer, . |c? | < 2* 
n integer, |a| < * [ 



(a) '^f 
(bj 



n integer, 



\ / 28* 



lal <|> 



3iit 

12 



*^a) Extejito^ the' information readily 



available from the '30-60-90 ■ 
triangle xn^Ktgure 3-lj, find 
cos x and sir) x/ for x, a^ 
multiple of ' g ,v by drawing a 
unit circle similar to* .the one 
to -the right and labelling the. 
coordinates (cos x, si\i\x)' 



For Q 1 , Qg, Q 12 
to Figure. 3- lk) . . 



(similar 




(b) Which of these points duplicate multiples of^ ^ in Figure 3 



-lk? 



(c).. Which of' the points Q^, Q^, 
multiplies of - ^ ? £ 



have coordinates for the 




fcure whether or not 



v " . . * :L i 

ce midway .^etwe^p and corijecjpu 

*f 'by ^vera^ihg the value, of^ cos g_ and 
ral* statement ^abou^ reading . off values of ■ sucfr 
functions from the toeing A, ^ 1 ■ 



it 

cos - 



' -8. (a) Us^ing i*e 



cos cos 



'eiationship*s between* trie ^ > 
sides - of a U5r^5-90° ^fciangle^* . a . 
\ 'find.' ctos x and sin x $pr x, K - 
* a; multiple^Df £ > by dra,win^ 
a. unit circle ^similar >to the one 
to the -right and labelling- the*. 
coordinate^fcos x, &wj x) for 4 | 
•:, K^, K 2 , . . )Kg. 




-V 



/ 




■ V 




( • 


* 




7* 



*5 



6* 

T 



- 1» 



(b) Prom. this circle ' read of f the following Values: 

)s 1351 



(1)' 


; 3* 
sin -jj- 


. - (6) 




' 7* 
cos tj- 


(*t) 


(3) 


'- 7* r 




(M 


cos ft" 


(9) 


(5) 


sin (.- ^) 


, ' do) 
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Using the coordinates of the points 
indicated on tWfc^mit circle to the 
right T answer the following: 



(a) Find the- value of 



sin g- ,, sin ^ , sin - 



3 V 



A « 



COS-g , COS ij , -£OS — 



What is the relationship 
between , 



sin g and cos — ? 



sin — and cos ? 
. sin ^ and cos ? 




In 'this first quadrant, what is the sign of the sine? of the cosine? 



(b) .Find the value o^f sin , 



of cos 




sin ^j- , and o£- sin — ; 



and 



2tt 



In this second quadrant, what is thej.sign of 'the-sirie? of 4 the 
cosine? . ; 

(c) Find the 'value of sin.^- ,\ of . sin .nj- , and bf sin ; 

Of COS ^ , Of COS ^f't V an ^ Of COS y, . 

In this third quadrant, what is the sign of the sine? . of the 

• - 

cosine? 

(d) Find the value of sin , of sin 



- '± ^ 11* 
of cos , 



of cos nf--T^L« 



and of sin ; 
and ■ of . cos # 



In this fourth quadrant, what is the sign of the sine? of the 
cosine? 
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(e) 



.10. 



(a) 



(b) 



(i) 
(ii) 

(iii) 



In which, quadrants is sine positive? sine /neg^t^ve?. ^ 
In which quadp&nts is cosine, positive? cosine :< n^g©tiv.e? 
In which quadrant is sine positive and cbsigg^^egative^ ; 
sine negative and cosine positive?, both positive^ - both 
negative?' 



What are -the coordinates of P, 
indicated on the circle to the . 
right*, if the circle has a radius 
- of 1? . 2? ? R? 



What are the coordinate's of T, 
indicated on the .circle to .the 
right, if the arc measure is * 
- and the radius is 2? .7?' 

I ? r? 




11. Given a circle of radius 1: : ^ 

-'An arc which measure 1 radian has 
length 1 ;. . 

an arc ynTch measures x radians 
has lei(gth x. 

Given a circle of radius R: — 

An arc* which measures 1 radian. has 
r , • length R; - . 



1 



an. arc which measures x radians 




has length % xR. 

(a). Show by similar triangles that the length of the arc is proportionaL 
. to the measure 6f the isrrc, and the constant of proportionality is 



the radius, or u s 



Rx 



2 °t 2 14 



(b) Th^Vinute hand of a. dock is . k » inches . long. Approximately how 
far doe^i'ts tip travel in -15 minutes? 

(c) A circle has'' a radius qf 15 inches. How long is the arc which 
measures 60°Z 72°? - , ' 

(d) What is' the radius of the 



circle- to the right if the* 
measure oi 

and the. length of AB - is* 

(ii) | in- . • ' 
' (iii) 10 in." 
(iv) 




B(1,0) 



in. 



(v) 



3x in. 



'.' (e) What is the radius of ( a circle if the measure of is x, and 

the length of. AB is - x? 2x? lta? ^ 

(f) If an arc of length it has a measui'^f ^ , what is tfie length 
of an arc of a semi-circle? of one-third of the circumference? 

12/ From geometry we know tliat ir> any circle tha area of two sectors of a 
Circle are proportional to the measures of their arcs; for example: 

•* ' ■ *« 

x ^ * Area sector AOB 



Area sector A0,Q 



x 
it 

2 



i.e. 



■ A/VD - 2x itR . 
Area , sector AOB = — * *"TJ" 



R 2 x 




2 "3 
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£a) TJlis formula- can be re-stated, in this IfT^ 
" •. In a given circle the area of a sector 



A OB = constant X arc ^measure AB or A = kx, ■ where 

R 2 ' 

the constant of proportionality, k, , is A that is, 



|R 2 x 



• — J 

What is this constant of proportionality for a circle, of radius 1? 
2? i+? 

'(b) In a circle of radius a, if a given arc has a measure m, what is 
the area of the sector? 

\ 

(c) IrTa. given circle, how is the area of a sector affected if the arc 
measure is doubled? halved? tripled? 

(d) In the beginning, of this problem we stated that the area of sector 
A OB is proportional to the arc. measure . ' Obviously, the area of , 
sector AOB is also proportional to*the arc length. What . is this- 

•' constant of proportionality? 

(e) What is the area of a sector of a circle of radius 18 .'inches if . 
the arc of the sector is 12 inches long? . - 

(f) How is the area of the sector affected if the arc length is doubled? 
halved? tripled? ' 
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In a separate booklet we give tables of approximate values of .cos' x 
and s:p-x ' for decimal values of x up to 1.60 . which is slightly more 
than — •. (-tfhe number x, of course, represents the measure of an arc length 

.2 „ ; v 

on the unit circle, i.&., radian measure.) More .complete tables, tables in. 

terms of (degree measure and tables for converting from radian to degree mea- 
■ ■ 9 ..... 

sure are also: found in the Booklet of Tables. ^' 

The following examples indicate some .of the ways of using these tables: 



Examg le 3-lc . Find sin .75 and C0G «73- 
We simply read from the tables the values 
* v • "sin .73 - -6669 



and 



cos .73 - .7^52. 



Example 3-ld . ' Find sin 6.97 and cos 6.97- 
While our tables, do not include 6.97, we do know that 
sin.x = sin(x - 2it) and ' cos .x = cos(x - 2jt) 
Using 2jt £ 6.28, we have 

' ■ ■ sin -6.97 » sin .69 s .6365 

and ." 



cos 



6,97' - cos .69 s .7712. 



Example 3-le . Find sin g 
Using it ~ 3-l?*2», we have 



The table.s give^-g 




Interpolating, we obtain 



sin .52 w .U969 
sin' .53 »' .5055 



sin .52U s '.1*9.69 + Yo' ( -5055 ~ ..^969) 



V 



- , f 



\ 



Therefore, '." sin g - -5003- 
Of course', can observe that 



(radians) corresponds to *30 

•and read the result sin = ^ 
from Figure 3-1,0. 




Example - 3 -If * Find x such that 0 < x < — • and sin x a 
From the tables we see that . •. ' 

" * sin 1.08 ■« .8820 . 



and' 



sin 1,09 * .8866. 



Interpolating we get 



•x « 1.08 + lg (.01) a 1.0865 a I.087. 



Example 3~ig « Find sin' 2. 

Referring to Figure 3~im we see that 

Sin 2 = sin (* - 2) . 
w sin (3.1^ - 2) 
' a sin 1.1^ 
a '.9086 



.8850y 



Figure 3~lm 
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Example 3-lh . Find * sin 100. 
To find where "the sin 100 is.. located 
on the unit circle. we ask how many times 
2* divides 100. Since J'2jt « 6.283 we' 

Xrr fact ■ 



-' . . 100 „ 
guess that -7^ ~ 1°* 

16 x"2* 8.16 X 6.263 * 100. 52&, so that 
100 = 16 X 2* -■^53". We show (Figure 3-ln) 
that point P is. 100 units around the ; 
unit circle (counterclockwise) from (1,0) 
or -.53' unite short .of l6\ revolutions. 
• The. tables give »: 
sin- .53 * -5055 
so that • 

sin 100 s -sin .53 » --5055-. - 




P(cos 100, sin 100) 



Figure 3 -In 



Example 3-li . Find cos. 2000 . ^ 
. since there are ,360° in one revolution we write 
2000 = 5 x 360 V § X .360 +'20, Five and one-half counterclockwise revolutions- 
plus' 20° gives a point on the. unit circle 20° into the third quadrant. . 
We have cos ■ 2000° =, cos 200°'= cos(l8o° V 20°) = -cosfiO°. We use the , 
• table of Ho. 5 of Exercises 3 -lb" to find that -cos, 20° « -^0. To .use our ■ ■ 
radian tables we first note that 20° corresponds to" . 3 \ ( appf oximat-ely) 
so that f ■ ■ , .... 

cos" 2000° » -0.939^. ■ ^ ■ ... . 
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Exercises 3-lb 

For problems 1, 2, 3/ k use Table 3 in' the Booklet of Tables 

, 1. Find si-n x and - cos x when 

(a) 0,73 

(b) -5-17 " (d) 6:97 (Hint: 2* S 6.28) 



x is equal to 

(c) ' 1.55 ; . ; 

(d) 6:97 (Hint: 



Find 



x- when 0 <p*x < 75 and 



•(a) sin x Z .O.IO98 
(b) cos x w Q/9131 



Using * 
necessa 




(c) sin x 3 -9.6518 

(d) cos x Z 0.5^03 



.lU,- approximate the following, interpolating where 



'(a) sin jt 



(b) 



cos 



7* 




(c) - sin 11.5 . 

(d) cos Ul7° . 

(c) sin x = .871U 

(d) cos„ x = .1759 



5 

Find x where 0 < x < 1.57 

(a) sin x = 0.2231 . .. 

(b> cos'x = 0.7135 $ ' 

Below is a table giving values of sin x, and cos* x when x • is. given 
0 J — -° for. angles between 0° and' U5 



in degrees. Sin x^ and cog x v for. angles between 0" an<P ^ are 
read f^om'the top and left, sin .x° ' and cos x° for angles between 
k5° and^0° .are read fromH^e bottom and rig^t. . For example, % 
sin 20° = cos 70° * 0- 3^2. 



0 . 


sin 0 x 


0 

. COS X 




o° • 


. 0.000 


1-.000 


. 90°. 


5° ' 


O.O87 . 


0 .996 ' 


•85° 


10° . 


• 0.17k * 


.6.985 


80° 


15° 


.0.259 


O.966 


75° ■ 


20° 




0.9U0 


70° ■ 




0.1*23 


0.906 


65° 


30° • 


0.500 


■ 0.866 


6o° 


35° 


0.57^ 


0.819 


55° 


ko° ■ 


0.6U3 ■/* 


0.766 


\ 5 °° 




0.707 


0'.707 


V 


f. - 


, cos x. 


sin°x 


O 

X 
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Using the' table above find the values of the following: 

(a)' sin 75° ' (c) ""sin hQ0° ' „ 

'(b) cos lhO° ' ' , (d) cos(-U60°) 

Using the table in Number "5, find two values for x -in-degrees 

o^x 0 5-360°. v .; . 

(a) sin x = 0.5lh " (c) : sin x = -0.819- 

(b) ' cos x - O.6U3 ' fd) ' cos x = -0.087 . 



4 



21k 



3-2. Properties ' of the Circular Functions 



P(cos x, sin x) 



. We have defined the circular functions, cosine and sine, by measuring 

■ 2 2 

• arc length along the unit circle *u + v =1. Many properties of these puo 

functions are easily derived from this definition. In this section we derive 
a few of these properties . 

The values cos x and 'sin x 
were defined as the, coordinates (cos x, 

• sin x) of a point P on the circle 

2 2 

u + v =1 such as in Figure 3 -2a. . 
Therefore, the coordinates of .P. must 
satisfy this equation, that is: 



(i) 



■ 2 2 '. 

cos x + sin x = 1 



This identity will often be useful. 
We have followed the usual convention 




2 - ' rath* 



Figure 3~2a 



er than 



of writing cos x 

2 2 J 

(cos x). , sin x rather than 

(sin x)^ 



Since' a square is never negative it follows that 



2 2 .2 

cos x < cos x + sin. x, 




and 



2 2 . 2 

Sin x < cos x + sin x. 



Combining. thes\wit\(.l) gives the two inequalities 




? 2 ■ 

.cos x < 1 and sin x < 1, 



-1 < sin x < 1 . 



which can be rewritten as 

(2) -1 </cos x < i and _ 

. ; Another consequence^ of (l) which will be useful in our approximation 
/ discussions in the next chapter is the inequality 



(3) 



o <^ 1 



cos x < — 
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To establish (3) ve ude .the .familiar distance' formula to get (in Figure 
3 -2b} the distance from J to Q: * 

v(l ,-*cos x) + sin x 




. Figure 3-2b 

.This distance cannot . exceed- |x|,. ' since the- shortest distance between tvo 
points is measured along the straight line joining them. Thus 



/(l ^cos x) 2 + sin 2 x < |x| . 

Squaring and then multiplying out (l .- cos x) gives: 

" " " . 2 -2"2 

1-2 cos x + cos x + sin x < x , 

and' hence (l) gives: . 

kt ■ 2 

■; 2 - 2 cos x < x . r 

• ' ' • ' " '. 2 ' . . 

J Dividing by 2, ve get 1 - cos x < \ . TheV.oof of (3) is completed by 
Noting that cos x < 1 . and hence that 0 < 1- - cos x . 



V :•> • ••: 
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Periodicity . and Related Results 

There are several formulas which 
relate the values sin x and cos x 
at different, points. For. example, if 
wetraveVse the unit circle 2n units, 

we' arrive at our initial position, since 

■ 2 2 

the circle u + v = *1 has circumference 

2n. (See Figure 3~2c) Thus we have 
sin (x + 2jt) = sin x 
* cos (x + 2jt) = cos x 



* K Figure 3-2c 

• Functions which" repeat their values at equal intervals are said to be 
periodic- . In general, if there is a number i a > 0 such that 

' '. f(x + a) = f(x) for all x, 

then we say that. \ f is periodic with period a. Thus the functions ' sin-. > 
and cos are periodic with periQd 2*. As ^sequences of (k) we have 

. .. ^ sin (x + hit) = sin ((x + 2jt) + 2*) 

= sin (x + 2jt) 
= sin x 





and 



sih (x V2jt) = sin ((x 2jt) + 2n) 
= sin x 

In fact, for any integer n we can make the general statements 



(5) 



sin (x : + 2rur) = sin x 
.cos (x + 2rut) = cos x. 



Other useful formulas can be "read of f" .'from -the properties' of the unit 
circle given by u 2 + v 2 = 1. For example, the points (u,v) and (u,-v) . 
are symmetric with respect to the u-axis. Consequently, we see -(Figure 3-2$) 

that,- - - ' * 



(6) 



cos (-x) = COS X 
sin (-x) = -sin x 
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P - has coordinates 
(cos x, sin x)- 




Q has coordinates Q 
(cos(-x), sin(-x)) 



Figure 3-2d 

Using the unit circle we can also derive the two familiar formula - 



(7) 



. sm(- 


- x) = cos x 






cos(^ 


- x)/= sin x 



.' In Figure 3-2e triangle OPR is 
congruent to triangle OQS. \why?) 
Then P(u,v) and Qfu-^v-j) are 
related so that u = v 1 and v = u^. 
It follows that 



cos. x = OB = 03 = sin (| - x) 

- t 



and 



sin x = PR = OS; = cos (| - x) , 




Figure 3-2e 
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The. useful formula. 



(8) 



cos x = sin (x •+ -V 



can. also be' derived by geometric' arguments using the unit circle . j Here we 
derive it using (6) and (7) / as. follows . 



cos. x = cos( sin - (-x)] 



sin (x + -g) 



We have given but sT sample of the relationships which can be derived from 
the unit circle.; Other such results will be derived in 'the exercises and, as 
we need them, in Sections 3.-5 3nd . 



N 
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Exercises 3-2 

Using k(x +• 2mt) = f(x), and :: f : x -» cos x, find 

(b) f(3*)"*- (=) fC-7«) 

If f : x -> sin x, find the values of T in Exercise 1 above. 

For what values of 'x (if any) will _ . 

(a) sin x = cos x? 

. (b) sin x = -cos x? * _. . : 

(c) sin x = sin (-x)? 

(d) cos x = .cos (-x)?^ 

• Hint' **Use the fact that (cos x, sin x) represents a point on the 
. 3 
unit circle ..... 

(a) Using only the definition that sec 0 and esc 0 are reciprocals 
of cos 0 and' s^n 0, respectively, show that -the expression 

secTAse e U identi ^ e ^ Ual t0 sihTAos 0 ' 
< (b) Adding to the definitions of partja) the definitions ;that tan 0 

sin 0 - and c6t Q is the reciprocal of tan 0. 
cos 0. ^ 

' (i) show that the expression ^JVco^/ Can b ? Changed ' 

1 + sin -0 ♦ " 



to 



2 

cos 0 



(ii) ^ that i^£2^ and Can b ° th 

to sin 0 + cos 0 ; and . > 

Ciii)' show' that' sin 0 esc 0, cos 0 sec 0, and tan 0 cot .0 
■ are all equal to 1. * f 



<<<: 
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(a) Formula (l) sin 2 0 + cos 2 0=1 can be used to an advantage in 
changing the form of many trigonometric expressions. Using this 
relationship, ■ 



MO 



p '2 * 2 

show that cos 0 - sin 0 ' can be written as '2 cos 0-1 



or. ± - 2 sin 0; 



(ii) show' that tan 0,+ cot 0 can be expressed as 



esc 0 
cos 9 



(iii). show that ± = ^ Qs q + 1 ~ l os q can- be expressed as 



" ' 2 esc 0.;' and 
'(iv); show that both' cot 0 esc 0 and 



sec 0 - cos 0 



are both equivalent to ■ 



cos 0 

2 

sin 0 



(b) It is simple to prove sin 0 cot 0 = cos 0 and cos 0 tan 0 = sin 0. 
(Why?) With these relationships, those of Exercise 4(b) (iii) , and 
others developed' earlier, prove. the following: 

(1) . (1 - sin 2 0)sec 2 '0 = 1 ' ; ■ 

(ii) (1 - cos 2 ^0)csc 2 0 = 1 

? 2 \ ■ 2 

(iii) cot 0 (l - cos ■ 0) = cas 0 ^ . 

(iy) sec 0 (l - cos 0).= tan 0 ■ 

■ r. 2 2 

(a) . Starting with the relationship sin 0 + c6s 0 .= 1, prove - analytic 

'2 2 ' 

cally that 1 + tan 0 = sec 0. 

(b) By considering AO&T and 
the unit circle to the right, 

prove, geometrically that 

? 2 
■ 1 + tan 0 = sec 0 . ' 



f 
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(c) Starting with the. relationship, sin 9 + cos 0 =1, prove 

2 2 

. analytically' that 1 + cot^ 0 = cs.c- 0. 

(d) Adding the relationships posed as problems in parts a, b, c to the. 
earlier ones discussed-. 



(ii)' 



'show that - v gS_| -is. identic^ 1; 

cos 0 v cot v ' 

? '2 / 

establish that sec 0 + esc 0 is equivalent to. 

? 2 
sec 0'csc 0 in two ways; and 




(iii) show that sin 2 0 (l + cot 2 e) + cos 2 0(1 + tan 2 0) is- 
• * " always 2. * . ' 

(a) Using the figure, to the right . 
" prove sin(x + h) - sin x < PQ . . 

(b) From this result prove that 

|sin(x + h) - sin(x) | < |h| . 

(c) Again, using the figure to the 
■ right prove that 

|cos(x + h) - cos(x)J < |h| . 

P(cos x, sin x) and 
Q(cos(x + rt), sin(x + *).) are 
indicated on. the drawing to the 

right. ■ ' 

(a) By the use of similar triangles, 
read off the coordinates of Q; 
i.e., prove 

cos(x + it) = -cos x, and 
sin(x + it) ■=■ -sin x. 

(b) Similar!^,, prove 

' • cos(rt - x) = -cos x, and 

* ' sin(rt - x) = sin x. 



P(cos\X, sin x) 
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9. 7 (a) Using the figure to the right 

.read off the coordinates of > 
Q 1 - to show that • 

cos(x - jt) = -cos x, and 
sin(x - jt) = -sin x, 

■ ' (b) Use formula (6) to extend the 
^ ■ results of (a) to show that 

(i) cos(x.- jt) = cos(jt - x) ■ = 
■ anc * 

(ii) sin(x - jt) = -sin(jt - x) = -sin x. 
10. Read off the coordinates of E to show , 



cos(x + |) -sin x 



sin(x + |) = ' cos x 



-cos x 



11. : Using the relationships (6) cos(-x) = cos x 
(7) sin(| - x) = cos x, cos(| - x)^= sin x 

, (a) prove cos(x + tj) = -sin x; , 



(b) prove 

(i) cos(x + jt) = -cos x, 
and 

(ii) sin(x .+ jt) = -sin x;- 

(c) pr<Sfe , 

(i) cos(x - jt) = cos(jt - x) = -cos x 

(ii) sin(x - *) = -sin(* - x) = -sin x 
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The 'inequality 0 < 1 - cos x < ~ was established as formula (3) in 
this section. By numerical substitution of various values of x, let % 
us now investigate this .relationship. & 
(a) Using the table which gives the cosine of angles expressed in radian 
measure, complete the following- table. 



x 1 

(in radians) cos x 


1 - COS X 


2 

X 

2 


0 






* . - 


0.1 




* 




• 0.15 








■ Q..3 






r=3 — . 


0.5 


l 






0.6 








• . 0.7 








0;8. 








0.9 








1.0 








,1.2 








1.5 . 










-A— 














6' 









(b) From the completed table, conjecture for which va*Lues of x this 

inequality is most useful. 
We know that the functions x -> cos x and x -» sin x have period 2*. 
Find the period of the functions x -* . 

(a) sin 2x (c) cos hx 

(b) sin |x (d) cos |x 

Show that the functions \sirie and. cosine/tove. no positive period les; 
than 2jt. 



\ 
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3-3* Graphs of the Circular Functions 

'■ The sine and cosine functions' have been, defined in terms of arc length 

2 2 

on the unit circle' given by u + y = 1. As was the case for polynomial 
functions, the graphs of these functions provide. another geometric device ■ 
for understanding their behavior. At this point for nonpolynomial functions' 
our primary procedure for graphing is the plotting of points . Fortunately 
we\can make use of the' results of the previous section to simplify our pro- 
cedures . 1 



,We firs* plot some points for 



■(1) 



\ 



\ 



sin x, 0 < x < n. 



Table 3-3a lists- some values of sin x which were obtained in the ^previous 
section.\ These points are plotted .in. Figure 3-3a*. 



Table 3 -3a . ■ 
Values of y = sin x 



X 


\ y = sin x 








* ' 


0 


•\ ? ■ 










IT 

■■'< 
« 

3 • 
it 

2 . 


, v 1 
. 2 • 

..• f S .V 87 - 




• 

• 


• 


• 

r-h r-l * ^ * 


• ■ ■ ■ \ 




> 4 h- 

. Z H 


— 1 

IT 

3, 


* 2ir 3* & : n 

2 3 X • 6 


'• 3 ' 


4 =..87 ^ 










. 3* . 

T . 

r 


1 

2 




V 

Figure 


3-3a; 


Values of. y ='sinx,. 
" plotted from Table 3-^a 




0 




, ■ 'J ■ 








If we connect' these, points 
with a smooth curve we ob- 
tain the graph shown in 
Figure 3~3b. A' more com- 
plete .picture can be ob-* 
tained using^more points 
but this will suffice for 
our present purposes'. . 



Now we can make use of the properties obtained in the previous section 
to extend our graph beyond the interval 0 < x < it. The, identity 

'••.-** ' : .. ' ' ' 

(2) ! ' J * ' . ,sin( -x) = -sin x 

tells us that the graph is symmetric with respect to the origin;- that is, the 
graph contains .(-xy-y) if it contains (x^y) , (Such- a function isalso 
called an . odd , function . Jjater -we 'shall show how to approximate the sine 
func%on\by a 'polynomial function with only odd degree .terms.) Equation (2) 

; . Nr.. ' . 

enables us to obtain Figure 3-3c from Figure 3-3"b- 











. 1 ■ 


' ^ \ r 








■ - r ^ ' 










it 






We call this, one cycle of the 


" (-x,-y) •; 




sine function/ ■ 






" -1 


v, Figure 3~3c. 


\ ■ ' ■ 

j =\,sin x, -it < x < it 



Next we use the identity 



(3) 



'* ■ sin(x + 2rut) = sin x, 

which holds for all integers n and all rea^ numbers x, to obtain the 

y" 1 

graph shown, in. Figure 3~3fl«. . 




* The graph of the cosine function can be Obtained in a. similar* manner. 
'We' can, however, easily obtain, its graph;, from that of the sine function by 
translation , for we know that 



cos x = sin(x. + . 



Thus we can picture a shift of the graph- of the sine function | units to 
the left »(or we can think of .shifting the y-axis | units to the right), to 
obtain. the graph of the cosine function. (Figure 3~3e) . 




Figure 3~3e 
y - cos x 



'■ In Figure '3-3f we further indicate "this relationship by superimposing 
on the same axes; the graphs ■ of the sine and cosine functions. 




Figure 3-3? 



Translation and * Scale Change ' - f ■ \. " 

We have observed that the cosine function. can be obtained from .the sine 
function by translation. This process generalizes. The .graph of ' / 

y = sdji -.(x + C) . 

■where C is a constant is easily obtained by suitably translating the graph 
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of y = s,in x on the y-axis. We can think of shifting the y-axis (in 
Figure 3-3d). ; |c| units to the right or left "according as G ^is positive 
or negative* For example, in Figure 3-3g ve show the graphs of y = sin(x + 3) 
and. y = sin (x -|) as veil as the graph of y = sin x, from which each can 
be obtained by an appropriate translation.- r 

. . • • • . /• • 



." y = sin x 

sin (x + 3) - — 




• Figure 3,-3g '\ 

In Figure 3~3h we picture the graphs of y = sin x, y =2. sin x, and 

y = sin 2x. . ' ■ '. J 




Figure 3~3h 1 

We can describe the- graph.' of ^y = 2 sin x as being .obtained from the graph 
of y = sin x by "stretching" . the y-axis and -the graph, of y.= sin 2x as 
being obtained by ""shrinking" the x-axis. Such a stretching or shrinking 
process is called a scale change '. , 

.-./ - • 228 O .. 



The graph of 



y = A sin (Bx + C)., 



called the general sinusoidal curve, can be obtained -ty combining translation 
and scale change. For example, to graph ' . ' " ^ 

(5) 



we. observe that 




y = 3 sin (2x + ^ 



(2x + |) -si>(2(x> J)) 



so. that the graph of (5) can be obtained from y = 3 sin 2x by shifting the 
y-axis £ units to the right. The graph of . y = 3 sin 2x can be obtained 
from that of y = sin x by "stretching" the* y-axis by a factor of 3 and 
."shrinking" the x-axis by a factor of 2. (See Figure 3-3i-) m 



y = 3 sin (2x + ■ |) 

y = 3 sin 2x 

y = sin x 




Figure 3-3i 
V ■ 
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■ Exercises 3^3 

For each of the following, sketch the graphs- of the three equations 
one set of 'axes o^r the intervalCs)^ indicated. 

1. (a) y = 2 cosax ° 0 < x < 2rt 



(b) 


y • 


a 3 cos ■ X 


0 < x < 2jt 




y 


i • V 

=3 ™ COS X 


n v <T Ptt 
U V. A CJl 


(a) 


y 


» cos 2x 


0 < x < 2it 


(?) 


y 
y 


= cos*- 3 X 

= COS £ X 


0 < x < 2* 
0 < x < bit 


(a) 


y 


= cos (x + |) 


- | < *'< 3* 


(b) 


y 


= cos (x - |) 


| < x < 3* 


(c) 


y 


= cos (x + It) 


- -it < x < 3jt 


(a) 


y 


= -COS X * 


0 : < x < 2it 


(b) 


y 


= -2 cos x 


. 0 < x < 2it 


.(c) 


y 


= -.cos 2x 


0 < x < 2it 


(a) 


y 


- -sin 2x 


■ v . 

0 < x < 2it 


(b) 


y 


= -2 sin hx 


0 < x < 2it 


(0 


y 


5.8 
= - | sin - x 


0 < x < 2it 


(a) 


y 


= -cos (x - ^) 


0 < x < hit 


(b) 


y 


= sin (x + it) 


0^< x < hit 


(c) 


y 


^ cos (x + |) ,. 


:'.'0*< x <^ hit 


(a) 


y 


- 1 = cos X 


0 < x < hit 


(b) 


y 


X 

+ 2 = sin ^ 


0 < x < hit 


(c) 


y 


1 1 . o 
+ 2 = 2 sin 2x ft - . 


0 < x < hit 



V 



8. (a) y - |sin x| " 0 < x < 2n 

(b) y = ||sin 2x| 4 0 < x < 2n 

'(.c) y = §|ain |x| ■;»*'.. 0 <x < 2n 

* 9. (a) y = -|cos x| 0 < x.< 2n 

(b) y = |sin (x - §) | • 0 < x'< 2* 

(c) y = |sin (x - |) ( - |cos x| 0 < x < 2n 

10. (a) y ,= ain 2 x ( .. 0 < x <« 2it 

..." (b) y = coa 2 x- • . 0 < x < 2* 

(c) y = sin 2 x + cos 2 x 0' < x < 2* 
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Uniform Circular Motion •> 

Let us now cons-ider the motion of a point P around a circle of radius 
r " iri the uv-plane., and suppose that P moves at the constant speed of s 
units per second:. We" let ]^(r,0.) represent the initial position of P.' 
After' one second P will be an arc-distance s units away from P Q ; after' 
2 . seconds P will be an arc-distance 2s units away, from P Q °; and similarly 
after t\^ seconds P will be an arc-distance ts units from .its starting 
point (r,0). -In Figurk 3-^a-we show a point P(u,v), which is ~ st units. 




y J r 

Figure 3-^a v a. & \ ■■■ • 

We wish to describe the. coordinates (u,v), of P . in terms of valued mf /J^ 
the sine and cosine functions. Since we defined the functions x -> sin x«<;andf£. 
'x — > cos x in terms of a unit circle, we also draw the circle given by '['k^V?*' 

op ■ * ■ ' V- i M V V- 

u + v = 1 in Figure 3-ha. (While we illustrate the case where r > 1, l- 
our reasoning will also hold for the case where r < 1.) The line .OP cross^O; 
the unit circle at the point P^cos x , sin x) . . 

We can express these coordinates in terms of t instead of x. What 

' happens to st and x if t is doubled, tripled, halved, or multiplied by V. \ 

■ * • " . ' . v' 

some constant factor k? What is x when, st = ,2*r?.' We know that st is 

■ directly proportional to t. It follows that x is directly proportional to 

232 " . 
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t;. that is, if- k . iff a constant,' x = kt. When P has completely traversed 
the circle given by u 2 * v 2 =,r 2 , then st = 2^ it follows that when .. ■ 
st - 2nr we have x = 2n (since the unit " circle has circumference 2* units) 



Thus", we have 



from' which it follows- that k - Alternatively we could reason that 
v " r ■ . 



Since x = kt, we. get . 1 



'st _ _x_ 
2*r " 2« 



st = kt- 
2itr 2it 



' ; , ■ . ' ■ . S 

whence we arrive at the same result: k «= r 



r 

' To summarize we can say that the coordinates (u,v) at" any time t ■ 

V 

seconds are given by 

u = r cos (~)t 

■ ' l - 

and 

. v = r sin (^)t . 

The constant of proportionality k = J ' is commonly ' denoted by a> and 
is called the .angular- velocity . of V- Jt is called angular velocity because 
the measure of.^.xentxal a&e^?^^^ 3-»"0 may be written as 

In t : - V secondk/0?- rotates through in^.ngle .measure of cot as: P 
fs an arc-fdistance of'lst ^units can Wite 



r 

move 



(1) 



■■>.' <, *, v = r sift^tT^ ; '.' " fl '\ ' 



When ^ = 2«/^ ; %ill again be ia tfe^^llp.- This motion of 
the point from back into . . : a B ^ i^^pble . The time inter- 

nal during which a cycle occurs is called: the fcriod; in this .case, the . 
period is — • The number of cycles which occur during a fixed unit of 
time is called the frequency . We give a commonplace example of frequency . 
when we refer to the alternating" current in our homes as "60-cycle", an 
abbreviation for "60 cycles per second." 
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Example . Consider the motion of a* point' P around a circle of. 

radius 2 in the uv-plane . ' Suppose that P moves at the constant speed of 

s ^ 4 3 

3 units per second. Since co = - '= ^ ,. the angular velocity .is - units 

per second; the coordinates of P(u,v) are given by 

u = 2 cos (|)t • and v = 2 sin (|)t; » 

?ir ■ 2if 3 
•the period is ^ = y = 'y ; and -the frequency is ^ , 

2 : ' 

To visualize the behavior of the point P in. a different way, consider 
the motion of the point. Q which is^the projection of P! on the v-axis. As . 
P. moves around the unit circle, Q moves up and down along a fixed diameter 
of the circle, and a pencil attached to Q. will trace this diameter repeatedly 

assuming that the paper is fixed in position. T£ i however, the strip of 
.paper is drawn from .right to left at a constant speed, then the pencil will 
trace a curve, something like Figure 3-^b- * 




Figure 3-^+b. Wave Motion 



An examination of this figure will show why motion of this'type is called. . ■ 
wave motion. We note that the displacement y of Q from its central 
position "is functionally related to the time t, that is, there is a func- 
tion f such that y = f (t) By suitably locating the origin of the ty-plane, 
we may have either y = cos cot 6r y = sin cot; thus either of these equa- 
tions -may be looked upon as. describing a pure wave or, as it is sometimes • 
' called, a simple ■ harmonic motion . . The surface of a body of water displays a 
wave motion when* it is disturbed / Another familiar example is furnished by 
the electromagnetic waves used in- radio, television, and radar, and- modern 
physics has even detected wave-like behavior of the electrons of the atom. 



1 i . . • 

One of the most, interesting applications of, the circular functions is to 

the theory of sound (acoustics)'. A sound wave is produced by a rapid alterna- 
tion. of pressure in 'some' medium. A pure musical tone is produced -by an^ .. 
•■ pressure' wave which can be described by a circular function of time, say-: . 

(2) * p = A sin cot 

where p is the pressure at time t and the constants A and to are 
'positive. The equation (2) for the acoustical pressure, R, is exactly in 

the form of one of the equations of (l)- even though no circular motion is 

involved; all that occurs is a fluctuation, of the pressure at a given point 
; of space.* Here the numbers A and co » have 'direct musical significance. . \ 

The number A is called the amplitude of the wave£ it is the peak pressure 
. and its' square is a measure of the loudness . ' The' number, to is .proportional 
• to the frequency and iera ..measure of pitch; the larger to the more shrill 
■ . the tone . 

The' effectiveness of the application of circular functions to the theory 
of sound stems from .the- principle of superposition. If two instruments 
i individually produce acoustical pressures p 1 and p 2 then, together they 
*\ produce the pressure .p + p 2 .\ If p x and p 2 have a common period then . 
! the ; sum p x + P 2 has the same period. This is the root of the principle of 
1 harmony; if two instruments are tuned to the same note, they will produce no 
' strange new note when played together. 

'!" Let us suppose,' for example, that two pure tones are produced with 

1 individual pressure waves .of the same frequency, say V 

i r \ ■ 

(3) , ■ * u = A co«'tot A . • 

• : v = B sin cot' " 

, ■ where A, B and • co are positive. According to the principle of superposi- < , 
• ^tion/- the net pressure is 

p = A cos. cut + B sin cot. . 

^What does the graph of this equation Iqok like?^ We srhall answer th'is question 
by reducing the "problem to two- simpler' problems , that is, of graphing (3) .and 
(k) above. For each t, the value of p is obtained from the individual^ 
graphs, since V * 



*The acoustical pressure is defined as the difference between the gas 
pressure in the waVe and the pressure of the gas if it is left undisturbed.- 
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To illustrate . these ideas with%specif ic numerical values in place of A, B 
and co; let, .. 

. A = 3, B a k, CD = It - 

Then we wish to graph ■ . 

(5) • p = 3 cos- it t +. k sin nt. 
Equations (3) and (h) become 

(6) U =? 3 COS Ttt, " 

(7) p v = k sin 7tt . 

By drawing the graphs of (6) (Figure 3-Uc) and "(7) ..(Figure 3-l*a) on the same 
set of axes, and by'adding the corresponding ordinates of these graphs at 
each value of t, we obtain the graph of (5) shown in Figure' 3 -^e . You will 
notice that certain points on the graph of p are labeled with their coordi- 
nates.' These are points which are either easy to. find, or which have some 
special interest. . : : 





■2 



— » 

2 



2it 



Figure ^-^c." Graph 

* ■ U = 3 COS 7tt.. 



0 J 

* 2 



3* o- 



/ Figure 3-^d. Graph of 

' v = k sin 7tt . 



The points (0,3), (0 .5,h) , (1,-3) , (1-5, -M and (2,3) are easy to 
find since they are the points where either u = 0 or. v = 0. The points 
(0.29,5 ) and (1.29,-5) are important because they represent the first . 
maximum and minimum points on the graph of p, while (0.79, 0) and 
(1.79 >0) are the first zeros of p. To find the maximum and minimum point 
and zeros of p involves the use of tattles and hence we shall 'put off a dis 
cussion of this matter until Section 3-6, although a careful graphing should 
produce fairly good, approximations, to them. 




(129,-5) 



TTt 



TT 
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Figure 3«*Ue. The suin of two ^pu^e . waves of equal period. 

Dashed curve: u = 3 cos^itt. Dotted curve: v = k sin jtt. 
Full curve:'* p - 3 cos Jtt" + h sin jtt; 0 < t < 2. (The scales • 
are not the same - on the two axes; -this distortion is introduced 
in order to show the details more clearly.) 

f \ '237' 0 ' 
<4<:* 



Exercises 3~*+ ' ' 

"^^1. Sketch graphs of each of the following curves over one complete cycle; 
' and state what the period is, and what • the '.range is/ if you can. . 

, (a) y «'*2".sin '3t ' ' * 

(b) y = -3 Bin 2t ■"' 

. (c) y a k COS (|) . 

(d) y » 3 cos t-x) 

(e) y = 2 sin x - cos x ■ - ■.».'.. 

2it % - * 

2.. (a) Find the length of the arc traversed when to = — , r = 3, if 

(i) . t = 1* " (iii) t = 6 

(ii) t = 2 1 (iv) t = 



(b) For a given m in a fixed circle, how is the arc length affected 
if the radius is doubled? tripled? . \- 

(c) Find the length of the arc traversed when co = ^ , t = 3 if 

(i) r = 5 . (iii) r * 10 \ . 

(ii) r = |" (iv) r = R. ' \ 

(d) For a given - co and a given time, how is the arc length affected 
if the radius' is halved? doubled? 

(e) Find the length of the arc traversed under r = 10, t = k |- . >if 

. (^ ■ ' (iii) f . ; ' - 

(ii) | ... (iv) cp 

\ ' 

(f) if "the time is given and the' circle fixed how is the length of the 

arc affected if co is doubled? .quadrupled? 

For the following;, sketch and identify the 

(i) period 
(ii) location of maximum point(s) and 
(iii). , : maximum points in this- interval 0 < x < 2« . 

(a) y =.-|sin2x ( cj< y = 2 1 cos ^| 

(b) . y = 2 cos ^ • • ■' 
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(a) ' On one set of axes, using the same scale over the interval 

0 <x <2n.. Sketch the graphs of : \, , 

(i) y = sin.x . 

(ii) y = cos x .V 

(b) (i) Using the sketches, and the scale, in part (a), sketch on -the 
• 'same graph y - sin x + cos x v 

(ii). From the graph of y = sin x + cos x, conjecture t/he period, 
. 1 and. the ■ maximum and minimum point (s) . § 

(c) (i) Sketch y = ^2 cos(x - using same scale as (b)(i). ■ 

(ii) Sketch y = v£ sin(x + j*f using same scale as (b)(i). 

(iii) Compare the graphs of parts (b) and (c). 
'o Have you any conjectures? 
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3-5- The Addition Formulas - 

In Section ¥ e added the corresponding ordinates of the graphs of. 
t -> 3 cos- it and t -> U sin n't at each value of t to obtain the graph 

Of ' - ' ' . ■ 

f ■ : t" -> p =;.3' cos nt > U sj.n nt 

over the' interval 0 <*t < 2^ We could have . obtained the graph of f more" 
easily if we had" been able to#express f in the form . 

», f : t -> p = A sin (nt + a) . ; % 

In this section we shall derive formulas which will enable us to show that, 

for all real values.. of t, • _ # y 

% ^ ? .. . - • 

3 cos nt + U sin nt. = A sin (nt + a) , 

. v . ' " " J ; ■ 

-• - h ' ■' • 3 . 

where A .= 5; cos a = °- , and sin a = - . ■ 



sh\ll. derive will also help us to discuss tangent 



The f ormula s that, ' w 
3 lines to the graphs of Circular functions and a rea.s beneath them 

We begin with the \a sic 'formula 

(l) ( cos (d -. p). =■ cos a cos P + -sin*?? sin {}. 

t 

' - QCcos a, sin a) 




\ 



Figure 3~5a : 



Ypu may have derived this' formula • in an earlier course. , To begin our deriva^ 
ttbn we refer* to Figure 3-5a< .'(Ve illustrate the case for which 0 .< a <: p,) 
The distance* from - P . : to Q' is-. '• * . , . ' ■* ; \ 



(2) 



PQ = ./(cos P -%os a)^ + (sitivP - sin a) 



^We now use the principle that.^jarclertgth on a cir'cle "depends only upon' the 
unft of measure a^d not <^p r the ■ chpicef&of axes.. If we choose .the ^u' ^and- v f 
axes (Figure 3-5b) , we see tha't P* "now has,-,. coordinates (l,C^. and Q has, ; 
the coordinates J[ cos (a ~ £f > sA(a * ^ ( *' ^ * 



- 1 • 9 



..4P 



p),sin(av-») 




• ' ■ , Figure , 3 - 5 b '' 

In Figure 3-5b the distance from - ; P 'to Q is 



PQ = /(l -_cos(a'- p)) 2 + (0 - sin(a' - p) ) 2 '-» 



(3) • • , t 

We -equate .this with' (2) and square both sides to obtain 




(cos 'p - cos a) 2 V (sin 3 - sift a); = [l - cos(a . 7 p) + [0 - sin(a - p)]*. 

• ' • • \ ■* 

Expanding and ,regro&ping, we get On the* left •» .<*'•• ' * ' 

• ' • . * > '■ 

.**. (cos sin p) t (co's a + sin a) - 2i[cos ~p cos a + sin, P sin a* 



and x>n the. right 



1 + [cos 2 (a T p) + sin 2 (a - p)] - 2 cos(a -'6)i 



2^1 ' 



2 2 * 

Since, for all' real 'x, sin x + cos x = 1, we. have 

1. + l -'2(eos.p cos a +'sin p sin a) 1 + 1. ■* 2 cos(a - p) . 
Therefore, we conclude that (l) holds; i.e., 

cqs(ti -. p) = cos a cos p '+ sin P sin a. f 
While we could use a similar argument to derive the formula for 
cos(a + P)" we elect to use(l). Replacing P . by -P in (l) we have 

,cos(cr + p) = cos(a - (-p)) 

" = cos a cos («p) + sin aJsin(-p). 

Sirlce cos(-p) = cos p .' and sin(-p) = -sin p/we have 
cos(a + p) = cos a cos p - sin sin. p. 
'; Earlier" we showed that, for all real x, v . 

(5) ' sin x = cos (| - x) and cos x = sin • (| - x) . 

We can use (l) and (5). to obtain 

>; ■ . sin(a + p) = cos [| - (a + p)] ; .'■ 

= cos [(§ - a) -■§].■' ' 
• ^= cos (| - a) cos p + sin (| - a) sin P 

(g) ; ■ - sin(a +' p) = sin a cos p + cos a sin p. 

" 'Replacing p. by" -p in (6) we get 

(7) - . sin(a - p) * sin. a cos p - cos- a sin p. 

^ The following examples show some of the mapy formulas which can be 
derived from the ' foregoing addition (sum.and difference) formulas. 

Example 3 -5a . Show that for all real x 

' r " 2 1 + cos 2x . ' 

(8) t '. . * • ' - ■• " cos x = : — ~ • 

g 

%e use (1*) .with a ?i = P = x to obtain " 1 # 

■ 2 ■ 2 

" cos *2xT5K cos x cos x - sin x 3 ' sin x =' cos x >■ sin x. 4 . 



Since cos x + i sin x = 1, we can rewrite this as * 

. . • * % 



p 2 * 2 ' « ■'*'** 

cos 2x = cos x - (1 » cos x) = 2 cos x - l.*'-' \. 



2 

Solving for cos'.x we get (8), 



• Example 3 -5b .- Show^ that for all' real x . 
(9) sin x + cos x = t/2 sin (x + - r 

Wq use (6) with, a = x, P - J t0 obtain 

sin (x + jjO = cos x sin ^ + sin x cos ^ 

Since- 

1 ; "... ^ 

7T . jr. 1 



cos t = sin p. = — 



we get , . 

' * * ■ ' ' 1 - • ,; ■ 

sin (x + ?■)• = — (cos x + sin x) . 
- 4 72 . ' • 

' • ■ ■ ' :'■ ■ 

Therefore, sin x"'+ cos ■ x = & sin (x' + |) . % generalization . of this 

process will t?e used in Section 3-6 to rewrite (.from Section 3-1*) 

3 cos nt + k sin jtt 

■ k 3> 

as 5 sin (nt + a), where 'cos a = ^ , sin a = ^ . 



. Example 3-5c . \ Show ttiat for all. real numbers a, b, -and x 

(10) sin ax cos bx = |[sin ((a + b)x) + sin ((a - b)x)]. ./ 
We* let .a = ax and P = bx and to obtain 

(11) *sin( ('a +' b)x) = sin -(ax + bx) . = cos ax sin bx- + sin ax cos bx . 
Formula "(7) gives: t 

(12) ' sin((a - b)x) * sin (ax - bx) = sin ax cos bx - cos ax sin bx'. 
Adding (ll) : and (12) we get 

• \ sin((a + b)x) + cos((a + b)x) = 2 sin ax cos bx. 

Dividing. "by 2' we obtain (10)'. 



* * Exercises 3*5 
Shov that for all real x 

(a) sin 2x = 2 sin xf cos x a 

2 2 

(b) cos 2x = cos x - sin x , 

=2' cos x - 1 • 



=1-2 sir^ x 
<y sin 2 x = 



cos 2x 



. 2 ■ ' ' ■ 1 • 

Sketch (0 < x < 2jt) and show that 

(a) cos $ +' sdn x = v5 sin:('X + = V2 cos (x - £) 

' ; * = V2 .cos (x +. 

(b) cos x - sin x = t/2 cos (x + |) = .-V£ sin (x - £) 

= V2 sin (x + ^-). . 

^Using formulas (1), (M, ('6), (7) ' and Exercise 1 ' shov that 

/x / l'\ t an a - tan ft . ' 

(a) • tan (a - ft) = ± + tQn a tan p . 

/x / ■ rt \ v t an a + tan ft 

(b) tan (a + ft) = r . tan a tan ft . 

# v ' 2 tan a . 

. (c) tan 2a = ; 2 — - 

1 - tan a 

a _ / l - cos "a l + cos a . sin a ; 
• (d) tan / x + cos q ~ s i n a 1 - cos a 

Use the lav of cosines to derive formula (3) • 
Shov that for all numbers a,.b, and. x 
(a.) sin ax sin bx = |[cos(a - b)x cos(a + b)x] 

'(b) cos ax. cos bx = |[cos(a - b)x +.cos(a + b)x] 



2** ' 

2kk 



6. Using any of the formulas- developed in this chapter, find: 

(a) .sin j^; (Hint: ^ = ^ - |) 

(b) cosj|'.* v ..... 

^ ..(c) tang ' 

f ^ llit ' : 

(d) cos yg- . 

7. Using any of the formulas developed in this chapter, show that for all 

values where the functions are defined the following are identities: 

h h 
(a) cos 0 - sin ,0 = cos 20 

%• - 2 1' tan 0 + sin 0 
• (b) cos 2 0 = 2 tan 0 , • 

1 1 2 • 

• (c) 1 * sin a = (sin.£cf'+ cbs ~a ) 

(d) (sin 6 + .cos'eT ? /= 1 + sin 20 ... ' ; <; ; ^ „ 

'•/ \ ! 2 ta n 6 . ■? ■ ' ' ' . V v " 

(e) sin 20 = -g— j ^' ' 

1 + tan 0 '.Vi * *' * "' 

, . 1 + cos 0 , sin 0 2 , - * .. ,\ \ ; ^ 

^ ' sin 0 1 + cos 0 sin 0 - "... - \ . 



You derived the formula: 

2 

cos 2x = 2 cos x - 1. 

(a) Solve this for' cos x ' -thus expressing cos x as a linear 
funcWpn of cos 2x. 

h 2 2 

(b) Consider cos x as • (cos x) and by the same methods as used 



in (a) show that 

= g(3 + cos 

; 2 



cos^ x = g(3 + cos 2x + cos Ux) 



9. Using the formula cos 2x =. 1. - 2 sin x, derive the formula for 
sin^ x = g(3 - k cos 2x + cos Ux) . ' 



A k 
sin x: 



.2 ^5 



ERIC 



ERIC 



10-. Show that the following are identities: that is, they are true for .all 
values for which the functions are defined. 

(a) sin 26 cos 6 - cos 26 sin 6 = sin 6 

(b) sin(x - y) cos z + sin(y - z) cos x = sin(x - z) cos y • 

(c) sin 3x sin2x = |(cos x - cos 5*) . 

* cos 36 

(d) cos 6 - sin 6 tan 20 = CQS 2 6 • > 

(e) sin 3 0 = y(3. sin 'Br sin '3©) 

(f) sin x + sin 2x.+ sin 3* = sin 2x (2 cos x + -l) 

• • , v /l+_tan__xx 2 f 1 + sin 2x. 
> 6 ' *i - tan x } "1 - sin 2x 



253 

21+6 ■ 



- > ; , >: 

: t y - : ?ir. it ■ 



3-6'. Pure Waves ' 

' We promised that formulas 'derived .in the last section would enable us to 
write 

• (l) . p = 3 cos itt* + k sin itt. t 
in the .form 

(2) " •«■:". P - 'A sin (cot + Cc) . 

We apply the formula (6 of Section 3-5) for the sine of the sum of two 

■ numbers to (2) to obtain * 

#5 • 

A sin (cot + a) = A sin cot cos a.+ A cos cot- sin . a 

• * : = A sin a cos cpt + A cos a sin cot. 

Now if this is to be the -same as (l) we must choose co = it, 

'A sin a = 3 

(3) 

■ - • A. cos a « J*. ■ , . V • 

* " To find A we take the sum of the squares in (3) to obtain 

A sin . a + A. cos a = 3 + ' ^ , ■ - \, ' \« ': : 'ft ! 
• . A (sin a + cos a) = 25, 

i.= V ■ ■ A =25. 

fei'rrv- ^hus we can choose A = 5 and then choose a so that 

Sfeiv';;. >\ V\> N -3 .1+ • - ' • 

•■>'■ 'i sin "a =. j and cos a = — .. .•■ 



Prp'nr ^ab^Les we get s a ss .6^+3 . 



vV^v.^ of t, we can write 

4- i+ sin itt' = 5' sin(nt + a) , 

' ■■ -ft 

^K'-C-?:/^ we have follqwed for our • particular, 

•numerical i^xam ■ equation of the type 



cos cut + C sin cot * 



■■>' ■> -ft 1 ' -i* * v^' 

. ' in the 'form ..^f ..." , ' " , ■ x ; .•;_« ' . A ' ' >, 

, ^ '"' ri • ;i " . '. • >. ';^- ■ ' ' . 

. r \ (7)' ■ , _ , ■ * ^ ' . , u , v- y = ?J A sin(cot. V a) . 



B^SisLng- t^e surf f o^ula-^or sin (cot + a), we obtain the «two equations 

•• "■ vv-'^ ■."■fc"'.' 1 '•'•• r . f ■ 



. . v.: ■•; ; ." : A ,sin a.='B, .,A cos q'= C, 



■V V- 



which can be solved ,by putting 




(8) '■ ' a = vb + ;c 

and choosing a so that 

B C ' ' •' " 

(9) sin a = j , cos a = j . 

We can choose exactly one number a such that 0 < XX. < 2* . We know from (8) 

:Uat' '. •'■ '*' 

2.2" " 

.. ; . (|> * c|) - x . , 

so there is a unique point P. with coordinates "(£ , f) on the circle given 
by ' 'u 2 + v 2 =1. There' is . then a unique a on the interval 0 < a < 2it so 
that P. is a units around, the unit circle from (l>6)l that is, so that 

(9) holds. 

' . Consider the function 

(10) '.- f : x -*y = A sin (uit + a), 
where A > 0 and 0 < a < 2jt . The graph of f is called a pure wave (or 

• sine curve ) . We call A the amplitude; ; a, the phase ;, and : — , the period 
f -.of the wave, The amplitude A is the maximum value £>f f and • -A is the 
minimum value of f . The period is the distance between successive maxima- 
, (or minima) of f . We can rewrite the equation of (10) as 

(11) y = A sin (a>(t + . ■'. ; 

. From this we see that the graph of (10) can be obtained from, the graph of 

(12) r ,■ \ y = A sin cot 

■ by shifting.the yraxis units 'to the right. This .information Is illus- '/ 
: trated in figure 3 -6a for the graph; of p = 5 sin (nt + a), where a z .6k3* 



>9 ' 



Or- 



2U8 



A maximum . the period is ' 2 



A maximum 




a .minimum 



- ."' Figure ; 3-6a. k y f= 5 sin (jtt + a) , a Z .6^3 

We , have seen, that -Jn general ' there is a better 'way to sketch the graph 
of; y = B cos cot + C sin' cot than to add the ordinates of the graphs of. 
y = B cos cot and., y = C sin cot. To discuss a function of the type 

t -> y = B cos cot + C sin cot 

expediently and to be able t6 graph it .quickly > we can. put it in the, form 

' t -> y = A sin (cot ' +. a) : ' 

If we write the function in this form we can tell by inspection the period 

(— the amplitude ( |a|), - the maximum and 'minimum values (t|A|). We'^ 
can obtain' the' graph. by shifting the y-axis of the graph of 

y = A . sin cot '' • " ■ 



\0C 



—I units to the right or left according as is positive or negative, 
co 4. to 



2^4-9 



%6' 



' It would be Just, as convenient to express y = B cos ast + C sin cut in 
the. form y - A. cos .(a* + &) • We leave this for the exercises . 

Example 3-6a . We wish to discuss and sketch tta* graph of the function 
given by the equation • . « " . 

(13) V • y =.2 sin |t - 3 cos §t . ■ 

.We: want to. write (13) in the form '.''•*>' 

. y '= A sin (|t + a)': 

Our addition formula enables- us to write • , . ; .- v 

^ ; - ; A sin ( J t + a) = A sin |t cos a + A -cos°|t sin a. ■■ 
For all real values : pf t we" require ■ that 

A\sin ft cos a + A cos §t sin a = 2 -sin - 3 cos ^t . 



, 3 3 

one CI + A COS 4 * ~ * " ™ " ° ~^ ' * COS " ' 

2 

erefore, we must/have 1 , '.y 

r ..' A cos'a = 2 and A sin a = -3- ■ * • *: ;■ 



> •■ ■ . ■ 

•Following our earlier procedure we -write ■ .■ ■ v- . • . 

.' I.' A 2 (cos 2 a + sin 2 , a). = (2> 2 + (-3) 2 , ■' .i" 

■whence we get . A = 7l3~. 'Referring to -the unit circle of Figure 3-6b, we^see 
that' the point f . -^ ,-. -J^ V lies in the fourth quadrant . ,. . . ' 



w ■ 




'■" Figure 3 -6b ' / B 

j * 

■ We n6w find a* . so that cos a» = . and sin a f = s .831. From 

* &3 V i/l3 ; 

our tables ve get a 1 ~ .98. Since a = 2jt - a* ve have ; 

a '« 6.28 - .98 » 5.^0. ; 

Therefore, we- can write (13) in the convenient form '* 
(lh) y = A3 sin X|t + a) j where a Z 5. 30. 

By inspection we can tell. that. the period is ~ = , the amplitude 
is . -/l3, the phase" is 5«30. A sketch appears In Figure 3-6c. 



251 



.258- 




252 



ERLC 



.'*».' i ' Exercises - 3~6 

1." "Sketch each of the following graphs oyer ..at least, two of. its periods.. '. . 
t ■ ' Snow the amplitude and period of each. ' • 

""" (fe) y =. 2 cos 3t. . " ( - * 

'(b) y =^2 cos (^) ■ ;■ . ••' . " ■ 

(c) y - 3 cos" (-2t) . . ^ - . ■ 

- -Cd). yV-2 sin (|)^ V . . 

(e> y. = -2' sin. (2t + ' ■ 

. ' .'-(f) y.= 5 cos (3t + |) : 

2. Without .computing .the value of . a, find the amplitude and the period "of 
each . , , 

(a) y = sln-3t + cos 3t ' . ' f . ■ y. ' '* ;« / 

(b) y = -2. cos jrt + sin nt , 

(c) y = 2 sin 1 1 - 2 cos |t ■; . , J ' 

(4) y = 8' "cos — . + 6 sin- — 

• ■ , < c ; 2t "5 - 1 2t \ ' ' . ■■. 

(ej y = 6 sin y - ^ cos — . ? - 

; -(f) y - -VS cos 2j£ -i-.s& , . ' • ./'^ .^V''. 

3'. Express 'each of -the following, equations in .the form of y = A sin. (itt /*- 
(where 0 < Ct,< 2it): ' .. . 0 y . 

(a) y =• sin x + cos x ... * - 1 

(b) : . y = -sin x + cos x 



(c) y ='-"/3 sin. x - coa x. 

■ • 

(d) y = sin 'x cos x 



. lh** Express each equation :in Number 2 in the form y '•= A cos (itt : ; + qc) , . ^ 
■ (where* 0 < a < '2*) ' I by two methods:- . , ■ : . • ; ' . 

• . (i) Use .the formula;, for the cosine of the sum of two angles; i .e 

'• ■•" 'Cos '( 0 .+ », qp) • . . ••" . < . * ' ' ' 

'(■ttVT Convert the' answers of:' Number.' 2 to ' A 'cos (itt + i a)'.-- by .the use. of 
• '■.••' trigoriometric f^entities, such as sin. cp = cos (^ . - cp)., 

. sfiqvfj9'.+ 2^) r »W sin 0,.. cos (-0) = cos 0, ' etc. , . /\ 

— ? v'Vv.. ."• 253,.., . \ . . v ,• 



(a) Using- the add&ion formulas, shpw that y = 9^ sfe nt cos «t 

• may be put into the form Of any one of .the *f plloving # (p, < « < -2«) 

(i) y = A sin <(oit + a) . ■ . 

(ii) y = A sin'(cDt - a) • ■ ' . S\ 
, (iiij y = 'A cos (cot - a) ^ • .'• . f • " ■ ■ ."■ 

(iv) y = A cqs (cut + a) . • ^ 

(bj By the use of trigometric identities show t^t the four expressions 
■of part (a) are ; equivalent . . ' .. . ' •'. • . 

. (c) Sketch the'graph indicating the period §f, jthe amplitude A, and. 
(using.the form', y = A sin. (cot + a)) .indicating the • lag - .. .« 

. Express each of the' 'following equations 7 in the. form, y = A- co^itt - a) 
.for some- appropriate' real numbers A and a, 

(a)' y »4 sin; itt - 3 cos itt . 
'•(b) ■ y = "-h s'in itt ■+ 3 cos itt 
( c ) ' y i sin itt -■ 3 cos tft ; . *: 

(a) y = 3 sin itt + h cos itt 
'(e) y = 3 sin nt - h cos nt 
T ... Without actually computing -the value of a,' show on a diagram how A 
'and a . can be determined from the coefficients B- and" C of cos tot 
and*- sin 'tot 'if each of the following expressions of the,, form • 
B cos cot + C sin art is made equal to A cos (art ~a). Compute ' q, 
' and find the. maximum and minimum, values of each expression, and its 
•. period. Give reasons for, your answers . ' '' 

s / " ■' ' ' ...... . . . ' 

(a) "3 sin 2t '+ U ops St-' . . . , . . 

• ; (b) '2 sin 3t .- 3 cos 3t . • .. • 

(c) -sin (|) •+ cos (|) ■ 

8. ' Verify that the' superposition, of' any two pure waves . A cps (art •- a) 
and B cos (art -. & is-* pure. wave of the came frequency,, that is, 
that there exist real values C . and Y such that 

A cos. (tot - a) + bStos (art - P) :.= C cos (tot - X) • . • . 




•3-7- Analysis „of Genegai , Waves . Period 

~& ■ - ' ' ^ .Ll i- * ' 2 *- 

We" have seen' that the superposition of two waves, each with period — , 

such as those given by ■ . 

* y = B cqs cot and • y- = C sin -oat 

*■• ■" " 0 . ■ : - : 

giVes a pure, wave • ■■ '° ' - , 

'•••.a. ' • ... y «.A sin (cat + a) fi 

•of the tame period..' Now we direct. our attention to the superposition of .two 
waves with different, periods . Suppose, for. example, we had to deal: with 

\ V ' ■ 

(1) . •" . A ' • • y&.= 2. sin 3x - 3 J 'cos 2x. • ■ . 

* * • *-..'■ - • 

" The- period of .s*n 3x is y , . the period of ; cos 2x is — = it. At this 
point a 'simple observation is helpful namely, if a -is -a period of f 

* 'then -2a, 3a, ka, etc. \are also periods of f. For example,: we , know that. 

* * * . . ' "« • . * ■ " ' 

,. ; .". sin 3(x + = sin (3x + 2it) =*'sin-.3x .. ' -i . 

y / y ■■ 

•.- ■ and iience it follows that . f , 

» ' . .sj.n.(3(x- + ',2(^))-.= sin 3 (x. + * y) " '-' ' ' ^ 

' =vsin [3(x + 2*]<* 



3 

si 

^Slll -r — 

w ' "* 

In general, we^must have for each integer n ^ 



2tc 

■i^siti 3(x + -=-) = sin ^x. 



sin ?(x + n(^))' ^sih 3# 



3 

and .. v . . . 7 , .-^t' ■ 

■* ' ' k ■ *" ~ ■ : &s 2(x + rut? = cos 2x v * - . 

V In particular we have; ■ ■ \i * " a " 0 "' 

i '-": : &' m ■■ * r ' sin*3(x * "2it) = sin 3* ■ * ..J" *. ,"■ 

■S ' * cos 2(x +^it) = cos 2x ; ■ ♦ 

' so^bhat. 2it • is'.aAer^.^or both ... sin 3x ■ and. co S|ik 2x., Thus a the- function 
" ' defihej0W (iri»s p eriod 2itf The number 2it is the least common multfpi 

'^ v of the respective? -periods *-r- and ,it. ■ , i ■ 

> ' ■ f . 1 * ' * - 



M 

In general Suppose that ^ 

( 2 ) y = A sin (at + a) + E sin (bt + ^) . 

If a = b, ' we proceed as in the previous section\to. express y as a 
pure «ave with period . .X>S£ a % b, then, y may still be periodic- but ,. 

is no longer a pure wave.. - ' ' , . 

. > • ' • ■*.•'• 

" • ' Suppose a ^ b but that ^ and ^ have a common multiple, that is, 
there are positive integers m and n such that" ^ 

2* 2* ' 

(3) ■ m T = n T 

We can then choose m and n so that they, have no common^ ctors and (3) 
holds. In this case/ the relation (2) is periodic with period m . 'This . 

is exactly the situation in (l) where a =0, a = 3, ^ = - §7 b = 2 an ^ 
we -can choose m = 3, n. = 2 . so trha^t 

. i * . * 

2* ■ 2n ; ■ 4 ; 
z > m — : = n -r- . 

■ ■ • a ■ b ' ' 

/ 2n . - (2jt) f 

The period *bf (l) is then m • — - . 3 • — j-*" - . , 

course, it may be that- ^ and ~- ha ye • no common .multiple, in which 
' case (2) is not periodic . For example, the r^unction - 
. y = sin jtx + cos x 

Is not periodic^ . This is difficult to prove and its proof is omitted. . 
, ' ' ^The ; peribd'icity of (l)^is thus^ easy to determine. .There is little else 
we .can ' conclude in general about" (l) . About' all- we can do to simplify, matters 
is to sketch separately the graphs of / 

• / - u = 2 sin 3*, V "= 3 cos 2x ' .a 

and y = u - V- The result is shown, by the three curves in Figure. 3~7a. 

.>"'.' & 
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Figure 3-7a 

u.-= 2 sin 3x, v = 3 cos 2x 

y = u - v = 2 sin 3x '-:3 cos 2x, 

0 < x <-2jt'. 



The superposition of sine and cosine waves of different. periods 'can . 
produce quite . complicate d, curves. ..Inlfact, with only slight restrictions, 
any periodic function can approximated arbitrarily closely as-a sum- of ■ a 
finite number of sines and chines. The subject of harmonic analysis of _ , 
Fourier series is concerned wuh approximating periodic functions in this 
way. The principal theorem, first 'stated by Fouriey, is that a function f 
of period "'a. can be approximated arbitrarily closely by sines, and .cosines 
for each of which some multiple of\ the fundamental period is a. ■ Specifically, 

. ; : f(x) =-A 0 + (A x co^J2£ + b x sin $S*j . ■ . " : . 



(1). 



.+ (A 2 cos — + B 2 .sin — ) 



and. the more t 




z i 2mtx , 2njtxv 
+ (A cos — 1 — + B cos ) - 

■ n a n . a ■ 

, the better ie^our approximation. 



As an example, consider the function 'depicted in Figure 3"7b rj This 
function is defined on the interval -it < x < it by 



(2). 



f(x) 



0, if x.= -it 
-X , if -it < x < 0 

0, if x =*0 

1, • if ^ 6 < x < it. 



For all other values of x ve define A{x) "by the periodicity condition 

f(x + '2it) = f(x) . 

.■ This, function -has a particularly simple .approximation as a series of the 
' form.(l), namely, 

,■ .* k, sin x ? sjn 3* , sin 5* . sin(2n - 1)xn - ■ 

(3). . ^ .^"T" t /*3 T _ 5~~ ' 2n - 1 ' 







• < 
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■ * 


h ; 
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x -> f (x) ;='< 



Fourier series: 



Figure .3-Tb * . ' ■ 

G rap}? of periodic function, 

0, ' if x = -it; 

1, if : 0 <-x ':<"■* ' ■ . 
■ ' ; f(x + 2it)^f(x)>^;.;. ; ;/;. * <" :V , 

0, if X = 0 < ' ■T*3;.r- , ;>. ■••■ ;><■: 

-x, -if rit '< x < Y o i? A: 0# iA^l^-;- 

k rsiin xV ;. sin 3x : sin 5x V ' ' ' ,;fer 

§s 



'As m exercise, you may ' graph' the successive appr6x^f^/t^.|j.x^. by 
taking one, then two, '.then three terms of the seViis, ;V 
sive graphs approach. the graph of y f f CxJ . - ; .- ■■ - ajL / ,'. . ■ -^C^vU*-, ■•""i/: 
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V. ' Exercises 3-7 

1. ..Without .sketching, find- the periods, of the functions defined by; the 
■■foilpwing expressions 

"(a)/ sTsin x + cos 2x i ;. " 

■\'r-ftr't'j(b')^- qos ^-.'*Bin -r- ..'<? v". • . 



v "■ • • *"f cl) ;> J cos i : I2x : s in • ,x , 



o ' (e) % r 2 ,si : n x J^2^sin 



n - — ens .£.*— ■« 



■1 -'^ 



:: -2 v-; 



i 



(f ) I cos, x I .4 sin kx 
: ■*( g) r Vcos vX . + J Vsin.x^ ' 



a- 



(h) U|sin 2px| vilco;s%xl , 

2 1? Sketch the< graph of v ; 
^ ' •* \ ' y - = g*;sifti^ sin 2x 



M ' by first sketching y.. - 2 s'in x, then. y> ? s,i ff ^. on ^^saae'-- ^ * 
^f : . : - coordinate systep' : fro'm-. ; .'D'" ; . ' ^o*'' .;2it . • .'• ' s ^-^y. , J %-V f" 

"graphs,- f. or Jx(, < V, '^r , ea'ph of ;tlje i f oi^wi^g ^curv^ . ; , 

= — . Sin X • , v., -/V v .' ■ ./ . ' ' 



3. Sketch' 



. f V. ta) Find the periods of each of the succesiive .^e^is of '|^$|tie i s (3)> ■ 

^ " namely; • *„. .: + ... *f ■ l ^ v -. : v • -^^-^ 

• ' \ ■ sin 3x sin / : \ * ; ' ^{^"-v • I 

♦ • -sirv x, . , \ g y , o,.-, ' ■ 5 > i 

l ;. / " (b) What terms of th<^general v s^^ the^,^mietr^ ; 

properties of .the function f defined by can. you 1 see ,a >e^6it ; 




bsehce- of certain te'rms? 



t : * 



v. : '- v : ■■■'V - "■' ^ : ^'''^'/y-JwV"--^^ 
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ThfeVittBCtion defined below is periodic Why? 

-■.- ? < V - (1 x rational 

j|£ • f(x) v 

V v '•" ■ . CO x 'irrational . . , 

. - \- 

. ; (b) ; ji)r ; Graph the periodic function 

■., ' v y : . ' ' . 

/ •• V . ■ x [x] 

..*' i ' ; • • ' * ' '• ' 

'. " ("Bracket x% ' or the integral, part of x, defined by [x], 

»*" ' 'jA^fit^ ' 18 the lar S est integer < x . This function x - ^x] , is 
; known as "the fractional part of x. ) ■ 

^ -V- Ui) indicate the period-, also thV maximum 'and minimum values of 
" ; •■:"> • the. function. 
(c> V.(±) Graph the periodic function 

wV-r ■ ■ . " M ' ' - ■• 

• : : - "\ ' ((x) : is the distance from x to the nearest integer O 
" ' Indicate the period, also the maximum and minimum valv 

- ; the function. 

'*'■*' ■ 

V* • (ii) Sketch (2x) and (M- . . ' 

■ ':. '-. * ; On each graph indicate periqd, maximum and minimum. 

' l:y '■: Y (iii) What is the period of . (nx)? What .ar^he maximum and . 

\- • . minimum values? : >. 
^-^Gfaph the periodic functions defined below in |||, interval, 0 < t < 2. 
'• V;^.;:. [Note: See Exercise 5(b) for definition of l^st ; -ifeer function.] 

' -i* (a) f(x) ^ [sin itx] **' ■-' 

; - /' - ib) f (x) = [cos Ttx] . 
" J . ■ •••(c) " f(x) = [2x] - 2[x] ■ ' 
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"'. , ' ' Appendix 1 
FUNCTIONS AND THEIR REPRESENTATIONS 'J 



AiL-l. Functions 



.The precise definition ok function can "be formulated' in many ways: 
as a set of ordered pairs (usually, ordered pairs of numbers), as' an. associa- 
tion or' correspondence "between two sets, .etc. But no matter what definition 
we choose, for a function three things are required: a set called its domain, 
a set* called its range, and a way of selecting a member of the range- for each 
member of the domain. 

Example Al-la . The multiplication . of • integers "by 2 defines a function. 
The domain of this function is the set of all integers; : the range of the 
-function is the set of ' all even integers. 

" ■" We choose «to define a function as an association "between elements of two 
sets; thus the. function of Example A2-la associates with each integer it's ' 
double • . \ .' " 

■ If with each element' of a set A there is associated exactly one, 
element of V set B, then this association is called a function , ■ . 
from A to B. The set A is called' the domain, of the function>.\ 
and the.'set C ' of all members-&f 'B assigned to members, of A - ; 
by -the function is. called ttfe range % of the function^; "v \ 

"In what follows we. shall he exclusively concerned with functions whose 

domains are subsets .of real numbers and whose ranges are also subsets of real 

numbers. More .complicated functions (like "vector valued functions" ) may 1 be 

. built from these. " " ' 

The ra?nge C may be the whole : set B,. in which case the 'function' is \ 

called an onto function, or It may be. a proper subset of B. . In any case, 
"""" 

up gener ally take for B the whole set of reals, because a function is 
• usually specified before its range is considered. 



■v 
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It is comttion practice to Represent a function "by t the letter f (other, 
letters such as F, g, h," 0, etc, will also.be used) . If ' x is an* 
element of the domain of a function f , ±&en^- f (x) denotes the element of ■ 
the range which, f . associates with x.( (Read,\or. f(x). "the value, of the* 
function f . at. x," or simply "f \ at "or" "f. of' x.") An arrow, is _ 

used to suggest the association of f(x") with x: 

1 f'V : 'x »-f(x) ' ^ f , ' ■" 

(read takes* x into f(xO n ,)* ' This notation tells us nothing about the 

function f 'or the element x; it is merely a symbolic description of the 
Relation between x and f (x) . °. tj 

Example Al-lb , Consider a function' f defined, as follows: f takes 
each number of the domain into, its square. Thus, if.. 3 is an. element of the 
domain 1 , then f takes 3 into 9, • Sr f . associates '9 with' 3« Concisely 
f('3) = 9. In general, if x represents any J number in the* domain of f, 
then . f. takes x into * x : * ' ■ • 

f : .x — ^x 2 or *f(x) = x 2 . . * ■ 

The function is nbt adequately defined until we specify; its* domain. If the ■ 
domain-Is the. set of all integers ■{...,. -2> -1, 0, 1, 2, ...}, then . 

the range is a subset of nonnegative integers, {0, U, 9, l6. y ...}. If 

*i < ■ 

we choose the 1 set of all real numbers as- domain, then a different function is ■ 

defined >o-eyen ^though the rule of association is the same;/ in' this case the 

range>'of- the 'function 'is' the set pf -nonnegative real numbers. 

■ \: ; ■■ >> ' - *' * . ' ^ ' ■ . ■ ' ' ' . " 

Observe that a function from A to B* is«a one-Way association; the.' 
'reverse association from -B to A is not necessarily a function. In 
Example Al -lb ,.;f( 3') = 9 and ^ f(-3) = 9, while .the reverse association " . 
would assign bbth '3 and. -3 to 9, violating the definition of function. 

It is" 'often .Useful to think of a function as a mapping , and we say 'that a 
function' maps* each element of- its domain upon one and only one. element of its' 

range. In this. vein, f : x *-f(x) can be read/' "f. maps x upon fj[x);" 

f(x) is called the image of x under the mapping, and * x " Is* called a 
2reima£^ of f(x). This notion is ^illustrated in Figure Al-la, where 
elements of the domain A and range B are represented by points and the . 
^mapping is suggested by arrows from the points or the domain -to corresponding 
points of - the range. • 



Figure' Al-la , .■ 

Note that each element of the domain is mapped into a^ unique ^element of the 
range; i.e., each arrow stfarts from a; different point in the domain. This is 
the requirement of our definition, that^ with" each element of .the /domain there 
is associated exactly one element .of the range. 

Our definition of function contains the, rather ' vague phrase, "there 
».is associated." The manner of association, must be specified whenever we ,: are 
dealing with a .particular function. . In this course, a function will generally 
be defined by a formula giving its value: for example, f(x) = 3x - 55 
g(.x) = x +3^ + 7-. Other ways of defining a function include' verbal de- 
scription, graph, and. table.. ( . ■ 

*■ '* . ' 

The notation f(x) is particularly convenient when We, refer to values 

of a function; i.e., elements in the range- of the function". We illustrate 

this in the next example.. ■ ' * 

Example Al-lc . Consider the function' ~ 
• .... ' f : X _ 3: A.-^...; ■: . ' " ,".■]■ 

. whose domain is the setbf all real numbers. Then ' V 

* c f(x). = 3x 2 - 5, ' .:' ' • 

• -•' ■'■ f(-2) =,3.(-2) 2 "- 5' - 7, . . 

, " .. • ' . = f(o) = 3(0) 2 - 5'=; -5, . ' ° 

and if a + Vb is- a real number, theti f(a : ■? V*b) , = *' 3 (^^^b) ^T-~5- 



2 " ' '■ • 

■ We note, . since.' x may "be any npnnegative real number, that. 

3x 2 - 5 > -5, iand' hence the range of t is the set of . all . real numbers notS 
less than -5." '- „ ' •. ■' . ■'•"'"'» 

As mentioned earlier, a function is not completely. defined unless the" 
domain is specified. .If no other information is given, it is a convenient 
practice, especially when dealing w^Sfeh a function defined "by- a formula, to ; 
assume that • the domain includes aUL'real numbers for which the formula 
describes a real number. For example, if a. domain is hot: specified for the 

function f : x — -»» 2 * — > then the domain is assumed to be the set of all 

" x 2 - 9 : • ■ ■ ■ •« ' . ■" 

real numbers, except 3 and -3--. Similarly, if g' is a function such that 



g(x) = V A - x 2 , we assume, in the absence of any'other information, that the ■ 
domain is [x : r2: < x < 2}; that is, the set of all real numbers x f rom - 
-2 to t 2 inclusive, , . . * . « 

.We . note here that, two functions f and g" -are identical if .and. only if 
'they have the same domain and f(x) = g(x) for each x in their domain. 

The graph of a function is perhaps its most intuitively illuminating, 
representation; it conveys important information about the function at .a 
glance. The' graph of f is' .the set of all those points (x,y) for which ' ^x 
is in the. domain of. f and y. = f(x). 



• , / : 2 

Example Al-ld . The graph of the function f f x *-y .= V25 - x is 

the semicircle shown in Figure Al-Ib.* The. graph gives us a clear picture 

of. what the function is-'doing to the elements of its /domain, and /we' 'can, " * - 

moreover, usually infer from the -graph any .limitations on the. domain and 'range. 

Thus, it is easily determined from" Figure Al -lb. that the domain of :. £ . Is .the. 

set of all x such that -5^<-;i ; ;<^and' the range is the set of all y Jsuch - 

that 0 < y < 5-' These sets are /i'^e^r'eVented by the heavy, segments on 'the 1 . 

x- and y-axis, . respectively. • vn^^;/.- ■ • ' .fr. ' 

• .•' " 



* * -In this figure 'a 'complete graph, is displayed.' The graph*. in Figure Al-lc, 
as well as most of the graphs in the text, are necessarily incomplete. . . • 




'V ■■■ '/': ■ Figure. Al-lfc , • ":■ . \\ 

• We, remind you' of the ,fact that not every curve Is the graph of a function. 
In particular, ' our definition requires that a function map each, element of 
its domain onto only one elemen^pf its range ."- In- terms of points of h 'graph, 
this means that the graph of a function' does not contain the points (x^'y^)' 
and (x^y^) if . y^ ^ ^2 > ■ ^• e *' 5 ^ wo P 0 ^ 11 "^ 5 .having . the, same abscissa "but 
different ordinates. This is the basis Tor the "vertical' line, test" : if • in. - 
the xy -plane W imagine all:'posslble lines' Khich are parallel to the y*-axis, : ' 
and 'i£ any of these lines cuts, the graph in more than one point, then "the . 
. graph, represents a; relation which is not a function. ^ Conversely,' if every 
. line, parallel "to 'the. y -axis-' intersects a graph in at\most one point, . then the^ 
fc graph 'ig.^thai? qf. a .function. v . 



• : " Example Al-le » fee equation x + y = -25j whose graph is a circle with 

.radius,- 5 .V n( *' center, at rt^he origin, -does not define a functiofu On the open 

interval . r5 <\X ^ 5"> eve£y 'value of x is associated with 'two different 
0 1 - "'■ • ■* • . . V" ' " ' 

values of\y\ . contrary to *the % definition - of function. Specifically, (3>V) 

a^a j£3/-^) "are two points "of the ' circle; they determine a. line parallel to 

the y-axis -an^- intersecting 'fthe ^cirale in two points,; thus illustrating , that 

the " circle "is" the" grapK Of *"a relation ^that is . not a function. We can, however,. 

separate the , circle into*- twp semi-ocirples-- the graphs of the functions 



25 - x" (Example Al*ld) Jmd x- 



25 



0 



Througho^^l^hiLs discussion^we *have used the letters- x and . y. to. 
represent elements of ■ sets ^jsec if ically,.. if f is the function */ 

' • r : .. > r : x — = f(x), ' . ' . '' '■ ■' , \ 



then .■ x ' represents an .element (unspecified) .in' the domain of f , - and y' ' 
represents, the corresponding! element, in tfeje range of f .. In many textbooks. \ . 
,x and ' y ? . ■ are called variabies 1 ^ '^atidS'since ' a .particular Vvaiue; °^JjT. * in : ®cie' 
range depends. upon a .particular' choipe c\f -x- in the.domain, / jjpfc^le*.." 
•'the independent Variable" : and y. the " dependent variable ., ^rre^^'furictiopal. 
■relationship .is then described; by.. saying that^ u y is a function b.£ x '.. X 
For thVmost part -this language 1 "is np^, used in ' this, textbook. >■ . ■ ■ Y 

'. We- conclude . t fits section with a -.summary of. : .several, different special .■ . 
functions; you are undoubtedly acquainted .with some of themi.'.v ; . * . ; 

'• The Constant Function . • If b i^'. a^a^bitrary real number,, then -the 
function ' f which assaciate.s with every real^ number, x;' the value*- b,- . 

. .f : '* x ^ b/ is called-a constant . ■ function . ' j-'Moote ' generally , any, function 1 ; '.' 

whose range contains, exactly one number is -a constant function. The gfapii of- 

/a constant function,, say f : x ^c. for all real-, x , is a. line -parallel r 

. -to 'and c | 'units from the x-axis . •'. . s . 



s 



'"■ The Identity Function. Let A*, -be the set of all. real numbers'; with. • ; 
each-number a in* A,* ' associate the number aV 'This' association defines 'a .. 
function' whose domain' is .A -arid wfcose range is' .A,.' namely * . 0 ; ■ ' 

More ;generk^J.y, fl for 'any. domains Vn a. function Is called t He identity function 
If .'.the /domain is the set of all real ■■numbers,, .then the graph of «f • is the. 
• line with equation' y = x.. • , 

• * • . . *• , 

. ■ • The Absql^te, Value Function . .With- eaciyrea] number the absolute val* 
.function associates its {absolute valu^'; , .. .. 



'The graph of f is shown ih Figure Al-lc,. it is the. union of two rays 
is safrng froiil the. origin. ~ • 




* % : FigUr.e' Al-lc " * 

. ■ * , ■ « 

The 'integer. Part -. Function .* Every real numher x can "be represented as 

^ t ,y^> °. ' • -l . •* , > • ' „ 

>&^i^~+«r^^ n . and a . real number r such that ^ 



the sum Qf^a^J 



For example, 



^■;= n + r., n < x, and 0 < r < 1-, 

"* " 5.38 = 5 + .38,- 
" ; .3 = 3 + 0, * ' 

-2.V'=. -3 +■ .6. 



We call ri^the. integer part of *x and denote it "by [x] = n j it follows $ 
jlhat [x] < x\c [x] ■+' 1 . • Thus we see that to each real number . x ^ thereby 
^corresponds a inique' 'integer part ,[x], and ^his correspondence defines?? the 
/f integer - jgart function' - fc ^ 

• : 4 - f o< ^[x]. ' I N * 



^Sometimes .called the greatest Integdr function. ' •• 
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A graph of. this .function is'shown in. Figure Al-ld; it is called a step graph; 
i.e., 'the graph of a step function. 




Figure Al-ld 



- The Signum Function . With each positive real number associate the number 
n' zero associate .'the number 0, and^with each negative" real number • 



+1, 

associate the number -1. The&e associations, define the signum function , 
' symcic/Lized "by "sgn x. Thus, / '. f t ' . J 

x >. 0 . 



sgn 



x = < 0 , x t= 0, 
v ' -law' .x < 0. 



"•We leave it as an* exercise for you to s^t-cft the graph of tiki's function. 



Even arid. Odd ; Functions. 



Let f be a .function whose domain contains 
The function f is 1 said /to be even if '. - 



Whenever it contains x . 
f f-x) = f(x) . " 'For .-example,' the function f with values f(x) 



is 



•even since' (r^) = ,x f for 'all x. Geometrically the graph q£ 'anQeven , ■ ' 
^function is ;symmet'ric with respect to the y-axis. . A - . « 

The'. fu|^tion f is said to fe odd if f(-x) = -f(x). For example, the *■ 
'function f with values 'f(xV = x^ is. odd since ,(-x)^ = f° r ?il x * . ' - 

Geometrically 'the- Graph of an bdd function <&^ymmetric 'with respect, to the. 



• Periodic Functions * Certain functions have the property that their 
function values repeat themselves in the same order at regular intervals over 

the domain (Figure Al-le) . 

* * ... • * 




Figure -ftl-le 



\ 



Functions having this property are called 'periodic^ viricluded in this important 

.class are the . circular (trigonometric) functions, to% "be -discussed in Chapter 2 

' . ; ' V : ..-"»" 

and 3 - ■ 0 - . „ 



A J function f ■ .is periodic ajjid has period p, p £ 0, if and only if^ 
. for all x in the domain of f , : x + p fs also in the domain and 

(1) - f(x + ^ P ) : *F f(x) . . 

From the. definition .we note that; each successive addition or subtraction 
of p brings us' "back to f(x) aga^n. For example > . .. ■{ * 

• ♦ " . . f(x :+'2p) = f ((x + p) + p) ' . , 

- - - f (x + p) ■ ' . ■ 

-. ' ■ • , \ > ' = fW, . ... . ' " - - 



.and- : 



. ' f(x -*p) = f ((x -p) + pj 
= f(x). ' ■ 



In general, we infer that .any* multiple:; of a period of: f, is also a period; 
"that is, . .- : 



7 . ' V - ^(x + np^ f(x) 

For ^-ecJnstant function ■ • 



({for any itnteger^. h , 



it is obvious tnax . f is periodic . with any period p,* 'since « 



r 



It can be shown that for nonconstant periodic functions' (continuous at. 
one DOint at least) there is a least positive value of p for which (1) is 
true. ^This" is called the fundamental period , or simply the period, of such 
a function . • ■" . fc 

Example Al-lf . f : x -x - [x], x real, is a periodic function-. 

If Jx'» n + r where n . is the integer part of x -and r .its fractional; 

\# »'."■' 
part,' then,, 

' f(x) = f(n + r) 

* =. (n .+' r) - [n + r] 

a' 

. i . = n + r - n 

and ....... 

<f(x + l) = tf(n + 1 + r) 

• -\* = '(n + 1 + t) - [n +.1 + r] 
, ' * ' * ; ■ * = n + 1 + r - (n + 3>) > 

= E • . • . .. 

Thus, as- was asserted,- f is periodic^ and its period is 1, as shown in 'its 



graph (figure Al-lf). 



r 




Figure Al-lf 




*We note that sinc^Tfr) = r, the fractional, part of x, this function 
is sometimes called the fractional part function. .\ = ■ « • " 
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Exercises Al-1 • 

Below are given examples of associations. "between elements of tw o sets. 
Decide whether each example may properly represent a function.: This also 
'requires you to specify the domain and range for each function. Note that 
no' particular variable has to' "be the domain variable, and also. that'. some 
of the relations' may give rise to s-everal functions. ^ a 

Ca) Assign; to each nonnegative integer n the number 2n - 5« " 

\ ("b). As sign* to each real number x the number ■ 7- 

■ (c) Assign to the number. -10' the real number^ y. • , 1 , 
' f r' % • ' • * J h > 

(d) Assign to each pair of distinct points in the plane the distance 



"between them. 
*y = -3 (for all x) , 



h (for all y and z) , 



x + y =*2. 

2 



2. 
3- 



■(e) 
if) 

S) 

'(h)- y = 2a£ + 3- 
(i) y 2 - U = x.. 
(j) y < 2x,- 1. 
(k) f(x) = ' r . 7l6^ 
U) x 2 + y 2 = 16. 
Sketch the graphs of equations' (e) - (i) r of Number 1. 
A function f is completely defined "by the table: 

J 



* 6 



■<> X 


0 

y 


, l 


2 


3 




f(x) 


.-3 


1' 


5 


9 


.13 



(a) Describe the domain' and range of f. 

(b) Write an equation with suitably restricted, domain that- define^s^f . 

find 



Vjlf f : x- 
(a) f(0)V 
• (b) f(2). 
f( : .l) 



-x 2 +.-3x 



(d) f(/3). 

(e) f(2 - 72) .> 

(f) " f(f (•!)).. (Hint 
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This is the value 
of 'f , .at f(l).) ' * . 



'.'.^-'■3 • ' If ^ is. a function d.ef ined/by- '. g ( : x) : = - 



' (a) g (o). 7 ' :• " J V;f- : '(d)- ;g(2),:; ..V ;•■ ■ 
': .'(b)' g(i)i ' '. . ; :\ . • . 7 V .V ( ; ?> ; s(-3). : 77 ;: - •, 

— (c) g(-l).— ' : / -<f) v ''g(v5K ,«:-. :! . 

6, Which bjp . the? f ollowing .'mappings :r.epresent\f^'n'G-b'iQns? i< 



find, if ptossible*. 











x)Y 










c^jvf v-V'vJ'-'i'' »*v . " -'V ■ Jj.' : - . , • ."" . • « v '•' ■:. 

f : x — ^ x%ai&# g : -x.r^ ^ I^ '/x- ^s'.;f .real 

^".^'•f:.; . ■ •■ 3> • - ' 7 * ••v-V .■■ 1 •.' " 

/*%'■/■'■ ^'•number, are >£.*and g the sameVfufict;Loh? Wty/or'^hy- not? ■ w. • v..v!' ' > 

^ ... ft... Given t.tie functions c f : x* — ^and' g : x— » — . -If x- is; 
f*''v*V''^!' - real, are", f ; and ?g the' s^^^unQtion? ,Why pr /vhy- not? V-Qv.',' v* 
.- . 9. What number or numbers have ;im^ ' 10/ under the;lplloviiig' ^appings? 
• (a), f : x — --2x '^^l '^x ,1,^ -' ^1 V -:7V 



> .(b)- g : x 



2 



: "Ce3 



Cq); .V ': -x — ^7x .>.^.;36 i 



t 10,'*-'vffiich of the following 'stateraeats are a". -ways true for , any function f, 
' ^ . assuming that x', 'and ■ are in. the domain of, f?. 

.. ,;.( a) -If*' x x =' x 2 , then. ; f(x x ) % t(xg, 



... - 1 *= 



: '(h). If" x x ;/ x^' then ;, 'f.(x , 1 )t f(x 2 ). 
';. (c) ,If f(x 1 ) = f(x„), then x^=_.x 2 . 
(d) f If f(x 1 )V,'f(x 2 ), then x 1 4 x 2 « 



> ■" »:•§■»- 
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Ik. Suppose that / f :..:x — 
Sketch the* graphs of 

(a) g : x -,f(x). 



•f(x) 1 i$ the function .whose graph is shown. 



ct 



; (b) g : x— ^Vf(-x). 

(c) g : x -|f(x)|. ; 

(d) g : x—^.f(jx|0. v 

15.- A function f is defined by 




f(x) = J 



0 for x = 0. 



16. 



Identify this function . and sketch its graph. 

Sketch the graph of each function, specifying i"t*s domain and 



range , 



( a) - 


f 


f~2 
: x ■ Vx 


(b) 


f 




(c) 


f 




(a) 


f 


: x - 1 - |x| 


(e) 


-f 


: x ^ Ixl - x 




f 


: x «r |x| +;."|x 



ll> 



*"? (g) .f 

(h) f. 

, (i) f 

, (J), f 

(k) f. 

CO f 



X 
X 



sgn x. 
px] 

X 

•x[x] 



1 2 , 
x - 2x 



.' ' (Hint: Consider j separately 
^ v the three possibilities: 
x < 0 r 0 < x < 1 ; and 
, x > . : - • *• 



4 



V3 



Sketch the graphs .of the functions in Exercises 17 ta : ?-9. For 'those, functions 
•Jiich 'are periodic, indicate their periods. Indicate those functions -which are 
.eve'n or .odd. . ■ / 7 f ■ . 

17.- (a), t :>— [x - \ 
' (b) f\: x — - £x 2 - (gx 



v(c) f : 4 -x— 2x 2 - 2[x 2 ]; : : v ; ■; / • ^ 
: • ( d y f . . x _^ 2x 2 .V 2[x3 2 . .v' ■.■ 

, . • ■ ■ v * j" ■ 

18. (a) f ::'x- — - ax - (axj , a > 0 .... \. V 

(b) . f : x-— -5x - [2x] - (3x] / " 

: (cj. f : x — - x(V2 + 1) - [xV2] - [x] ■ ] ' . ~ 

19. (a) s x ^ 1 , + sgn x ^ This fun0i ^i on i S also called the Heaviside 

unit function and is designated "by f : : x ^H(x). "• . , 

<b) f : x — *-'H(x) + H(x - 2) .. 
,.(c) f : x-^H(x) • H(x - 2.) ' ? V^Sv- 

(d)' f . : x_^.(x— 2) 2 . H(x) . * 
.(e) f : x — -H(x) + H(x - 2) + H(x - h) 
• ■ (f) f : x — ^ H(x 2 - 2) - < 

1 2 ' r "12 

(g) f : x— ~(sgn x)(x - l) + |sgn(x - l)Jx ,j 



1 



20. If f and g ''are periodic functions of pe'riods m and n , . respectively 
(m, n integers), sho-w 'that ' f + g and f -g are also periodic. Give 
exairiples to show that the. period of f + g' can either be greater orlless. 

..than "both of > and n. Repeat -the same for the product f -g. 

21. ' (a) "Can a function "be both even and odd? , 

■' (b) ' What can you^say about the evenness or-oddness of the product;, of: - 

(l) ■" an even function by an even function? 4 7tv> , 

' v . (2)- an even function by an odd function? ■ •' 



(3) - an' odd. .function "by an' odd. function? 

•(c) Shov that" every 'function -whose, domain contains -x -whenever it 

contains x/ can be expressed as- the sum of an even function plus \ 



an 



odd. function. 




2TT . • ^> q A 



. Find functions f(x) satisfying _ 

■ f(x) • f(-x) = 1 (called a functional equation.). 

Suggestion: Use 21(c). 

• : ' . \ ■ '"' ■ . • ■' • ' ' ' . • . . • 

Prove that no periodic function other than a constant can "be a rational 

\f:}y function. '"(Note: A rational function is the ratio of two polynomial 

• 'functions.). J ' 




mm 



Al-2. Composite Functions 

G&ven. two function^ f and g with domains whose intersection is non- 
-empty, we can construct new functions "by using any of the elementary rational 
'operations— addition, 'subtraction, ' multiplication, division— on the.- given '. 
functions. Thus, the sum of f and g is defined^ to "be the function.' v. 

• •' . ' f + g :. x— ~f(x) + g(x) . ' - .. . A 

which has for domain those elements contained in the intersection, of the 
domains of. f and' g. Similarly there are definitions for the. difference, 
product, and quotient of two functions^ there is,' in fact, a whoie al-gebra 
of functions, Just as there' is the familiar algebra of real numbers . 

In this .algebra of. functions there is one opera1;i-oii thatj has no counter- 
part in the algebra of ■ numbers : the operation of composition . This operation 
is best explained by example^. 



Let 



) 




• 2x +■ 1 



and 



£v::- x 



We observe theft, '. . /r 

■ 4 . ' :" g(l),= 3 v '.and f(3) = 9, " , 

^ - ' g(2)" = 5 and f{5) = 25, * \ ; 

and, in general, the value of f -.at 'g(x). • is'' ; \ 

■ ' ffe(x)) •> f(2x; + i) = (2x + 1) ..; . 

. We -have constructed a- nev function which maps x onto the square of . 
(2x + l);... This function, defined'by the mapping x — -f (g(x)) ' and denoted 
by fg, is called a composite of t t and g. Hereafter we shall usually 
represent the val^ie of the. function fg' by fg(x) rather than- f (p(x)). . 
Either symbol means the value ,pf ? .at g(x) .* • 



*The symbol fg- denoting the composite of the functions f and g 
must not be confused with .the product of ^he functions. ...In this text we 
distinguish the latter by use of the dot' for multiplication; i.e., f •g. 
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A2-2 '■'.'..*•' 

■ '> : ■ *. J - ' ; .-. _ N -* ' - ■ ■ ■ . 

An -immediate question arises as to the order in »which twq functions ar£ 
composed: is the composition of functions a commutative operation; i.e.., 1& 
general, are gf(x) and fg(x) equal? In the example . above we have seen . 
jthat fg(2) = f(5) = 25, Vnd we. calculate * gf(2) : r ' - 

v ,. : \ 1^(2)^6(^ =9 ^6(2). • . 

This counterexample is sufficient to prove that in general gf (x) ^ f g(x) . '? 
Trie operation of composition applied to two functions f and g generally, 
produces two- different composite functions fg and gf, depending upon tl;ie 
order in which they are- composed, ' /■ '. '■'*.• 

& ' ' . ' ' ! • ■ * 

A word of caution must "be injected at this point'/ The. number fg(x) /is 

defined only if x is in $he domain of g and g(x) is jta the domain of f 

For example, if - ■ ■ ~. » V .- 

' ]i ■ ' '■ ' '' . - ' 

f(x) = Vx and g(x) = 3x .-'9, 

then ~~7 '• 

• : ' f'gU). = f(3x - 9) = V3x - 9, ' 

and the domain of f g is the set of real -numbers x for which '3x - 9 is 
nonnegative; hence the domain is the set of all x > 3- 

For the other composition of the same functions • . f ".and g, we have. 

" ' vV # * * ,gf(x) = g(i/x) •= .3Vx - fc\ 



—-Which defined for all nonnegative real numbers 
We define composition of functions formally* 

The composite f g . of two functions- f* and ^ is the function 
\ c. • f g : x — ^fg(x) = f(g(x)). . 



The domain' of ■* f g is the set of all elements x in the domain 
of g for which g(x) is in the domain of f-. The operation 
• of forming a> composite of two functions' is called composition . 

■ *: ' • " ■ '■ : / . ', 

The definition may be extended to the . composition of three or taore 
■functions/ Thus, if' f*/ g , and h are. functions, 6ne- composite is , jjt 

fgh : x — fgh(x) = ; f (g(h(x)))'. ;/ •">'■■' 
In order to evaluate 'fgh(x), we first find h(x-), then f he value^.of^ g at 
h(x), and -finally the value of -. 'f at gh(x)- , ... . < ?/•-.> : u . . 

,:<*'■■ . 280 • » • ••• •• : . .• ' 



V 



jbcercises Al-2 . 



1. Given that f :' x v > x - 2 .and ' g\' • x- 



2-' \ •' ? ' 

-x 4:*1 . for all real x,' 



find 



(a) f(2) + g"(2); ' U - (e) f(x) +.-g(x).. ? ; . . ^ 
- (D) f(2). ; . g(2). • / \ (f/ fU) • g'W.' J • - 

'(c) fg(2). \ „ /. ^.,(g) , fg(x). * 

(d) gf(2), : ' , . ^\ (h) gf(x). • 

f w , > 

2. If f(x) = 3x + 2 and g(x) = 5, find - * 

• .-s* ..... » 

. . .(a) f g (x). : * " .. ■• . 

(I?) g f(x).. , • a .- 

3. - If f(x}, = 2x'°+ and g(-x) = x„ / , f itid . ■ " . - 
•• (a) fg(x°) .and 'gf.(x'). ' . " 

. * >o \ ' ■ . . . ■ ' ' 

(b) «£or what values, of x,* if any, 'are ' fg/x) and gf (x) equal? 

U. • For eacri pair?, of .functions f arid g J find the . composite functions 
... V and gf and specify the domain (and range,* if possible) of -each. 



(a) 'f ; g 



(ti) f *:,x- 
* (c) f '■: x- 
■. td). f : 

(e) . ^.a x-^ 



1 

x : 

2 

x .' , 



• 2X - ;6 ' 

• Vx 

lV3E 



-2 i 

x -g 



(f) f^x-^-x 2 -^ , g :.x . 

! : Given that' f{x) => J x 2< + 3 a.nh g(x) =, /x '+ 2,. >solve the Aquatic 

./*''"• '•■ v ; . fg(x) = gf(x). .*:,.; ■ 

»6.-^.So3iv-e' problem 5. faking g(x) =j 7x -^2 . ■ . . ; 

• / * '■ & - * ■ ■■ * &■ ■ • 

"7. DejSatibe functions, f ' jfcd ■ . g~ . such : :that gf* will equal ■ ^ 

1a/ 3(*'+ 2) ' .'(d) /x 2 > U. 4 ^ 

■ \ • \. : '.'(e). .(x V j 2 , ' :.. 
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\ 8-. ."For. each pair of functions . f anS^.-g-' "'find/the' composite functions -. iTg- j " 
and gf and' specify, the 'domain' "(and range, if possible) of each, -i: Also,, ■ 
sketch the graph of each, and give the .period (fundamental) of those L_' 
' which are 'periodic. . / . , 

■' •. ' v ; * (a) :'f ': x— *..|x| ' , :v g- : x'^^sgn(x 2>V "... : v 

\ • ' '.(b) 'f. : x— ~|x| : V/. ^: \x— v2 sgn(x- 20 - 1 ' ; ' ' \ 

*• '9. ».What tan. you. sa^s^bout "tfie evenness or oddnes's" of the composite of ' * 

(a') ah- ev'en^funct'iofr^f^^an ev^F^^function?. : ■ ;■ • 

* u ' '"■ '■■■*'*; < . 

, ("b) an even function ;of an odd function? ■ . 

" - (c) an odd function b'f an- .odd. function? . ..^ >> :■ • \?r$f/' f ' 9 

(d.) ah '-odd. function of ■ an even 'function?. ° \ ;* v > ' ■.--■,«. 

.10. .. If the function f.. : is periodic, vhat^can. you say, about the- periodic 

' character of the 'co?ipdsite functions fg. 'and gf ' assuming these exijt^f', ^ 
and . ^g : is ari..^hitrary func^jlofv (not periodic) ? \. Illustrate "by /examples, 

11. If the -functions f and ' ''g£"% , e each periodic," then th^ composite func- 

tions . f g and. ,gf . (assumed to exist )'<» are also- periodic . Can tjhe -period , 

'"'■/. ■* . ' . ..>'''>■' ' i ■ >v ' ' , % I '< ■ ■ ''■ ' 

of Either one "be le,ss..than that'o'f "both f and g?,* ■ >...•■■,, * ■ 

" ' * ' * . '"*. 

* [: '12. A sequence*, a^, a^y a^. .a^, .is define^Hby the equation. * ' 

■ ' ' where* f ,is' a $iven fun^etion ;an.d ' a Q is a given number. . 'If a Q = 0 9 
, . and ■ f \ x—rr—V2. +'x ' the"n ■ '\ ■' . f ' 

" ' .. J ' • ° 'a- = £(a n )'.'='72 . \. ] , , *■ r , . V 

" ' v V ; a 3 =• f (a 2 ) = ff (a^) =^;f ff( : a 0 L= % + /2/ ( ^^ ' • V : ' 

Show that for any/, .n.^ l v . . • ' ' ^. ., y * • 



2^2 ..... • . -\:x,f : , -,. 



V 



ERIC 



ERIC 



Sgr.tf ^i:-^U n )/n-:p,:.r, 2, V.,i find ^ as a .function 

" • of n\and ■ itj^Jor'the following function's -jf ... . . 



(a) : f 

(b) . f : x 
.(e).. f •: x— /R, 



m 



(d) f:x 



(e) f : x — ~(l -x)" 



, \ I 



) ; 




r 



V 
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Al-3" Inverse; Functions 

: BecalSfche vertical. lin^s.t for, the graph/'of a function (Secfcon Al-l) s 
if every like' which is. parallel :tQ,the;y-axis intersects a graph in fft most ^ 
one point, then the' graph'-'is that. of a function. Thus in Figure Al-3a, (i) . ■ 
and (ii) Illustrate graphs of functions, (iii) is the graph of a relation that 

* / 

is not. a function. " 







.# 



Figure Al-3a . . ■ 

1 " / / " '■• , ' ' 

This figure also illustrates art important distinction between two classes of 

■ functions: for graph ,(i) there iX at least'one line parallel to'W x-axis . 

which intersects the graph in more than one point; this is not the case for • 

graph (ii)T The latter is typical of a class of , functions called one-to-one 

functions: each element in' the. domain is mapped into one.and\only one image 

in the range, and each element, in the rang* corresponds- to. one and only one . 

preimage in the domairiV In- other words,, a function of this kind establishes. 

a one-to-one correspondence between .the' domain and the range of the function. 



(i) 



A funcj*6n f is one-to-one if whenever t(x^) =f(xg),*hen 

, '...<■' ' . ; ........ 

1 - . 

" • ■ Note the *fce*inction between the definition of function and this d.efini, 
tioni-The former states that any function f h^s the property that if / 
; x . v , then f( Xl ) ='f<x 2 ), ' whereas th* latter states that a one-to-o^e , 
function f ^s such that f(x^ , ttxj it and only if ^ = x g . "V 

* y 1 ^ — i * 

.'; 'The c iiSs of one-to-one functions is -important because for each member 
•A . of this class we can specify a faction that, in a loose way of speaking, 
undoes the work' of the given function. Thus , for example / if 



f is the 
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function vhicfa maps "each real number onjo its' double, then there is a function- 
g, called the inverse of .f',. which reverses this mapping and takes each real 
number : ortfo its «half: £ : x — ■ 2x; .g. : y— * 2 y ' . ■ . • 

• '7 .if a function ■ f : x »'f (x) 1 . is-one-tc-orie, then the function 
g 7f(x) — x,' whose domain is the tdnge of. f, is Sailed 
\ . the ; inverse'of ; f.- t 'y£~"^ 

■\ The functions f and g represent the same association but considered. 
'il from' -opposite directions;, the domain "of. g\is the range of f. and ' the* range 
/':of g is the domain of" f, Furthermore, g is itself one-to-one and its 
inverse is' f.' . •' ' . * 1 , 

It is. instructive to -look at the composites of two functions^ 
"inverse /bo- one 'another . If 1 maps ' x into y, then g 
into x;--. in -other' words, if-^= f(x),: then, x = g(y).. Henc^, 

gfCx) = g(y) =' x, for all x fin the .domain 



and 




■ > - fg(jr) = f(x) = y, for all y An. the range of 
Observe that the restriction of t£ domain of "g to ' coincide with the range 
'of f is part of the definition of the inverse . . * 4 / 



<■■:■■ Example: Al -3a . Consider' the. one-to-one function >t : x— * 2k - 3; . 
. what is its inverse? Here f is described by. the 'instruction, *Take'a number^ 
-' .double if, and. therr subtract 3." murder to reverse this procedure, we _ 
. mu*t add •3.' 4jd' then divide by 1i This suggests that the inverse of • f _y 
-is^Cftriction g : x— . f To prove this |acy we must show that*, g '7 

satisfies the definition ' of inverse; i.e.}. show that .g maps f(x) .in.to.jx ■ , 
\- for all x in the domain <S^ f. By substitution, . . - x " . 

' ■:/.. gf(x).= g(2x - 3) - :. 

' g is -the inverse of f. Furthermore, in the opposite direction, 

: . • / \ fg(xC=f(Sf) - z H*> - 3 = x '.. 

. ' for all x in the- domain of ^g . \Hence, f '.is the inverse r^f the function 

g, ^as expected. ' ' -* 1 

'••/.-•.., 



/ . 



r 



'The graph' q^the^inye'rs^ g \(tf-,a.jfukction f is^gajsily found from the'. 
graph o*\ : >f. 'if' f maps, a- into b/.'then 6 ' ni^||toQ : a- - . 1 ? 
' follows that the point (a,b) is on .the graph o£«mHR^9p only if— ; (lD,a)- • 
i/ on W -graph;, pf g. Figure Al-3b shoVs .three. jgg^ 3)^ (2>l)> .and * 
"^,2) on the: graph of a function . .. f ,■ : and\theirj| pointp, obtained 

by interchange .'of , coordinates, on the graph* "of • gal 



>> 




Figure. Al-3b 



• ' Frok this figure wVsee.'that the points (a,}>) and- (b,a) ; are symmetric 

• /with - respect, to the line y. = ^ that is, the line segment determined, by, these 
■two points is perpendicular .to,, and bisected by, the line y «'xi We qall 

(b,a) the reflectipnV pf j (a\b) a in the" . line / = xV 

:\ . . v . ^ V, ■ ■ ■ 

. , Example Al-jb . Consider the^ functions f : «-r^ /x + 2, ; x > rf 2, , ajSd 

■ g . • '..x - 2. . The function f is one-tb-one; g is not and, hence, 

' cannot be "the inverse- of f as >it stands.. This can be V restricted by restrict 
v ing the domain of g to x > 0;*'i.e../ -She' inverse of f , is g;.,: x, > x - 2,. 
x> b (Figure Al-3c) . The-, composite unctions verify, that f and g are 
inverse to one ' an other*: ; . • \. ^ % - ^ — ^ \ t 



« 
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•4k , 
4 



Figure Al-3c 



■ 'The relationship' between, the coordi'nates of. a po«^,b) and the 
coordinates of Its reflection. ( (b, a) in the line ,y = x suggests a formal, 
.method for obtaining an equation of the inverse of. a given function assuming 
that the ^inverse exists . < ^ .' .• ' 

■'• ■ " • 1 *J •• / 

V ; Example Al-3c- Consider, the .fuactiorils , • ' • 

. " f j x -h*> = 3* + 5 Aor all rea^ . x . . . , - 
If we interchange x and y in the equation .. * • . 

(1) * 



y -.3* + 5, 



we obtain 



r 



9 f 



(2) 



/ •;' ' . • ■ '. x = 3 y *. 5 . '• *: ' ' • ; . 

For every- pair, : of' numbers* (a,b). in J»S solution sPfc'pf (i), a pair (b,a) 
is 'in -the solution- set of (2), ' Hence, .(2) is, an equation ^efining.implicitly 
the, inverse 6>the giwen function " f . In" order tobbtain the eiptlc^f orm, 
we "solve (2)- for y in terms of and obtala/T t \ , ^ < 
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■* x\. 



■ The inve|se of f le, t therefore,- . • . , - ' '• . ' ■, 

* .' ''« .• -vsg-s x — ► g(x)' -.^^4 ' for all real -x. 

;■ You should verify the fact that;.gf(^.= a for W ; a in the domain of f , : 
• that fg(b)* = V for any* b^n the. domain of g (range of f). , • , 

^ . • 4 Example Al-3d , If -the given: equation defines a quadratic function, the 
^ ' " ■ p^ohieXof finding an inverse is We complicated. # In the first place> the 

■ * s*g$ren fuiK5tionWust # he restricted >^b a domain which fives' a one-to-one 

. '* * function; in t^c second place", the H^chnical details of ' intercljanging the 
: ' \ variables x 'and y in the givefi; equation and then solving for y are more 
involved. ■ ( • v . . • •' 7 

Consider the function - * * 

. C v : " . ' • f : x 2 + 2x + 3 * " 

4 ^ ' ' ' ^ • . x 

v* ! whose graph is a parabola with vertex at (-1,2) and opening upward. Jj> ■ 

- -> : ' for example, we restrict f," to the domain (x : x^> 7 D, then . we ^ hatfP; - 

•■• , function 'f^ which is one-to-one Ccndjience has an inverse g^The range 6f 

" f is (y : y-= fjW > 2)/ and this will fee "the domaityof g^ 

- 1 ■ "'.V . * : • *\ \ . 

.■' ■ We proceed 'to /ind a fc^rmula* defining g r . We are^g^en 

; : ;\ y = x 2 -+ 2x*+ 3," .. • " , ^ \ '? ,l; 

and we interchange ithe variables to obtain . - ' , -\ 

• . i. ■■" * . j v.- 

. >•:, - ■ x = r + 2y + 3- * * * 

'." . t ■ We now- aolve for. y in We quadratic eqAtion t : 

■ " * ■ -V* y 2 + 2y\ (3^ *\ = 0, 



V 



' ' ol^&lnin^, # ^ . > * ' ' / 

^i^nTch of these ^jrraijlas defines ^Jie function g^? Since' y her^ represents . 
■' ' any elieot5»*n the'ran|e of "the" Inverse; function, and since th* ?ang« must be 
'*".''" the same set of number! as the*do4aii} of .f^, we see ^t y j> -1 is 
' / ■ .requ'ireV,' jtence ; \ _ % . y , , \fi \ 

y % > -.V/r ^ x " 
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/ 



y a **i-+"Vx 

defines the inverse function: - 1 * 



■i + vT 



vhose domain is. fx : x > Z), (Note, again, that this is the range/of / 'ly) 

it-is helpful. to sketch the .graphs of the tvo inverse functions in order 
to seeWe'cleW the relation^ips.h^tve'enJtheir domains and rfnges. (See, 
Figure Al- 3 d.) In f*ct, if you graph the original function f , / you may see 
*ore clearly hov its domain may he restricted in infinitely many vays to give 
> many different one-to-one functions, each of vhich has a unique inverse 
function. *: : £ .,. 




Figure. Al-3d 
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Exercises' Al- 



V 



What is the reflection of the line y = f(x) = 3x in the line y = x? 
Write an equation defining the inverse of f. 

Which points .are their own *ref lections in the line y = x? • Wha^ is the ■ 

• . . .. \ ■ . _ - 

.graph of all: such points?' * ■ . " 

(a) Find the slope of the segment f rob . (a,b) to. '(bja)/ and prove that 
the segment is perpendicular to the line y = x. , 

(b) Prove that the- segment from (a,b)' to (b,a) : is^isected by. the 
.line y = x. .r- . 9 ' 

. What is the reflection of (l/l) 'in the line 

(a) x = 0? v U) y = 2? 

(b) y = 0? ' * (e) x'= -3? 

(c) y = -x? . ' 

* - 
Describe any function or functions you can think 'of which are their own 

inver se s . 

An equation or an expression (phrase) is said to be symmetric in x and 
y- if the equations or the expressions remain unaltered by ^interchanging 

< - y|. ■* |x + y| , 



x. and y; e.g. , x- +' y 2 = 0 : ,;-x 3 + y 3 - 3xy, 



x - xyVy; It follows that, graphs of -symmetric equations are symmetric 
about the y ='x ; line. Geometrically, we^'can consider the fine y = x ^ 

behaving as a mirror, i.e., f6r,any portion of 4 'the graph there must. also 

. • ' ' y 

be a portion whicyh is the mirror image, 

' • ' k h h 

\ The equation ■ x + y = a 

is obviously symmetric with respect 

to the line y = k. . What ' other 

axes of symmetry (mirror type) 

does it have? * 




The expression- 



a + b + L a - b l + 2c ) + / 



a + b + \ a 



b|-< 



2c 



is obviously symmetric" jln a and " b, ^Show that it is also symmetric in 
*'a. ' and_„ c_._ ' . i ' v ^ * a ' . • ■ . ... 

Hint: Show, six cases (i) a.^< b < c^, -'{ii) a'< c < b/(iW) : b < a < c, 

etc.- • * ~ " - : . ' 1 - < ■■■ 
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- X 3 -.5 

X 



6V Find the inverse of .each iSinc^i'on. 
- - ' (a). f^ ^VrW3x +6 

ft), f - * 
v Me) f ^ x. 

•^^Whiclx. s of..the following functions have inverses? Describe each inverse" toy 
'means of a graph \ or equation and give It s domain and range. 

f iL\ ■ v wv 2 (d) f : x— -*-0D ^ *• 

( (e) f •: x- 



(s.) f : x— *-x" 

(b.) • f : x Jn/x 

(c) f : x— 



X 



Eg:- 



.lb/; As W have seen, € ': x — x 2 .for "all real, x * doss no-. fovc? an inverse, 
v Do the' follow iiig: . V. _ 



(a) Sketch graphs of : x 



for* x > 0 er.d 



2* 

• x for . 



x < 0> and determine the inverses of f 1 anc! 



• ■ ■ J' • . - * 

;■■ (b) What- relationship exists among the domain? oi^ f,. f ; ^ , .and f g ? 

" . (f . is, called- the restriction of. .f to the domain (x : x > 0] , 

and, f- \ is similarly the Restriction of- *f ~o -he domain 
. . .." {x : x < 0},.) " * 'J . 1 ^ 
11, . (a) , Sketch .a graptf of- f :. x 



Jk . x 2 and show that f does (not have 
an' inverse . 

■" (bj Divide the domain of f .into two parts such that th<-: restriction of 

f to. either part has tfin inverse.. 
' •(c)- Wrii^an equation defining each inverse < *aV: (b) a>tf" ?ketch the 

graphs. ■ ^ " # 

'. . ■ 2 • , • '. 

' 12..i Do Problem ll for f < x — — x - 4x. 

13. Given that f(x) ■= 3x 2 and g(x) = -2x + . k,' ?' n\ 
■■ -fg(x) = .gf(x) • /or this value^of \k, a^e. f 'and . £ 
another? -.Give reasohs.-fo? your ^answers. • . 

It.O Show^that/f : x^— x 2 - *x - 5 * or \ > 2 ' and £ 
.' for- x > 1 .'are inverse to one | another by .showing thai 

* y .in the domain, of g,. and -ttia-. gf(x) =--.x', f or a. 
k ' "; -of .f . ■'■ • " m . ■ „ 

' :I5- If f(x> = {2x\>+ 1)1^ find at least two func*;opc .r 




: — 2 + t/x - 1 
.>:y) = y for all 
: . ■ n Lhe domain ^ 



v . fg(x}> gf^x). 



that , 
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Al-W Monotope Functions- 



• If we examine the behavior, for x increasing, of the function's 
f . 3C » Vx ' and g : x — *.sin xy we note 'that, the values of'- increase 
as x increases , .while the. .values o£,' g are sometimes* increasihg(and Some- 
times decreasing. Geometrically this means- that the graph of f is con/ 
. tinually rising ^as we survey it from left to right (t)ae;, direction of increasing 
*'x), whereas the graph of <' g, like a wave, is now ris&g; 'now falling. The 
graph of a function may^ also contain horizontal %p^bions. (parallel to. tie 
x-axis) , where the values of the function remain.' aOnstant -on an interval'. \, A * 
function such' as x — [x] illustrates this, and alsb points up the' fact;. 
I.'that the graph of such a function need not be cpntinuous. -.'•.'.,'.„ 



■ Example Al-4a . The function h, 

* 2 . 



h(x) 



x^ 
" "8" 



defined 'by,: 
, . 0 < x < 1; 

, 2 < Xy 



has. the graWi shdwn in. Figure Al-l+a 



• \ 



h 5 




S 



Figure Al-ka 
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It is easy to see that the function decreases as x • increases except on the • . 
interval [1,2 3 on which it remains constant. ' * 

* Taken as a class, the . increasing, decreasing, strictly increasing, and 
strictly decreasing functions are called monotone (compare with monotonous) 
because the changes -in the values of the' functions as x increases are . 
always in one direction. - v 

; . ' * x ' 

Let f he. a function defined on an interval I and let . 

. y 1 = f(x 1 ), 'y ? -*<*2> f0r X l' X k ln f ° r eSCh '' , 

■ pair of numbers x x and x„ in I, with *^>g, the^ ^ 

■corresponding values of y satisfy the inequality \ ;* 

(i) y < y ,* * nen f ' is a strictly increasing function ; '•' |' 

' (2) y x > y 2 , then f . is a strictly decreasing function; 
(3) y <y > then f is an lncreasln 6 function ; 

^) v l ^ y 2' thetl f 1S 3 decreaslng jE ' unctlon - 

Briefly, this definition states that a function which preserves order ■ : f 
relations is increasing; a function which reverses order relations is' _ v 

decreasing. Note particularly that a strictly increasing function- is a special- , 

■ case of an' increasing 'function; similarly, a strictly decreasing function is a 

■ special case of a decreasing function. 

• *'* . ' 

. A function which is either increasing or decreasing is called 

; '•" monotone .' A function which is either strictly increasing or ^ ^ - 

stricter decreasing is called strictly monotone. f 

' For example, the function h"- of Example Al-^a is monotone over its 
• entire^ domain and styictly monotone on the cl osed Interval. 0 < x < 1 as * 

well as on the interval x > 2. ' • ♦ 

V 'The graph of a strictly monotone, function suggests that the function 
' must he one-to-one, hence must have an inverse. 



*ln some texts the term "nondecreasing" is used instead of increasing ; 
"nonincreasing" Is used instead of "decreasing." In Volume 1 of this hoo* we 
usually drop'the phrase /'striAy" from these definitions, using (l) or ( 3 ) 
as the definition of "increasing." i 
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THEOREM Al-4 : If a function is strictly monotone, then it has an inverse 
\ which- is' strictly monotone in the same sense. , 

Proofs . 'We treat the case for f strictly; increasin-g; the proof for. t. 
strictly*' decreasing is entirely similar. If ^ ± x 2 , .take x^ < x^, then 
tlx^) < f(x 2 );, that , is, f(x x ) -jf f (x^) . [ Hence; f. is one-to-one, and ^ f 
i has an inverse. ^ 

ft :'fU)— *x 

defined for all values f(x) in the range of f. * . * 

' . ■ " . - r % 

' "Finally, ?g is strictly increasing, Tor if' y 1 and y 2 are in. the 

' domain. of g and'.y^y^, then yj = f (x^' , J 2 -^(^1 and ^ must be 

less than x g . (Why?) Therefore, g(y x ) = x^ < x^ = g(y 2 ). * 

. Example Al-Ub . The. function / 

• f : x. *x , 

n a natural number, is strictly monotone (increasing) for all real x > 0.. 

* Hence, f has the inverse function » * ' 

» • '. * 

• (1) . . • V: x n — * x, . . x >0, ' 

which is also an increasing function. For an^ arbitrary elemeijj yviii trie 
domain of g, " we denote g(y) - by n i/y; thus, (l) may-'^e rewritten 

(2) ' .* g : y — ' ■ ' "V > o.. " 



: Comparing, (l) and (2), we' see that . n Vy is the unique positive solution xj, 
of the equation x 11 = y ; wb call . n Vy the n-th root of* y for all real 

■y ■><>.. - ■ . \ ■ 

■> * n 

If the' natural number n is odd, then the function f x — — «-x is 

'.strongly monotone for al^ real x., ' as is its> inverse function. This means^ 

that- every, real number ^as^a unique- n-th root '.for n ; Odd v . For -example, . 



, n/« -n 4 * . 

for ' n odd and a... real, V-a =. -a. 

* If n • is even, f : x — *■ x n -- Vs decreasing for all real x < 0, and 
increasing for all real- x > 0;' If is the restriction of f to the 

-domain" x > 6 and f 0 is the restriction *Of f to. x < 0, then each of 
these functions has an inverse, namely * 



m # ■ * ,7 ; 
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THEOREM Al-lT . If a function is strictly monotone, then it has an inverse 
i which- is' strictly monotone in the same sense. , 

Proofs . 'We treat the case for f strictly; increasing; the proof for. t. 
strictly*' decreasing is entirely similar. If x L { x 2 , .take x 1 < x^, then 
tix^) < f(x 2 );, that , is, f(x L ) V f (* 2 ') • [ Hence; f. is one-to-one, and ^ f 
i has an inverse. ^ 

defined for all values f(x)- in. the range of f. 



in , the 



' "Finally, ? g" is strictly increasing, Tor if' y 1 and y 2 are 
domain. of g and'.y^ < y^, then y^ = f^), V 2 = *f (pc 2 ") and ^ must be 
less than x g . (Why?) Therefore, g{y^ = < x 2 = g(y 2 ). * 

. Example Al-Ub . The. function .* 

• f : x. *x , 

n a natural number, is strictly monotone (increasing) for all real x > 0. 

Hence, f has the inverse function v » 

» • '. • 

(1) , . ■ ' &: x n — * x, . . x >0, ' 
which is also an increasing function. For an^ arbitrary elemeijj y-,in trie 
domain of g, ' we denote g(y) - by n -/y; thus, (l) ma/J?e rewritten 

C ' ' 

(2) ' -.* • g : y — ' ■ ■ ? "V > o.. 



• - n r~ v 

: Comparing, (l) and (2), we" see that . Vy ..Is the unique positive solution xj 

of the equation x 11 = y ; wb call . n Vy the n-th root of '* y for all real 

■y >0 V - ■ ' . \ ■ 



n 



If 'the' natural number n is odd, then the function ~f y x »x is 
\strOngly monotone for al^ real x ? , ' as is its> inverse function. This means^ 
that- every. real number ^has^a unique- n-th root'.for n ;0dd % .. For -example, . 



• ' , n/« -n 4 * . 

for ' n odd and a... real, V-a =. -a. 

* If n • is even, f : x — *■ x 11 -- Vs decreasing for all real x < 0, and 
increasing for all real- x > 0;' If is the restriction of f to the 

•domain" x > 6 and f 0 is the restriction *Of f to. x < 0, then each of 
• these functions has an inverse, namely * 



* 

2 9V 3.00 




" '■' '.V. " ' . • '. ". . ' * * . 

■ . ■ . gg : y — vy x . • 

•* ■ * , ' ■ - ' . 

■■■ f 

for fi t even and all real y >' (X For n even, the positive n-.th rootidf 
•va nonrfegative rea> number is sometimes called' its principal n-th rqot. The 
symbol > *Vy - alifeys *eans the picric ipal n-th roo^t." - \ 



* 1 * * 



Exercises Al-1* 



1. Prove that f : x : . x 2 for x>0 is : a strictly, increasing function. 
'.(Hint:. Let x^ > x g > 0; then x ; - x 2 >0; From this show that 

2 . 2 v . .... "• 

X, >. Xg .) 1 

2. Which of. the. following functions are decreasing? increasing? strictly 
decreasing? strictly . increasing? In each case the^domain is the set of 
real numbers unless otherwise restricted. ' " 




For each function in Problem 2 which is not monotone, divide its domain 
into parts such that the restriction of f to any of these parts gives 
a- monotone og strictly. monotone function. 
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^We are given that the faction 

.' r ^ ' A 

v f 1 / is increasing, ^ 

• ■ . • * 

'. ; . " r 4 ' ; f 2 is .strictly increasing, 

g is decreasing, — 
' * i g Is* strictly decreasing, 

.in a common domain. What is the monotone character, if .any, of the 
. following functions: . > 4 



(a) 




,f 2; ' •• - 




f f . 
12 


(b) 


f 2 + 




(j) 


Viv 


(c) 


g l + 


g 2 - . 


■ (k) 




(a) 


> g 2 + . 


f r ■' 


U) 


g l f 2- 


(e) 


f l • 




(m) 


g l g 2- 


(f) 


f 2 • 




(n) 




(g) 


g l 


■ ■ 


(o) 


g 2 f l' 


(fa) 


g 2 • 


f r 


(p) 


f l g 2- 



\ - 



3 ' ' ° 
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Al-3. Polar Coordinates * / # , ys/< 

*A fundBmeptai llrtor between the algebra of numbers ;and the geometry of -' ^ 
.points wsLS forged^by; Rene Descartes * ( 15 $5^- ' 1650) when he 'introduced the 
^notion ojt representing, a point .in the ^plane b~ mean* of an Ordered pair of 

numbers, ■ Beautiful in its simplicity, this concept jpaved the wayfor the*. ^ . 
.development -of coordinate geometry and calculus,. By. introducing a i>air -of 

perpendicular number lines (coordinate axes), Descartes, was/ able to ^saS^h to • A 

each.point^n the plane a' unique £air of real numbers,. calJL these numbers ^ / 
'\he (rectangular) cartesian coordinates of the point> you have. used them ever 

since you first began to represent equations by their graphs. 

Other coordinate systems have been invej^d since' Descartes 1 time because 

they are bette V r adapted ^to treat some problems which^re awkward to handle in^ 

cartesian coordinates. We consider here' the polar coordinate systein and a few 

examples of its use, - ' # 

We suppose that we already, have a rectangular (cartesian) coordinate 

.system in. the plane, ■ .We locate a point P in the plane by polar coordinates , ; 

ah ordered pair of real numbers (r,0) where |r| is the. length of the \ v 
• segment OP (sometimes called the* radius vector) and 6 is the -direction . *' 

angle made Hay OP, with. the positive X-axis (polar axis) (Figure Al-5a), ■ 



\ 



















/ 




(- H " » 3 — H *- H 


— -V- — — — 




6 


( Polar Axis) 






■ 1 


Figure Al-5a 





*r is" sometimes called the radial coordinate and 9 the polar, angle or 



r 

azimuth. 
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There axei infinitely many such angles ^or each point * 5 4T 0 is one angle, 
then 2,. 3, I..) "are the others. Thus, a point ma/ he. ; ^ 

identified by infinitely 'marfy pairs of polar coordinates. F ? r .example V 
.(Figure Al» , point. P^ith polar 'coordinates' (k , |), also has ^coordinates 
'•(U 2«) ^V. and, 'in general/' | + 2w) ' ft>r any ^integer: n. , ^ 

;The^le..(ori'gin) 3 is jt special case: to if ve tesign as polar coordinates,^ 
,pa,ir (0,e>',, 6 any real number. "J* 1 • ^ 

■ - When ve^assign polar coordinate* tc/Locate a.point, it is customary to 
aUov: r' also to W negative. "For r^O, the point (-r,e) is located 
symmetrically- to the point (r,6) with respect to tt* origin (Figure Al- 5 h) ; ^ 
it 'has. coordinates^ (r , -6* + *) also. 

■ ' L ' 



1 



7 




(r,a) 



e- = 0 '' 



Figure Al-5b ■ ; ■ 

• In a cartesian coordinate system every point in the plane has a unique' 
pair of coordinates (x,y). In a polar coordinate system, by contrast, this 
is not true- a given point in the plane does not have a unique representation 
Cr.8) in polar coordinates (see point P .in Figure Al- 5 a). In both coordi- 
nate systems, hovever /'a given' pair of c^rdinates specifies a unique point in 
the plane. 

• * ■ A relation hetveen *Und y may pe represented hy a graph in a 
cartesian' coordinate plane,'. A relation in r and 8 may he represented 
hy a graph polar coordinate' system, a point lies on the graph if and.only 

if i* has at least one. coordinate" pair vhich satisfies .the given relation. . 

. He discus's the graph* of a fev. functions defined hy equations in polar ■ 
coordinates. •' ■■ r v . ' 



The graph of the equation , ' . * . J ■. \ ■ : x - ■ - r 



4 . 

* » 



U/coiitaiiis |dl,.points (c,6), 0 . any real- Aumber^jLt is a clrcjgjpf radius ■ |-c] ^ . 
■■ ^ing^tts^center" at ithepole..- ' The equation r , describes the ^aftle ;% ^ 



1 > 



j The pqints f or -which . t ■ - - . 




'. "lie on. the lite passing throu&T the pple whi^ forms ■» an 'angle ^oNc radians , 
'. With the'polar axis; each- point of the lhAas coordinates^ for sohe v ; I 



real r. For r positive , the points, form the* ray in direction*,,*, . fcfr r 
negative,, the ray has '.■direction - €» + «. The line has infinitely many equal-? ; 
toons' e'= 'c +, hit, n an integer. <jg| ■. ' ' s . ^ V 



r-X.^e circular*' functions of 9 axe •especially conveniently -represented :in ; ^ 
-polar 'coordinates because. \tae entire graph is graced out in ' one period. We : ,' 
•'-shall illustrate a procedure for. Sketching, a graph of such_ a function using ' 
^polar' coordinate, graph ;paper. Note that the function Reifies the graph}- a > 
.. .. function', 'ioveyer, cannot, he recovered from its' graph in polar coordinates. . • .• 

• / : y ' _ , n ' ! " ' ' • ' • 

^ ••%-•■• Example..Al^av'sketch^graph of the functi^Tdef ined. hy . ■. ' 

?■ " ' • r = ^ cos 0. I 

' Since r is a function of 9, ve consider values of 0 and, calculate • • 

■ ■ the corresponding value* "of r.VWe knov that the cosine increases from the^' 
l " value ' 0 at 9 I-| to 1 at 9 = 0 and then decrease^to 0 at . 9 ^\ • 

fence, in -this interval, r increases from . 0 to k and ^en decreases <o 
•' .0. Since cos(9 + *). = -cos 9, the point (k costs + «) , 9) is the same as >; 
.• . (-U cos 8.., 9) ,• and "the curve for ' ' - \ < 9 < | is the entire graph. . . 

•• . To Sketch the graph of the function, ve emulate r fora fe W convenient 

■ values '6t\ ( - | , -. J , | , etc . ) , locate the correspond ing poi\s on polar 
' .•• coordinate gaper, and sketch the graph figure Al, 5 c); it. appear/ to be. a ■ 

■ circle and we, shall presently verify that itMs. /■ 



i. 





% Figure Al-5c ' 4 . 

Since each, ppint ' P . in the plane has both rectangular arfe polar coordi- 



nates (Figure Al-5d), for. r > 0, we. 
have from. the ^trigonometric functions 



of -angles . •* ' 

x = r cos' 9, y ■= r sin:©. 



P(x,y) 

(r,e)- 



" ¥e leave it to w you to verify that.' 

* : equations "(l)' hold for r < Q. Thus 

the 'rectangular and polar fcopBdinitesf 
" *• of .each . point : in the plane are related 
' by^B^/ It follows that- 



(2) 



• 2 2 * 2 




Figure Al-5d 
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V ,*£low ve; re-exSbiinf thejunctioli defined* bj», r ~ U cos e.' (Exam&e Al-4a) 
' end-prove- 'that its .graph, is' £ ; circle*. ' We -shall dp' so V^ransforming theV^ 



' ^given equation into an equation, involving rectangular <M.6rdiqates-/ * and. y^ 
• Nov the 1 given equation' r * k cos fl : hag the' sama. grap^^e .e<£afton >' ^ 



J> = hr "cos. e, 



h members £>f 'the equation by \r."to obtain the # 



' -for^i'f ..r £>6,jye may divide- both 

given' equation r - Q corresponds to the, fact that the pole,, is % on . both 
^Waphs. . Ttiis may not^ be immediately obvious' since only .certain .pairs 0f> \ ^ 
fc^U^aies .representing' thef.^ol^ will satisfy the equation r = 4_cos ; ' 
: :VFor. exampi<both . and J0; |) represent the pole, yetCinly *tlfc ' latter 

Of these pairs^satisfie-s, r*A cos-0. *. „ ' ^ . ' ^ 

■"* ■ We use (*^) aiid (^Kto.cjbtain frcjm (3) that 




, . (x,- 2) 2 + V ■' • •' 

. ' .■*■■• l ; % 4 

Equivalent equation in rectangular coordinates. We recognise this as an \ 
equation of the circle vifenter at (2,0)^and radius' 2 , • verifying the 
N graph in Figure Al-5c. V - \. " 

■ . ., V / " : . . . ' 

'* • Example Al^b .^ Find an equation in. polar coordinates of the curve wHose 
' .equation -in cartesian coorainate^is ^ (x + y J; = a (x - 'y )•• 



Applying Equations and fe), we have^ 

^ / - ' X = a 2 r 2 (cos 2 0 - sin 2 0) 

» '* 

= a .r * cos 20. 



This is equivalent to 



' /*2 2 

2 . 0 (the pole) and njfc % = a cos 20. 



V 



Since " r 2 = a 2 cos ' 26 ■ is satisfied by • (0 , f ) , a set .of .pola» coordinates > 
for 'the pole, we- s,ee that r 2 = 0. contribute* no points not in the graph of 
r 2 a 2 cos 26". Hence, the latter is an equation in >©lar form which is the' _ 
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equivalent of.: the given one^ ' The*grajph of this equation is called^the" / 
.'•V ' ietoiscate/ pf^, Bernoulli aSyd is displayed^in^Figure; Al-5e. . < 




V i ', Figure Al-Je w 

We hOH develop a to equation which, for sui 



y v>a'-»— ^ ' ■ 

ither'W parabola., an- ellipse, or a,hyperboIa. For this^ 



will ^represent e 

•; purpose we-nead.the definition of 'these curves' (conic sections) in terms of 
focus, -directrix, >nd Eccentricity. Every conic section (o1*er than 'the , 
circle) may be defihed'to be thVset (locus) v of all "points P such that the 
ratio o^the distance between* P and a fixed point F (the f o bust to -the 

*and a" fixed line I '(the directrix) is a positive con- 
stant' 



g /distance betwee'n , P 

L. stent .eAcali.o -.nc. eccentricity of the 'conic section. If -e = 1 the conic 
' Section is Vparabola,' if. 0.*e<l -it is an ellipse, and if e >. 1 it is 



a hyperbola . 

In order to cerive ar/ equation in 

polar coordinates *oc> a conic section,, 

it is convenient to places the focus v 

F^at the pole (origirt) and ttie 

directrix. X perpendicular ~o *the 

extension, of the- ' polar . axis' at dis- 
'»..'•'■ * * 

• tance . p -> 0 fro* *U pole, as shown 

in figure Al>5f (Otnetf orientations 

arAposstL'ble; see Exercises AI-£., 

V /is any $oint. 



\ 



s Nos.8 T .10 
of the coni 



:1c /section . ( 




Figure Al-5f • 



• *THis cuWe'is defined as the set (locus) of. points P such, that the 
product of; the' distances of P from two fixed points is the square , of half 
the* distance between the'/ two-, fixed ..points . ' y — 



1 h'. 
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We let 1 - tr,0). be- any pair of polar coordinates of P. for which /X> 0; 
'then FP^'r and ^DP « p + .r cos 0. (Figure Al-5f ) * The -definition ctf the. 
conic sections requires that || = e or-' - - J ^ g = e. ; Solving |fot *r 
w^.^btain,- .~ . . 1 " , \ - * • *" ! \ 

oo ,~ \ " r r — e p co>a * x 

which- we take to be the standard flbrm of -the polar equation of conic sections - 
haVing focus an£ dire-ctrix oriented, as in figure Al-^f. From ..Equation ft)y 
■ e <1A ellipse oy parabola.), theV r >'P; Vr if (hyperbola), r_ : 

• may he negative and ,these 'values give uja^he-^iSb of^ihe hyperbola lyinjg to 
/ the left of "the directrix. ' •» ^ 

Eftample Al^c . .Describe and sketch the. graph of the elation 

• y . N _ *l6 ■ * 

• • r 5- - 3- cos 0 ' A »? ■ * 

We4nay put this equation in the standard form 
• ' " . •-. ' ' ' 16 " • v • 



1 - |^OS 0 

_5 2_ 

1 - ^ COS 0 



5 

from which e =* - and ft = — * Since e < 1, the 'graph is anf ellipse Tilth 

5 3 \ \. " 

focus B*j at the pole and major^ axis 'on the polar axis. By giving .0, the 

values 0 and it , ' we fjmd the ends^of the 'major axis to be (8,0) and ^ 
(2,it). Thus- the length of the major axis is 10, the center of the ellipse 
is the-point (3,0) an$"-fche other focus is the point F (6,0). Since 
p = ^ (the distance between a focus and corresponding directrix of the_ 



ellipse), the equation of the directrix £^ corresponding to the focus at the 

the equation of 

3^t ir^on a ^ £■ 



pole is -r cos 0 = r ,^' (see Exercises Al-5, No. 6a.), and the equation of 



'the directrix I cprresponding to -F 2 (6,0) is r cos 6 = — . When 0 =i , 

.then r =*4p ,, ahd we have the point , |) at one end of the focal chord. 

(latus. rec1?um) through F.. . The other endpoint has polar coordinates 

(i§^4?); these points help, us to sketch the ellipse as shown in Figure Al-5g. 
5.2 . * 
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■■■'} 



Figure Al-5g 



9 = 0 
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Find all polar' coordinates of each^of the. following points: 

(a) *(6,j). ' ' (cr (6,.,{>.^ # . ; 

(b) (-6/{). : -^<d) (-6,,-f). , ' ' . 
Mnd rectangular Coordinates ofrythp points in Exercise 1. 

Pirid jpplar coordinates of each of the follbving poiflts given in rectangu-. 
lar coordinates: . 

(a) (k,.-k)*. . \ . (e)\ (-3,0). 

(c) (^2,:2^). ' \ [ (g) (-Vf ; ; i). "T 7 ^ ^ N ;• 

(d) (o,-io).; (*) (V2,.-V2). 

Given. the cartesian coordinates (x,y) of a point, formulate unique 
polar coordinates (r,9) -for .0 < 9^< n. (Hint: use.arccos j .) 

.Determine the. polar-coordinates. of the three vertices of an equilateral, 
triangle if a side of the triangle has length L, the centroid of the 
triangle coincides with the pole, and one angular coordinate of a vertex 

.is 9^ radians. , 

■ Find equations in polar coordinates of the following curve 

(a) x = c, c a constant. 1 — 

*>• ■ '; . ■ i 

(*b) y = c, c \a constant* u " ■ 

■ ■ » 4 ' 1 ■ . ^ 

(c) ax + "by = c. 1 

(d) x 2 + (y - k)f = k 2 . "/' : : . • 

(e) y 2 - hex. ') 

(f) x 2 - y 2 = a 2 . ; 

Find. equations in rectangular coordinates of the following curves: 

■ ■ ■ • ■ \ ■ " 

(a) .r = a. . 
ft) r sin 9 =*-5- 

-(c) : r.= 2a sin 9. ^ 
( d > r = 1 - cos 9 # , 

(e) r = 2 tan $ < . > ' " 



irvee: 
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.8. Derive an equation iri^polar coordinates for conic sections vith a focus 
at- the pole and directrix perpendicular to the polar axis and p units 
/to the right of tjie poley - \ *. " . 

9. Repeat Number 8^^ P 
units, above the^cus^at the poJLe. ' 4 * ■/ 

10. ' '.Repeat Number 8 if the .directrix^ s- parallel to the polar axis and p 

units Tie lbv the foqus at the pole. - >■ ■ ^ ' . . 

11. " .Discuss' and' sketch each of the following curves in*^>olar coordinates. . : 
' Example Al-5c and Nos.'jB, 9, 10.) ■ ■ •** 0 



(c) 

'■(*) 









8 




r 


~ 1 




cos 0- 










12 ' 




r 


" 1 




3 cos 


0 




1 




36. 




r 


5 




4 sin 


0 








16 




r 


' 5 


+ 


3 sin 


0 


r 


sin 


0 


= 1 - 


r 



12. Certain types of symmetry of curves in polar coordinates are' readily ' 
' detected. For example, a curve is symmetric^ about the pole if the equa- 
tion is unchanged vhen r is replaced by -r.^ What kind of symmetry 
'•occurs if an equation is unchanged vhen ■ ' 

(a) 0 is replaced by - -0? 4 

Q>) 0 is replaced by n - 0^ * ' 

(c) r and 0 , are replaced by -r and -0, respectiveiy? 

(d) 0 is replaced by n'+ 0? ■ 

13. Without' actually sketching the graphs, describe the* symmetries of. .the 
* ' graphs of the following equations: v v" 

(a) >r* = k sin 20. • ^ \ . ' 

■ (b) r(l.- cos 6) = 10. ' . V ■ , 

'(c) r =>cqs 2 20". f* / 



.."'V..-;- 1 '- - '■ 

• iA. Sketch ^tlje^f olloving curves in polar doordinates: * 

(a) r = a9.. . (d) r a a 2 sin 2 0. cos 2 0. * *' • , 

• . * ■'• v ■ ■■ ■ • 

' (*b) ' r = a(l - cos 0), (e) r© = a. 

. (c) r/^ a sin 20, ' 

15. Iii each of the following, find all points of intersection of the gi*ven 
■" . : pairs of equations, Recall th$t the polar representation of a point is 
. *: not tinique.) . ^ " ° ' 

; v ; >< • :. • ' . ' . * 

Vi : .( a )^ < r = 2 - 2 sin 0 > ^= 2 - 2 cos e a ) 



* (b) . >: = -2 sih 20, ' r » 2 cos 6 

(c) r»»^(l + cos 0), r(l - cos 0) = 3 




Appendix 2 ■ 
• ' POLYNOMIALS' • 

A2*l. Significance of • Polynomials 

.The. import a'nce. of o polynomials in applications to engin&ring'an<| the 
naturaL sciences, as veil. as. 'in the body of mathematics itself j is' Qbt atr 
apcident.- The .utility of polynomials is leased Jargely on mathematical proper- 
ties that, for all practical purposes, permit the replacement of muc^more oom- 
"pl^icated functions by* pblynomial functions in a hQst of situations . We shall 
enumerate^ some of these properties; ^ , . » " 

. /(a)* Polynomial functions are'among the simplest' inunctions' to manipulate.. . 
formally. The sum, product,. and composite of polynomial functions, 
•'" the determination of slope, and area-, an^the'locat^qn of. zero* and 
\ maxima and minima 'are all within the reach of elementary methoSB. k 

* (t>y ' jPolynomi^l functions are among the simplest functions to evaluate. .« 

It Is quite easy to find ttTe^value of of f(x),* given " . , 1 • -, 

■V ... . - ■ -r A ' 2. " ^n ' V 

; f! ^^\ x *V. V ,,|M ?\ >' A 

with" a specific set'of coefficients a Q , a^ a^ a.nd a specific 

' V number for . x.. Nothing more than multiplication and addition is 
involved* and" the computation cart be, shortened by using the method 

* ^ "of synthetic substitution. I s ■. 

, ^JRie foregoing two properties of . polynomial functions are* tho.se that niake 
• them valuable as replacements for more complicated functions.. 
' ^ (c) Frequently' an experimental scientist jnakes a.series of measurements, 
plots them as points, axiS then tfri'es to find a reasonably simple 
continuous curve ^that will pass through^ these points. The graph of 
a polynomial' function can always, be used for this purpose,, and be- 
m '\ 'cause it has.no sharp changes of direction, and only. a limited numbe 
of ups and downs, it is in many ways the best curve for. the purpose. 

' r Thus, for tile. purpose, of fitting a ^continuous graph to a t finite' number of 
points^we would prefer to work with polynomials arid we need not look beyond 
■" the polynomials, as we shall • prove . We can state, the* problem formally a>s 



« 

. follows: 



<J"- ■ ■• ' 
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A2*l. Significance of • Polynomials *• ■ ^ ■ '» 

.The. importance, bfo polynomials in applications to engineering 'a n<| the 
natjpal sciences, as well. as. "in the body of mathematics itself j is* nbt air 
accident.- The .utility of polynomials is *£ased jfargely on mathematical proper- 
ties that, for 'all practical purposes, permit the. replacement of muc^more oom«- 

"plicated functions by* pblynomial functions in a host of situations . ' We shall 

% ' ■ • * ^ gr i 

enumerate^ some of these properties: ^ , . » " 

. /(a)* Polynomial functions are among the simplest-functions- to manipulate- 
formally. The sum,' product,, and composite of polynomial functions, 
•'" the determination of slope, and area-, an^the-locat^qn of. zero* and 
\ maxima and minima 'are all within the reach of elementary methoaB. f 

* (b^ jPolynomi^l functions are among the simplest functions to evaluate. .« 

It Is quite easy to find tlrf* value of of f(x),; given -, 



; f : x ^a Q A^x + a 2 x, , ..... - n - 

with" a specific set'of coefficients a Q , a^ a.nd a specific 

' V number for . x.. Nothing more than multiplication and addition is 
involved* and" the computation ca*i be, shortened by using the method 
* ^ "of synthetic substitution. I s ■. 

^-JThe foregoing two properties of . polynomial functions are- those that rrlake 
. them valuable as replacements for more complicated functions.. 
^ ( c ) Frequently" an experimental scientist jnakes a. series of measurements, 
plots them as points,- anft then tfries to find a reasonably simple 
continuous curve ^that will pass through 7 these points. The graph of 
a polynomial' function can always be used for this purpose,, and be- 
■?'- : \- 'cause it has.no sharp changes of direction, and only. a limited nurtbe 
of .ups and downs, it is in many ways the best curve for the purpose. 

' r Thus, for tile. purpose, of fitting- a 'continuous graph to a t finite' number of 
points). ye would prefer to work with polynomials arid we need not look beyond 
■" the polynomials,^ we shall • prove . We can state, the problem formally a>s 
. follows: 
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• • -Given n 'distinct numbers x^^,' \ V and corresponding, values 
y , y y thflt a Action is supposed'to assume,, it is possible to find 

a'polynomiai function of degree at most n - 1 whose graph contains the n 
points (x.,y.), i = 1,..., n.- You have already done this for. n^ 2: you 
found a linear or. constant function whose graph_contained two given points ^ 

(x 2 ,y 2 ),x^ Xl . ^ y 2 is also different from y,, .the result is 
a linear function; if ^ = y v ' it is a constant function., 

/.One way of doing this' is to assume a polynomial of the stated form, ^ . 

, 2 n-1 / . 

- f(x) =_a tf + a x x + a„x + *n-l* ■ ' 

ani write the n equation^ # o ^' 

■iit • " ■ « r . *• 

^™.,V. .•; f(x t ) = y., i = 1, 2, n . • 

This give's. ■ n linear,, equations in \he n unknowns a Q , a j_ , . . , j , and 
in these circumstances such. a system' will -always have. a solution. f 



' " . Example AS-la: Suppose thai^e want the graph of a function to pass , 
through the points .<- 2 , 2 ), (l,3) , , and. \k,l). We kn^w that , there .is 

a polynomial graph' of degree no greater, than 3 which goes -through, these . • 
pointy. Assume, therefore > * ' .' 



•s ■' 2" ■ 3 

f(x) = a Q '+ a x x + a 2 x .+ . 



Then-; if the graph of f .. .is - to go through the .give rJpoints , ve must have 
f(^2)..= 2, f(l) = 3, f(2) V -1, and f(h) = 1; tha% ,is> < ,. 



a Q - 2a t + Ha 2 <- Sa 3 = 2, 

. a 0 + > a l' + ' a 2- + S 3 ' 3 ' 
a Q + 2a x + Ha 2 + 8a 3 = -1, 

a„ + Ha, +.'l6a r +6ta, =1. 



Solving these, ye- f 1*4 — " 12 >' a 2 = ." ST' ' 9 3 ~ I 3 * ' 



Hence' 



f (x) = .4(160-- 62x - 37x 2 ' + lix 3 )/ 



-The labor of solving systems of linear equations such as these- can be 
rather discouraging, especially, if there are many- equation*. For this reason,, 
various methods have been worked out fgr organizing and reducing, the labor in- 
volved. One -of the most important of these methods, called the_ Jjagrange Inter- 
jKjlatiotf Formula, is based orf the. following simple " line of reasoning. We can 
" * ' 71 1 r ' ' . " ■ 



easily write down a formula for a polynomial of degree n - 1 that is. zero 



at • n - 1 of the- given x 1 s , 



V) 



<1~ 1*2~ ]*3 ^« 



- ' "' v Figure- A2-la ■ - • . 

% ' -A set of values to be taken on by a polynomial function. Suppose, fpr 
instance, that ve' have four points (x^y^, (x 2 ,y 2 ), (x 3 ,y 3 ) and (x^y^.) 
" ■ as in Figure A2-la. The polynomial t 

(1) *\ . ^Pf g x (x) - ^(X - X 2 )(X - X^(X - X^) 

has" zeros at x 2 , x and x^. By proper choice of C 1 , We can make 1 
r g^Cx^) v= y 1 - *Let us do so! t Take such that ^ 

< ; . • , * . 

y r = g^) = c 1 (x 1 - x 2 )( X:L - x 3 )( X;L - x u ), 'V :; 

that is, take ■ -'V 

(2) -. . \ c i.= (x^ - x 2 nx 1 - - x h y- % 

If we' /substitute 'C. from (2) into (l) , we get . ■ , 

■"■ • ■' - t (x - x 2 )(.x - x 3 )(x - \) r 

" If ^ 0, Equation (3) defines a polynomial of 'degree 3 that, has the value 
. y at ' x t and is zero at x 3 , andT x^. Similarly,^ erne finds tjiat 



(x - x x )(x r x-Kx - x^) 
«2< x) = y 2 * (x 2 .- x ; ).(x 2 - x^(x 2 .- x k ) 
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'V 



(5) ' 

and , . 

/• - 

(6) ' 



(x - x^x - x p )(x ^x k ) 
6 3 (x); -y 3 • (x 3 -x I )(x 3 - x 2 )U 3 - ' 



: ; : . ■ " y( x - Xl ) (x - x g O(x - x 3 ) - 

- •{x r x 1 )(x r x 2 nx^ - x 3 ) ' 



' a £ also polynomials, each. having the property that it is zero at % three of the 
.four given values of xf and is the appropriate y' at the fourth *x. ; ^is 
is shown in the .table below. ' . / 

: The Lagrange Interpolation Formula Illustrated. 



Values of x . x x 

Correspondingly yV 
^Value of g x (x) 

Value of g 2 (x) 0 

Value of g 3 (*J 0 



0 

0 

0 



0 
0 



x u 

o . 

0 
0 

h 



/ Value, of g^(x) 0 

- .' ' ■ ' . . ■. / '' + 

If we form the sum . • ■ 

( 7 ) " • g(x) = g x (x) + g 2 (x) .*■ g 3 (x) + g u (x) , 

'* - • * "■ - ' .'• 

' * • • ■ ' ' • ' •• • 

then it is clear from' the table "that 

: g( Xl ) 0.+ 0 + 0 = y x , 

..* g(x 2 ) . = 0^2 + 0' + 0 = y e , 

• . g(x 3 ) = 0 + o + y 3 + o = y 3 ,. j 

g(x u ) > o .+ o + o + y^ = y u - 

Vrom Equations (3) r ft), W ,-nd (6) it is ialso clear that 7 is a' polynonial 
in x vhose degree»ls,at most 3. Hence Equation (7) tells/xs ho« to find a . 
polynomial of degree < 3, «hose graph contains the given points. ... 



. . Example' Afelb. Eind a 'polynomial of degree at most j> vhose grapn con- 
tains the points (-1,2^(0,0), (2,-l), and (k,2) . 
; We find that • . " ' . ' . ... '. '<.. 

. -1,, = 2 (-i - o)(-i - 2)(-i - h\ -15 . 

^ g 2 W-= 0, " ■ ■ - 



312 



3 1 - • 



ERIC 



%r '" / V- ' i (^• 1 )< lt -°K X - M fx '+ i)(x)(x - iQ 

> g 3 (x) l)(2 i O) (2 - h{ , . - 12 

,7 - fx ♦ ifax - 0)'(x -'2)\(x + l)(x)(x - 2) 
. 6^*) - 2 + ^ - olU - 2) \ 20 . . ' 

and ' ' . . ' V v 

g(x) = . 2 x(x .. 2)(x . >} + iL(x + l)(x)(x ->) ♦ i(x + l)(x)(x - 2) 

=|(x 2 /3x)." ■' ; \ • ' 

*-/. The right-hand sides of Equations' (3) , (*) , (5), *"d (6) have the., 
following structure: 



' N t (x)' ' " 

^(x) = y t i "=l, 2, 3, 



The numerator of the fraction is the product of all butane pf the factors 
,(x - ij , (x - x 2 ) , (x - x 3 ) , and (x - x^) , 

and the missing factor is (x - x, ) . The denominator is the value .of the 
numerator at x = x^; / * 

:D i = V x iV- 

. This. same. structure would still hold if we had more (or fewer) points given. 

' (d) Instead of a finite set of points to which a simple continuous func- * 
tion is to be fitted, a mathematician is sometimes confronted with a 
continuous but very complicated function that he, would like to . 
, approximate by a simpler function. . Fortunately, there is. an extremely 
powerful theorem of higher mathematics that enlarges the breadth of.; 
•• - application of polynomials to this situation,, In a sense this theorem 

' permits the* > fitting : of a polynomial 'graph to any continupus graph. 
.In other words,, any .continuous function whatever can be approximated 
' : by a polynomial' function over a finite interval of Its domain, with 
1 preassigned -accuracy. More specif ically, if the function x -> f(x) < 
is continuous over a < x < b, and. -C is any positive number-,, there 
/exists a polynomial function # g 90ich that * ■ 

; :^V .. , |f( x > - g(x)|.< c , for all . x .in, a < x < b. * * 
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• . ' Figure A2-lc - 

\ . • .'' A stripv.b'etveen ' f(x) - c and f(x) + c. < . • 

dks is knovn as the Weierstrass Apnroximation^egrgm. The geometric Inter- . 
pretation of the theorem is indicated in Figure *A2-lc The graph of f is a 
continuous curve, but it may have sharp corners or even infinity many maxima 
and minima between X = -a*and x = b. ^ polynomial, graph behaves like that, . 
But suppose that ve introduce a strip/ centered on the graph of f, extending- 
between the graphs of the functions ^ - ■ . ■ v .:'.'] : 

' x -*<F(x) - c . ; ; . ' i 

■ ■■ . . . .. • .- •,. • \. 

. . . 

and 9 . • * < ■ ■ . " 

x ->f(x) +. c, ... , . .• ■ . 

-.' ' 4 ^ n A- niimbpr' however* small. Then the theorem, 

where 4 a is any preassighed positive numDer ; nowevej. subii 

guarantees .that there is a P 6lynomial function. 

■'. g : x -> g(x), 

whose graph on a <x.<b \ies entirely inside- this .strip. - This. is the ■ pre V 
cU e meaning of the statement; "Any continuous function whatever can be ' ... - 
approximated by a polynomial \ function over a f inite interval .of its domain, 
- with ^reassigned accuracy." ■ . . ' 



.'■'■*.'* Exercises A2-1 

1, Carry, out the computations in Example A2-la, above. 

. 2/ Simplify tfne expression for g(x) in Example A2-lb, above. ■ - 

3 ; Find a polynomial function' of degree less than or equal to 2. whose y 

^ graph contains the points ( -1,2.) , '{p,-l) > (2,3)." , 

k.. Find, a polynomial function whose graph contains the points (0,l), (l,0), 

" (2,9), (3,3^), and (-1,6). 



A2-2. Rationale Zeros 



. If f(x) is -a polynomial a n x n ;. .+ a^x*" 1 +. . . .' + a^x + a Q , all of whose 
• •coefficients; a , > fc/ a Q are" integers , then we may' find all rational * 

•zeros, of f-Stoby testing 'only a finite number. Of possibilities, as indicated by 
'the following theorem, * : *. - § ^ ■ 

'jf$^ A2%. Rational Zgypa: of Polynomial Functions . 

V ;%> ;< v- ^ . . • - v *v - 

t yv; fey . 



' --|»erfioiera-ts >^Vj.i . ^ a Q , . and if f has" a^ational 

* ^T^fr^^^ 0/ expressed in lowest terms \that fs*, p and q 'are 

Ifategers with no* common' integer flivisor greater than l), .then p is 
.divisor of a Q and q is a divisor of a^. - 



a 



(Note that' in this discussion q is a positive integer and is not to be/ 

■'confused with the; polynomial* function q, : x->q(x).) - . •' V . 

• *. ' * ' ' \ 9 ■■ ' • 

• Proof." If- £ is a zero of f, then \f(£> = 0. By Equation (l) 

. • ; • ; •, • h -- a n ( ? n + 'Vi^ n "" + - + ^§' + V=°> ' . ; 

.03rt> • when ^cleared of fractions, _ . f \ 
' (-2)' ' ' (.* ' a n p? + a n ._iP n ~V^ - " " " + a l pqn " ' + a 0 qU ~' (> : 
Solving Equation (2) fbr a Q q n we obtain 

• ** n r n ' " nTl ' , ■■ n-l-j 

* u n n*"-L . 

. • = -p[a n p n ^ + a n _ lP n " 2 q + ... + a^" 1 ] 

; • ■ - : = pN, - . s ■:' 

• - x ' ' '« * •. ' . • • . 

-where N': = "-[a^ 11 " 1 t a h-1 p n " 2 q + rf ... ; + .a^"" 1 ] is an integer . Hence ;p 

' divides a Q q n a wKole number, N, of times. We' wish to show that: p divides 

a : To' do this, we .appeal to the Fundamental Theorem of 'Arithmetic, that the- 
■'. factorization oft positive integers is- unique; namely, we note that since p •'■ 
" ' - and q have\np Qpnimoii integer divisor greater than 1, neither have, p ' and 
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q n . fenc^-aU the f^rs of p" are factors of a Q , and p ;'\s a factor ' • . 
<Po prove that -q divides we write Equation (2)" in the form 

(3H'T. v . . .. ' a/ = -qW n .iP + ••• + a i pq + ]> 

Then we reason that since , divides the right-hand side of ( 3 ),> divides . 
t^ number' a p D . Again, since P and q hsve no common divisor greater . 
than 1, neUher h&e . q and pf.__Hence, all the factors of q are' factors ; 
of a, and q is a factor' of a n< ■ . ■ ^ 

L foregoing result may be easier to remember if We' state it in words: . 
I* a fraction in lo.est terms is' a root of a polynomial equation. with integer 
coefficients, Wthe numerator of -the fraction must divide the constant term 
■of the polynomial, and the denominator must divide the coefficient of the 
; highest power of x... To *ee P things- straight, * can always see ho. the ... 

theorem works for ,. ' . : " 

' • .. • ■ ' ■ ' 

* ■ * • mx + b = 0, m £ 0- - . ;^ 

■ The only root is- - .the numerator -b divides b, while the denominator _ 
m divides m. . • 

"if the polynomial ha s%f recti onal 'coefficients,, the theorem can be; applied 
after the polynomial has been multiplied by a non-zero integer to* clear of .. 
.fractions, .because the roots of. f(x) = 0 and ;the .roots of k[f(x)] -0 .. 
(k ^ 0) are the same. " ' ' •. „ ' ' 



' Example A2-2a - What are the rational roots of 1 . . 

7. ■ ' 3x 3 " 8x2 + 3x.+ 2=0? 
■'; It is Clear that 0'is not a root. If J is a rational root, in 
lowest terms, then . . ■ 

p dfvides 2 f ." q divides* 3- ' 
The possibilities are m % 

. . •'. p = t 1, i 2, q = 1, 3, 



• jr. 
9 



so that. 

' " E _ + l +.2 . + i , or • + 2 
.a ' " " 1 ' - 1 " - 3 ' 



» . . . . .q = 1 1 ' 1 " 3/ ^ " 3 
We test these, one by one and' find that the roots of - the given equation 'are 

i' 

1, 2, iand - j 



1 < 
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■ T 



.'(Note, that in the: statement of Theorem- A2 -2a, we specified q > 0, so ■ 
'the possibilities for q. are all^ positive.. There is no point in testing both- 



i and >± 0 



Example A2-2b . Find the rational .roots of 



k 8x 3 + 3x 2 + 2x = 0.. 



. f f(x) ^ 3x 4 - 8x 3 + 3x 2 + 2x 
' = x(3x 3 * 8x 2 + 3x + 2). 
rfow> f (x) =0 



if and" only if either . 

or * ■ 

.3 « 2 



x = 0 



(U) 4 3x 3 - 8x d + 3x + 2 =0. 

* I 1 

' By- Example A2^2a, the roots .of Equation (k) are 1, 2, and - | • Adding the 

• ':■ v . 1 

root 0, we seethat theji-roots of f(x) ='0 are 0, 1, 2, - -r . 

Corollary A2-2b . Integral Zeros .. If ;*'..' 

; - x n + a n _ L x n - L +.-... + a L x + a Q 

"is a. polynomial with integer coefficients, with the constant ternr". a Q f 0,^ and 
•with the coefficient of the highest power of x equal to 1, then the- only 
possible rational zeros of f are integers .that divide a Q . 

Proof . Suppose £ . (in. lowes) terms), q'> 0 is a zero of f. Since 
a = f(0) ^ 0, £ t 0. Hence, by Theorem A2-2a, p divides a Q and q 
divides "l. Therefore, q = 1/ and £ = p to an integer that divides 
■ J r ' q 



■ Example A2-2c . Find the rational zeros of 

f : x x 3 + 2x , - 9x -..33- ' v 

.'By Corollary A2-2b, the possible rational zeros are integers that divide 

.; -18, nainely ± 1, ± 2, % 3, i 6, t 9, ± l8. By trial, the zeros of f are 
>3,. -2,- and 3- . ' ■■ 



■ Reduction of degree; After we have found -one zero of a polynomial function, 
f welan^sTa special device to ma*e ^easier to find further zeros. By this 
device; ve can cut do™ the number of possible, zeros ve have tp test, and some- 
ti.es- ve can even use it "to help us find certain irrational zeros. We explain 
&|is device as fallows: . ■ s . . ~. 

/ we knov from the Factor Theorem that a, a zero of f If and'only if 
there, is* a polynomial q, such that ... 

, f(x) = (x-a)q(x).. , •* 

Since the product (x - a)q(x) is- zero if and only, if either x - a = Cor 
q(x ) = o, it follow that the set of zeros of . f consists of. a together , 
' v'ith the set of zeros of q: '• 'o ' 

( 6 ) i , ,{x': f(x).= 0} = (x : x = a or q(x) =0). v _ . 

Moreover, the -degree of q is one- less than the degree of f.. Thus, if ve 
.can find one zero of f, Equations b) and (6) allow us to reduce the problem 
of finding the zeros of f to that of finding. the zeros of a polynomial q. 
of lover degree. Naturally ve may repeat the process, vith q in place of 
f; if we are fortunate .enough to find a zero of q, % sa V .. b. For then ve may 
apply the Factor Theorem, to q and- write . 

' q(x) = (x - b,)r(x), 



and 



[x> q(x) =0} ^ (x : x = b or r(x-) = 0). ..• . . •; 
■ If' ve are successful in 'repeating this- reduction until ve have a quotient 
which is either linear or quadratic, .we. can easily finish the- Job by solving 
a linear or quadratic e^u^ion. • . £j' 

Example Ag-2d . - Find all solutions, of \ 
. ^) '- '"" ■ ■' 2x 3 - 3x 2 - l'2x- +13 =,0. ' - . 

Direct calculation shows that .1 is a solution of Equation ( 7) • Ther^ 
" fore, x - 1 is a divisor of 2x 3 - ^ - 12x ♦ 13- Performing, the division/ 

1 ' 





2 ,*-3. 


-12 


13 . | 






-1 


-13 




, 2 -1 


-13 


0 



Thus 



2x 3 ' - 3x 2 - 12x + 13 = (x - -l)(2x 2 - x - 13), 

'■ . . .'' ; - 3l8; :{ 23 J : _ 



arid the solutions of Equation (7) are 1 and the solutions of 



... • 2x 2 --x - i3 = 0. • • 

By the quadratic formula-, ( 1 * ^) and (l \^^> ^ are the additional 
solutions ' of- Equation (7) • - • 

Example A2-2e > • Find .all .zeros of \ . 

■ V • ' . .f. : x->12x 3 - 8x 2 - 21x + lU.. 

' >- ■ ■ . , 

This is 'the same function that we considered earlier in Section 1-6 V 
Example l-6a. At that. time we found that jbhere are . zeros. between 0 and 1, 
between 1 .and 2^ and between i s -2 and -1; Thus, we know that there are 
thtfeereal zeros, but we' do not know whether they are rational or irrational. - 
'If 'all three are '.irrational ; the best we can do is to find decimal approxima- 
tions.- But if at least one zero is rational, then we can obtain a function of. 
reduced degree in this case *a quadratic that will enable us to find the ■ 
exact. Values of .the remaining zeros, whether rational or irrational* 

If .the function has a rational zero, . it will be of the form ^ , and .by 

the Rational Root Theorem the possibilities for p 'are <t -1, t 2 j- 7, .-..l^j . 

■and. for q are. 1, . 2, -3, 'k, 6, 12._. Thus, there appear to be a good many. ,; ■ 

values of C £ to test as possible ^eros of the. given function. But since, we . 
q •*». • 
' already know .something about the location of -the zeros, we need test- only 

'those -possible rational zeros | between 0 and . 1, between 1 and 2, and 
between -2 and -1, until a ■ zero, is found. • 

" Now/the possible ratipnal zeros between 0 and 1 'are 

• — * p i 1 .1 1 l_ 2 ' _7_ ' " ■ I ■ . 

\ q" 2 ' 3 • "IT 9 5 MV 3 ' 12 * 

By synthetic substitution, we find that f(-) '= 3- Since 'f(O) = %h and : 
f(l) = -3,' the zero lies between | and 1. Hence, we- need, not test the 

values ^ , 5 , *jand This is a good example of how 'the Locatiofi 

Theoretii may save us unnecessary work. 

Continuing,- we know, that the only possible rational zero be^weeji and 
l,is*| or ^. Testihg" these, we find that f (|) = 0, and we have' found ' 
.the rational zero . | .. . By 'the Factor" Theorem, -x --| is a" divisor of f(x), 
and the quotient, obtained from the synthetic substitution of ^ , is 



q(x) = 12x 2 - 21. 
-319 
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'%$he z.eros of q are the roots' df 



12x 2 - 21 - 0, t 



"«hic*are ^' and. - ^ • ^ 8 ; ^ e »* M ° f th6 #™ #**?* Ml *" 3 ' 



■ Exercises A2-2 - . 

Find aU rati*o%K>ero S of • the 'polynomial functions in Exercises 1 .- 12, 
and find as 'many irrational ieros as you can. ' 

1. (a) , x -»2x" - 3x - 2 . 
• ■ "(h) x -».2x 3 - 3x 2 - 2x 

2. ' la) x ^x 3 - 6x 2 + ilk - 6 , r 





(b) 


X 


-> X - 


6x 3 


+ 


llx 2 -■ 6x 


3. 


(a) 


X 


- X 3 - 


4 2x 2 


+ 


3x - h 




(b). 


X 


->xV- 


2x 3 


+ 


3x 2 - Ux' t 


V 


(a) 


X 


->2x 3 


2 

- X 




• 

2x + 1 




(b) 


X 


-> 2x 


, x 3 




2x 2 + x 



5. 


x ->12x 3 


- H,0x 2 + k l£x + 21 




6,; 


3 

x -» 3* - 


10x 2 .+ 5x + k 




7. 


x -* **x J - 


I0x 2 + 5x + 6 ■ 


* 


8. 


I* 

x -* x - 


2x 3 > 7x 2 + 8x + 12 




9. 


h 

x ^ x - 


8x 2 + 16 v 




10?' 


5 . k 


5x 3 + 5x 2 + 5x - 6 




11. 


x -♦x 5 + 


3x U - 5x 3 -15X 2 + 


kx + 12 


12. 


x -* 3x 


- 8x 3 .^28x 2 + 6Ux - 


• 15 



' . 13 , • Sho» .lgebr.l»lly th.t the e,u»tlon * * \ , n b.. ~ r«l solution 

if; n is a real number such that |n| < 2* ^ 
" : 1U. Find a cubic equation whose roots are -2, i, and 3, : (Hint:' use the 
Factor Theorem.) • ■ . % , 
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•You- are familiar with the fact that for the general quadratic eqWtipn, r , 
ax 2 + .]te.+'c * 0, the sum of the' roots is -| and the produc^^he roots 
. • Similar relationships' exist between the- roots and the- coeff icients of 
poj^mials dr .highe^aegree^ The following p/oblems are intended to illustrate 
4ese relationships for third-degree polynomials. ■ 

'15, Use the roots of the equation given in Exercise lU for each of the'- ' 
'.following parts: . . ' Q 

(a) Find the sum of the roots. Compare this result with the coefficient 
of x 2 " obtained, in Exercise lU. 
' '."(b) Find the 'sum of all. possible two-factor products of the roots. That 
is, find (-2)(1) + (-2) (3) + (1)( 3). Compare this result with the 
.coefficient of x Obtained in Exercise Ik. 
(c) . Find the product of the roots . Compare- this result With the con- 
stant term*' obtained in Exercise Ik . 

1 

16. If the roots of a- 3rd-degree polynomial equation are -2, ^ , ^nd 3, - 
.find'.-' - ' - 

(a) the s\in of the roots, t . 

■ (b) the sum' of all. possible tvo-factor products of the roots,* . 

* < 

< (c) .the product of the roots. , • 

..' (dV Using the. results of (a), (b) , and (c), vrite a polynomial equation 
of 3rd degree having the given roots . 

' •. (e) Check your results by Using the Tactor Theorem to obtain the equatio 
XI. (a) Using the Factor Theorem, vrite in expanded form a 3 rd-degree poly- 
nomial equation having the roots and r^. 

(b)' From the result obtained in part (a)', and from the fact that any . 
. . .'■ - ' ■ ' ".polynomial of 3rd degree can be vritten in the form • 

o a 2 2 a l % - - ' 



a 2 a i : !o 



- .find expressions for the coefficients r , — V and — , in terms 

•' '. of the roots r^, r 2 , and Ty 

18, Find the polynomial' function; f of degree^.; -that; vanishes (i.e., has. 

• ieros) at x = ,1,1, and U, and satisfies the condition " f (0) -12. 



• • . As a vesMXi of your work with- polynomials' thus", far, you may have the ' . 
impression that every .polynomial function of degree n > 0 has exactly' n 
•zeros'. This , is .not quite fight; what we; must say is that every such function 
has at most n zeros . . We have proved a ' theorem to this effect in Chapter 1 . ■ 
Let us exhibit a 'polynomial function for which the number of zeros, is. less 
tlffl»s^he. degree. The quadratic function • 



f : x 1 -» x 



2 - 6x ■+ 9 =*(* -if 



has only one .zero, namely 3- But since the quadratic has two identical _ : 
factors- x - 3, ve say that the zero 3 has multiplicity two. • '.' 

'. . We define the multiplicity of a zero r of a polynomial f to be the 
' exponent of the' highest, power of x .- r that divides f(-x>. That is, if . 

f(x) = (x --r) k q(x), k>0-, 
where; q(x)- is. a polynomial, and if, x - t r does not' divide q(x), then r 
is. a zero f 'of multiplicity k. 

- The proof of. the general theorem 'about the' number' of zeros of a poly-. < . 
nomial function depends ong&e- fact that every .such function has at least one . 
zero.. This . fact, 'of ten referred to as Gauss's Theorem,; is stated as follows: 

THEOREM A2-3a. The Fundamental Theprem of Algebra . Every polynomial function 
of degree greater than zero has at 1^'t one zero, real or complex, 

■ '-" ' -This is the simplest 'form of the Fundamental Theorem of Algebra. '(As* a 
matter of . fact, the theorem is correct ev.e,n if some or all of the coefficients 

* of the polynomial are complex^ .numbers .) ' v 

< ■ • • • • . 

■ ' 'The first known proof of the theorem was. published by the great German 
. mathematician Carl Friedrich Gauss (17.77'- ^ "99, (Eric Temple Bell 
''has' written" an interesting account of Gauss.' See World of Mathematics , Simon 
and Schuster, 1956, Volume 1, pages 295-339, or E. T. Bell, Men of Mathematics 
Simon and Schuster". 1937, pages 218-269.) The proof was contained in Gauss's 
... doctoral dissertation, published when he was 22. A translation of his second 
proof (ia6) is in A Source Book" in Mathematics , by. David Eugene. Smith,' McGraw 
, Hill^ok Co., 1929, pages 292-310, Gauss gave a total of four different • 
proofs of the theorem', the last in l8 5 0. None of the proofs is sufficiently ■ 
- •! eleme«*ary- to TO given here. 'If you. study. advanced mathematics in college, ; 
■" you may ' learn several proofs.. You might now like to rea^the proof in ' , 

'AO-' 1 



Birkhoff and MacLane.-A. Survey of ^ Modern Algebra , Macmillan, 1953, pages 1*07- ' 
109 . . DoriH worry*: if you : do-not understand all of it. You may still enjoy 
■•seeing what the' main- idea, of the proof is.' (A proof is also given in L. E. 
Dickson, Nett . First bourse -in the- Theory of Equations ,; John Wiley and Sons, > ; 
1939.) • 

.We are now ready. to. state and prove the general theorem. 

THEOREM A2-2b . ' .The General Form Of the ; Fundamental Theorem of Algebra ■ Let / 
■f be" a polynomial function- of : degrefc-4h> 0. Then f has at least, oof£ ; 
and at most, rt complex zeros , >nd the sum of the multiplicities \>f ttte < 
zeros .is exactly n.' « 1 _ 1 

Proof .' By Theorem. A2-2a? f has* at least one zero, say- ry Then (re- 
call the Factor Theorem) there is a polynomial q(x) of degree n - 1 such 
that , ■ ' 

, ' -f(x). ; = (x«- r L )q(x). - - ( . 

If n = 1, q is of degree zero and we have finished/ If n > 1, the degree 

of ■ q ' is -n - ,1 and is' positive. *Then> by Theorem 2-2a again, m q : has at 

least one zero' ■ r^ ' (it could happen that. r 0 - r ) and 

* * <- * t ' 

. 02) - = (x - r 2 )s(x),: . • .' 

>\ .. ... , 

. where s r is. of degree ' n - 2. Combining (l)and (2) g&/es v 
feV V , .' f(x) = (x - r^U 0 - r 2 )s(x), _ ~. . . -.; . ■ 

If -n =2, then, .s in Equation (3) is of degree zero and we have finished. 
.' Otherwise, the process .may be continued until we arrive at the final stage,, 
{k) . ' f(x) = .(x - r x )(x - r„) . . . U -r n )z(x), •• . 

where the -degree of z ■ is _n - n = 0.'. Hence, z{#) . is a c'onstant. - Compari 
• son Of the expanded form q& Equation (it) with the- equivalent 'form ■ 

V. .. "■ ■.. f(x) ^'a^.-a^A"* ' + ^x ^;a 0 ,. <; ' , 

shows that z(x) - a n ^ 0. Hence, ' - ' 

.. (5) •:• •. ; f( x ) >A (x - rjb - r 2 ) ... (x*-./).^ • . • 
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Birkhoff and MacLane.-A. Survey of ^ Modern Algebra , Macmillan, 1953, pages l'07- ■ 
109. . : Don f t woriy:if ybu 1 do-not understand all of it. You may still enjoy 
■•seeing what the main ■ idea . of the proof is.' (A proof is also given, in L. E. 
DickSpn, New . First bourse -in the - Theory of Equations ,; John Wiley and Sons, > ; 
1939.) ••' ;' ■ V 

.We are now ready. to. state and prove the general theorem. 

THEOREM A2-2b . ' .The General Form Of the ; Fundamental Theorem of Algebra ■ Let /" 
■f be" a polynomial function- of ! degrefc-4h> 0. Then f has at least . onf( " 
and at most, n complex zeros , >nd the sum of the multiplicities \>f t«e « 
zeros .is exactly n.' 4 • 1 

Proof . By Theorem. A2 -2a 9 f has* at least one zero, say- ry Then (re- 
call the Factor Theorem) there is a polynomial q(x) of degree n - 1 such 
that , ■ ' 
, . '•■ ' f(x) (x*- r ] _)q(x). /- \ ■ 

If n = 1, q is of degree zero and we have finished/ If n > 1, the degree 

of ■ q ' is -n - ,1 and is' positive. *Then> by Theorem 2 -2a again,. q : has at 

least one zero ■ r^ ' (it could happen that. r 0 = r ) and 

* • <- • \ '■ 

■ 02) J q(x) = (x--.r )s('x), : • 

>\ . .. ... :> . 

. where s r is. of degree ' n - 2. Combining (l)and (2) g&/es v 

feV v •■ .' = < x - r iK x .- r 2 ) . s(x) - • ■' . ■ 

If -n =2, then, .s in Equation (3) is of degree zero .-and we have finished. 
.' Otherwise, the process .may be continued until we arrive at the final stage,, 

{k) . ' f(x) = U - r 1 )(x - r„) . . . U -r n )z(x), •• . 

where the -degree of z ■ is _n - n = 0.'. Hence, z{#) . is a c'onstant. - Compari 
• son Of the expanded form q& Equation (it) with the- equivalent 'form ■ 

V. .. "■ • . . f(x) = ; a n ^ + V: i x n r i + : ...' + "a^ ♦ a Q , . _ ■ ' ^ 

shows that z(x) - a n ^ 0. Hence, ' - ' 

• (5) ' ; - .'. '■'<*>. = A (x " r i )(x ■ r sP ••• (x *- r '.n ) :* ' • 
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-SoW/if ye substitute any complex number J r . different from r^ 

r in place of x in -Equation (5) , we get 

n • ■ • *' 

• ... . f(r) = a n 6r - r^r - rj ... (r r Q ) . 

Since every factor is different, from zero, the product cannot be^zeso. Hence, 

" a. r, -5 c » 7P ro of f . ' and f has at moit n 

no, number except r^ r is a zero 01 i, 



Zeros. 



Since it is possible- that some, of the r^s may he equal, the number of 
zeros of ft. toy. be less than h. But Equation ( 5 ) shows .that, f has exactly . 
n factors of. the form' x - V and therefore the- sum of the multiplicities- 
of the zeros. must be n. ' » . . 

. Example A2-3a . 

. ". f . x rt ' 3t 5. : + .x H . - 5x 3 - + 8x - |t . ■ ! 

has zeros, of multiplicity greater'than one. Find the zeros and indicate the /. . 
multiplicity of each. ■ > \ . . 

. Since- the coefficient of the term of highest degree is. 1, we know that ■ 
any rational' zeros of f must be integers that are factors of U. (Refer to 
Corollary A2-2b.) Using synthetic substitution and the polynomial of reduced 
degree obtained each time a zero is .found, we discover that . 1 is a zero of ■ , 
"multiplicity -three and -2. is a zero of multiplicity two. Note that the sum 
' of the multiplicities is five, which is also the degree of the given polynomial 
It may be helpful to sHow a practical way for~putting «Vwn the synthetic 
substitutions by which we obtained the' zeros and -their multiplicities. This 
is done 'in Table A2-3. 



• ,. Table A2-3 

••<• *'v «5 k 3 2 o 

■Finding the Zeros ' of f : x -» ^ + * # - 5x -, x + Ox 



1 2 .-3 0 
x 2 -3. | 1*- N 1 i* a zero 

.14 of f of 

multiplicity 



1 ' 3 



• fhree* 



: - The entries 1, 2, -3, -K * in the third row, .1,, 3, 0, in the 
sixth row', and 1, k, h- -in the /last row are coefficients of polynomials erf 
degree four, threes and two, r/spectively . The quadratic function . , . . ; ; 

x -» x 2 + kx 1» has ; .2 as a I zero of multiplicity two si^nce ; 

x 2 + . u x + ^ = (x +'.2) ? . : .i : : . - . ■ " . • 

' Thus, the zeros of ''f'- are 1 (of multiplicity three), and ^ -2 (of., 
multiplicity two). . " * ' V 

•'• The graph of "f is shown in^igure A2-3a in order to give- you some idea 
of its shape in the neighborhood of.' the zeros -2. and 1 (points A and B) , 




• \ 



. Graph of . f 



. Figure. A2-3a .. 
: x^x 5 + x U - 5x 3 - x 2 + 8x - h. 
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The Fundamental .Theorem of Algebra implies that the range of any nQjicph- • 
-starit. polynomial function includes • zero vhen* itl domain is the set of all com-' 
fclex numbers. ' The' range does not alwaysr include zero when the domain is the 
set. of real numbers. For example, if 

.f ; x -> y = x + 1,' x £ R, 
then the range of f is the set ■ 

• (y ; : y > 1}- 

p Wlien the domain of f is the set of complex numbers, and the' degree of 

f is > 0./ then its range is also the set of. all complex numbers. For, 
-'suppose that . f is a polynomial of degree n > 0 and a + ib is any com- . 

. plex number.' Then the equation . 

• »■ * ' • 

v . . f(x) = a : + ib , 

is equivalent to 

(6) . ' , , * - f(x)* - a' - ib = 0. 

: This is. a ' polynomia/equation of ' degree n-f hence* by the Fundamental Theorem. 
! of Algebra, .Equation (6) has a solution. That is, there exists at least one 
' comikLex nudfller x that is mapped bM f into a + ib: 

' ; • f(x) j= a + ib. ' 

Moreover,- there may be as many^n different numbers % the domain that^ 
map .into a + ib, and the sum of the multiplicities "of the solutions of (6) . 
will be exactly n. . . ' ■ 

• The fundamental Theorem does not tell us how to find even one of the zeros 
..of- f. It 'just guarantees that they exist. The general problem of finding a ^ 
.complex zero of an arbitrary polynomial is quite; difficult In the 1930. f S the. 
Bell Telephone. laboratories built a machine, the Isograph, for solving. such • ' 
problems ' when "the degree is 10 or less . See The Isograph — A Mechanical . . 
Root-Finder , by R. L. Dietzbld, Bell Labs Record l6, December, 1937,, page 130. 
.", ..Nowadays,' electronic, computers .are used to do this job, and many others. 

•Numerous .applications of computers in science and industry are discussed in a ' 
series of articles in the book The Computing Laboratory in the University, ';. 

.'University of Wisconsin Press, Madison, Wisconsin,* 1957, edited by JPreston- C. 

■/ 

Hammer . . ^ * 

„ • • ■ • ■ fc 

& The* ■«£ piloting quotation is taken from a book called Mathematics v. 

and ' Computers , by fleorge R. Stibitz and Jules A. Larrive'e, McGraw-Hill Book ^ 

'Co., New York, 1957, page 37: * . . \ . 

• ; " ; • " Y'.> ? ' 



< . "There is an interesting -use for the roots of the ''characteristic equa- 
tion* Of a vibrating systeai'in the aynaMcs of electromagnetic and mechanical 
systems where/many of the properties of amplifiers, filters, servos, airfoils, 
and other devices must be determined. If any one of the complex roots of • 
characteristic equation for a system has. a positive real part, the system 
will- be unstable: amplifiers will howl, servos will oscillate uncontrolla- 
bly, and bridges will collapse under the stresses exerted by the winds. The 
prediction of such behavior 1» of -great importance to . designers of the ampli- 
fiers that, boost your voice as it crosses the country over telephone lines,, : 
and' the servos that point guns at an attacking plane. 



' 0 



■ -■'!' \"j ■ ■ ■ / Exercises A2-3 ■ ■ 

. Assume that the equations given 'below are the characteristic equations of • 
' some mechanical or elecfrical "system. According to the quotation from 
■: Stibitz and Larrivee,' are the systems stable or unstable? _ .-. 

... (a) ^ - x 2 + 2 = 0, . •": " • 

(b) x 3 - 3x 2 +. »»x - 2 t 0, : • 

' ! ('c) x 3 + 3x 2 + +*2 = 0, - ' - S . * 

' , 2 {l ' 

■ ■ (d) -fx- - 2 = 0,. . . , 

'..(e) x 3 +-6x 2 + I3x + 10 = 0. 
2. 'The following equations have multiple. roots . Find them and, in each case,, . 
... : show that Ahe sum of the multiplicities of the roots equals the. degree of . 
the polynomial . ... , 
(a) x 3 '-.'3x -'2 = 0, 
■(b) x 3 '-'3x + 2 = 0-, , . f < 

.(c) x U + 5x 3 '+. 9x 2 +.7x'^ 2 = 0. . . 

3 . Find the roots and their multiplicities of each of the following equa- . 
■\ tions. Compare the solution 'sets of the. tvo equations.. . ^ ■ 
/ x 5 >l« U: + x 3 -10x 2 -Ux + 8 = 0- . * 

: "Mb) x5 Vx U - 5 x 3 - x 2 ♦ 8x - k = o ' . ' :^ 

I • : : ■: • , 3 2 t ,. ■ 332 

■ ■■ ■ . • ■ ■ : :. • 
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•A number 'system is.said to be algebra i call's^ closed if, and only if, every 
polynomial equation. of degree > 0, with coefficients in that/system,' 
has a solution in that system. Which of the' following number systems are, 
and which are not, algebraically closed? Give reasons for your answers. %i 

(a) The .integers": -2,-1, 0, 1, 2, 3., 

(b) The rational numbers. . 

(c) ^ The real numbers . ■ 

(d) The pure imaginary numbers' bi. , 
- (e) The complex rfumbers . . 

You may- have heard -that it was , necessary for mathematicians , to invent; , ^ , 
S-Z and other complex numbers in order to solve some quadratic equation! 
Do you- suppose that they needed to invent something that might, be called 
"super-complex" numbers to express such things as V-T, V^T, and 80 ;. 
on? Give reasons, for your answers. ' . ■ 



(lV ■: + bx + "c.« 0/ 'a ^ 0, ^ 

Has roofo given by the quadratic formula 



(2) • . * - - 25 — — • 

The coefficients a, b^ and c in (l) are here assumed to be real numbers . 
The quantity under the 'radical in (2> is called tW discriminant. Its sign 
determines .the nature ;of_ the roots of (l) . the roots are 'Q ' ' 

(a) real and unequal if b - hac > 0, fc 

(b) c real and equal if b - Uac = 0, t 
■' (c) imaginary if b 2 - Uac < 0. 

Example A2-Ua ., ■ What are the roots of x + x + 1 = 0? 



The roots are 



-im't/3 -i - i V3 

: > ' 2 



We notice that these roots are complex conjugates ; that is, they have the 
form u + iv . and u - iv, where u and v are" real. In this example, 

1 ■ „ - V3- 



u.= -^.and v * -f . 

, Is it Jusf a coincidence that these roots are complex conjugates? Let. 
us look at (g), and suppose that a, b, and c are real .numbers and that the 
discriminant is negative, say* -d 2 . Then the roots of ax- + bx + c » 0 are 
_ JL + i(— ) andvr^-rH^) • These are c ? m P le * conj3|ates . Thus, if d, 
b, 2fl and ic" are real aid if the roots of (l). are imaginary , then these roots 
'are complex conjugates, -This is-/ true of polynomials of any .degree, as we . 
shall' now prove. 4^ the following theorem/ the* letters " a and b represent 
the. real and imaginary parts of a complex root of an equation of any degree, 
and do not refer to the coefficients in a Quadratic expression.) 



THEOREM A2-ka . Co^-conju^ Theorem. If f(x) is a polynomial with , 
^"Teal coefficients, and if a ♦ ib is a complex root of f(x) = 0, with ; . 
imaginary part ' b 0, . then a - ib is -also a root. 

. -(Another W of saying this is^that if f(a ♦ ib) =0, with a. and 
• ' ' b real and b. ± 0,' then f(a - ib) = 0..). _ . .. '. !; 

' We shall ; give two proofs of this result. 
, . -First Proof. The to this proof is .the use of the quadratic polynomial 
1 that IT^e product of x - (a ♦ ib) and x - (a - ib) . We show that it 
divides • f (x) : Ve can then conclude that f(a - ib) = 0, and we have com- 
"pletfed the 'proof. 

. Thus, let ^ - . 7* '^ 2 V 

(3) ■". p(x) - [x - (a ■+ ib)][x - (a - - ib).] 

= [(x - a) - ib][.(x - a) +^bT 
.. . . = ( x . a ) d -+ b . 

Note that p(x) is a quadratic polynomjfl with real coefficients.. Now when- . 
a polynomial is divided by a quadratic, a remainder of degree less, than _2 .is.,. 
. obtained/ Hence, if *f(x) is divided by P (x), we get a polynomial quotient 
q(x) and a remainder r(x) = hx + k, possibly of degree 1 (but no greater) , 
•where h, k,. and all the coefficients of q(x) are real.. Thus, 
^ f(x>»= p(x) • q(x) + hx + k. . . , 

■This is. an identity in x." Hypothesis,- f(a ♦ ib) .= 0, and from Equation 
( 3 ), p(a + ib) = 0. Theref^^f we substitute a ♦ ib for , in Elation 
(k), we get .. \-{ 

, 0 = 0 + ha + ihb + k . 

..r , 

" .Since real and imaginary ? rte ^|^ th be °' we hSV6 

( 5 ) . . -\i ■'•H.-.c. > K k = °.> 



and . . 



. 1 • 1 p% 



Since b^0 (blr^MTOHfe^Q^( 6 ) ™ h ' °' ^"T' 

tion ( 5 ) gives ^|^a|fe;;*.^inder hx + k in Equation (k) is 




zero, and 



i-O^lfe from 



(7) , ...... 

Since p(a - ib) i-'^^^*W^\^^t^QUow8- from .Equation (7) that 



Second Proof * Let ' \; »; 

'(8) . .. f(x) = a n x n .+'a n ^x n " 1 + ... + a x x + a Q , . 

. and suppose that f(a + ib) = 0. .When w'kubstitute a + ib for x in 
.Equation (8), we .can expand (a + ib) 2 , (a + ib) 3 , . and so ori, by the Bino- 

mial Theorem. We can prove the complex -conjugates theorem, however, without . 

actually- carrying out all of these expansions, if we observe how the terms 
' behave. Consider the first few .powers of a + ib: J 

(a + ib) 1 = a +. ib, _ < 

o P ? 2 " ■ • 

,« ; ■ ('a + ib) = a + 2aib +ib • 

' -\ • • = (a 2 - b 2 ) m- i(2ab), 

(a + ib) 3 =^a 3 + 3a 2 ib +^3a(iV) + i?b 3 

\. ' . = (a 3 - 3* b 2 } + i(3a 2 b b 3 ) . ' 

Now observe where b occurs in the above expanded forms. In the' real parts, 
b either dbe* not' occur at all',, or it occurs only to / even powers. In the 
'. imaginary parts, f> always occurs to odd powers. This follows from the fact 
that all even Rowers" of i. are real and all odd powers are imaginary. If we' 
■change the sign of b, we therefore leave the real tart unchanged and change 
j the sign of, the imaginary part. Thus, if -f(a + ib> = u '+ iv, then 
f(a.i-ib) = u - iv. But by hypothesis, ' 

~~ * f(a + ib) = 0, 
: so that u + iv = 0^ 

u = v = C 

•Hence ... * f ( a r ib ) =■ °- 



Srf- 
aria therefore, • u = v = 0^- » , w 



Example A2-l+a . What- is .the degree of a polynomial function f v-of. mini- 
and 3 - 2i are zeros of f? 



» .•Vlmip degree if 2 + i,l, 
mK^^ki-'lt. is not requiTf 



|p^^^^:'lf. is not required that the coefficients of the polynomial be . real, 

MWm^-r - -i fW = [x - (2 + i)][x - i][x - (3 - 2i)] •, 

P~* ■ •'*'• = x 3 + (-6 + i)x 2 + (13 - 2i)x ♦ (-8 + i). 
his' case, the degree of .If is • 3. No polynomial function of lower degree 
V ' can have. A 3 ■ zeros, -so 3 . is the .'answer,. Hoveve^, if it. is required that the 
coefficients of f(x) ".be real, then the .answer to the question is 5. For ■ 



then the conjugates 2 + i and 3^21 must also be zeros of f\ No 

polynomial. function pf degree less than 5 can have the 5 «ros 

(9) : • - ; .*2 + i, 2 -.i, 1, 3-21, 3 +'2i. " \ 

Bjit ;. - , ;. ' . 

(19) [x. - (2 + i)ltx - (2/ i)Kx - l][x - (3 - 2i)Kx - (3 + 2i)] ' 
is a polynomial of degree 5, vith real coefficients, that does have the 
numbers- listed in (9) as its "zeros • • 



1 i ' . *»' 



Exercises A2-U ;:• . > 

■ 1. Multiply the factors in (10) abo ,e to show that the expression does hav^ 
real coefficients. Wh* is the coefficient of x in yoUr ansver? 
• What is the constant terrt^? Compare, these vith the' sum and the product . . .. 
, of the zeros listed in (9). ' 

2 . Write a polynomial function of minimum degree that has 2 + 3L as a zero, 

(a) if imaginary coefficients are allowed, 

(b) if the coefficients must be real. 
-3. Find all roots, of the following equations: 

(a) x 3 - 1 = 0. 

' . ■ i ' ■ , «* ' •• 

(b) X 3 ' + 1 = 0 . , , 

(fe> x 3 *- x 2 + 2x = 8. * 

i, o » 

(d) x 4 + 5x- + ■+ = o 

■ (e) x U - 2x 3 + lOx 2 - l8x + 9 = 0 ' . • , 

(f) ' x 6 + 2x 5 + 3x U + Ux 3 + 3x 2 + 2x + 1 = 0 
( 6 ) x 6 '.- 2x 5 + 3x U - Ux 3 + 3 x 2 - 2x + 1 = 0 
1» What is the degree of the polynomial equation of minimum degree with 

real coefficients having 2 + i, -2 * i, 2 - i, 3 ♦ i, "3 ♦ i as roots? , 
'consider the set of numbers of the form a + 'bV2, where a and b are 
rational. Then a - bV5 is called the conjugate surd of a + b^. Prove, 
'the following theorem on conjugate surds: .... . 9 . '• . 

■ If 'f(x) is a polynomial with rational coefficients, and if 
-.I* bV2 is a root of f(x) = 0, then a - b£ is also a root. (Note; 
'that if u = Vt/2 = 0, and u and v are rational, then u = v = 0. 

' t a f «r J2 '■ - - - the quotient of two rational 

Otherwise, we could solve for id - y , 

numbers.- But we know that & is' irrational.) 
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Find a polynomial with- rational coefficients, and minimum degree having* 
3 + 2^2 as a zero . 

State and prove' a theorem similar to that in Exercise 5 above for numbers 
• Of -the'' form a +- b/J. Is there a comparable theorem^ about roots of. the 
form a +. Give reasons for your answers. ■ 

Write a polynomial function of minimum degree that has -1 -and 3 - 2/3 
as zeros, if. .< "*"V 
la) irrational coefficients, are allowed; - 
(b) th$ coefficients must be. rational. 

Find a polynomial of minimum degree with rational t coef f icients having 
73 +• </2 ' as ai zero. ! ' . • • ' 

What is the degree of a. polynomial of minimum degree with (a).^real, and 
(b) rational coefficients having 0 

(l) i + ^2 as a zero7 . ■ , 

^ \ (2) 1 + iV2 as a zero7 ' \) 

■ (3) </2 + i^3 as a zero? 



Find a polynomial with- rational coefficients, and minimum degree having* 
3 + 2^2 as a zero, ■ ' , 
State and prove a theorem sfmilar to that in Exercise 5 above for numbers 
■ of -the'' form a +- b/3. Is there a comparable theorem^ about roots of. the* 
form a +. b<fli 1\ Give reasons for your answers. ■ 
Write a polynomial function of minimum degree that has -1 -and 3 - 2/3 
as zeros, if. .< "*"V 
la) irrational coefficients, are allowed; - 
(b) th$ coefficients must be. rational. 

Find a polynomial of minimum degree with rational .coefficients having 
v/3 +. J2 * as .«i zero. ! * . ' - ' 

What is the degree of a. polynomial of minimum degree with (a) real, and 
(b) rational coefficients having ' ' .' * 

(l) i + ^2 as a zero7 . ' , 

^ ■■ (2) 1 + as a zero7 ' \) 

■ (3) </2 + i^3 as a zero? 



